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Abstract

In this paper, the method of upper and lower solutions and monotone iter-
ative technique are employed to the study of nonlinear three-point boundary
value problems for a class of first order impulsive integro-differential equations
of mixed type. Sufficient conditions for the existence of extreme solutions are
obtained.
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1. Introduction

In this paper, we study the following impulsive integro-differential problem:

⎧⎪⎨
⎪⎩
x′(t) = f(t, x(t), x(θ(t)), (Kx)(t), (Hx)(t)), t �= tk, t ∈ J = [0, T ], T > 0,
Δx(tk) = Ik(x(tk)), k = 1, 2, · · · , m,
g(x(0), x(η), x(T )) = 0,

(1.1)
where f ∈ C(J × R4, R), θ ∈ C(J, J), Ik ∈ C(R,R), g ∈ C(R3, R), 0 = t0 < t1 <
t2 < · · · < tm < tm+1 = T, η ∈ J , Δx(tk) = x(t+k ) − x(t−k ) denotes the jump of
x(t) at t = tk, x(t

+
k ) and x(t−k ) represent the right and left limits of x(t) at t = tk,

respectively. Denote J ′ = J \{t1, t2, · · · , tm}. The integral part in Eq.(1.1) is defined
by

(Kx)(t) =
∫ γ(t)

0
k(t, s)x(δ(s))ds, (Hx)(t) =

∫ T

0
h(t, s)x(σ(s))ds,

1This Project is supported by Provincial Natural Science Foundation of Hunan (No. 09JJ6010),
P.R. China.
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where γ, δ, σ ∈ C(J, J), k ∈ C(D,R+), D = {(t, s) ∈ J × J : 0 ≤ s ≤ γ(t) ≤ T}, h ∈
C(J × J,R+), R+ = [0,∞), K0 = max{k(t, s) : (t, s) ∈ D}, H0 = max{h(t, s) :
(t, s) ∈ J × J}.

Let PC(J) = {u : J → R, u is continuous for t ∈ J, t �= tk, u(t
+
i ), u(t−i ) exist

and u(t−i ) = u(ti), i = 1, 2, . . . , m}. PC1(J) = {u ∈ PC(J) : u is continuously
differentiable for t ∈ J, t �= tk}. PC(J) and PC1(J) are Banach spaces with the
norms

||u||PC(J) = sup{|u(t)| : t ∈ J}, ||u||PC1(J) = max{||u||PC(J), ||u′||PC(J)}.
By a solution of (1.1) we mean a u ∈ PC1(J) for which problem (1.1) is satisfied.
Note that (1.1) has a very general form, as special instances resulting from (1.1),

one can have impulsive differential equations with deviating arguments and impul-
sive differential equations with the Volterra or Fredholm operators. For example, if
f does not include Kx and Hx, and g(u, v, w) ≡ g(u, v), θ(t) = t, then (1.1) reduces
to ⎧⎪⎨

⎪⎩
x′(t) = f(t, x(t)), t ∈ J,
Δx(tk) = Ik(x(tk)), k = 1, 2, · · · , m,
g(x(0), x(T )) = 0.

(1.2)

Two point boundary value problem with nonlinear boundary conditions for impulsive
ordinary differential equations, which is discussed in several papers [13-15].

when f does not include Kx and Hx, and g(u, v, w) ≡ g(u, v), then (1.1) reduces
to the following two boundary value problem with nonlinear boundary conditions
for impulsive function differential equation

⎧⎪⎨
⎪⎩
x′(t) = f(t, x(t), θ(t)), t ∈ J,
Δx(tk) = Ik(x(tk)), k = 1, 2, · · · , m,
g(x(0), x(T )) = 0.

(1.3)

Which is discussed in [10].
When g(u, v, w) ≡ g(u, v), (1.1) is the following nonlinear two boundary problem

for impulsive integro-differential equation

⎧⎪⎨
⎪⎩
x′(t) = f(t, x(t), (Kx)(t), (Hx)(t)), t �= tk, t ∈ J = [0, T ], T > 0,
Δx(tk) = Ik(x(tk)), k = 1, 2, · · · , m,
g(x(0), x(T )) = 0.

(1.4)

Which is also discussed in [16].
It is well known that the monotone iterative technique offer an approach for

obtaining approximate solutions of nonlinear differential equations, for details, see [6]
and the references therein. There also exist several works devoted to the applications
of this technique to boundary value problems of impulsive differential equations, see,
for example, [1-5,7-11]. In this paper, we consider (1.1) by using the method of upper
and lower solutions combined with monotone iterative technique. This technique
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plays important roles in constructing monotone sequences which converge to the
solutions of our problems. In presence of a lower solution α and an upper solution
β with α ≤ β, we show under suitable conditions the sequences converge to the
solutions of (1.1) by using the method of upper and lower solutions and monotone
iterative technique.

This paper is organized as follows. In section 2, we establish a new comparison
principle and give a proof for the existence lemma related to a linear problem asso-
ciated to Eq.(1.1). In section 3, we first introduce the concept of lower and upper
solutions, and then obtain the existence of extreme solutions for (1.1) by using the
method of upper and lower solutions and monotone iterative technique.

2. Some lemmas

To obtain our main results, we need the following lemmas.
Lemma 2.1([12]). Assume that s ∈ [0, T ), x ∈ PC1(J), p, q ∈ PC(J), ai ≥
0, bi, i = 1, 2, · · · , m, are constants such that{

x′(t) ≤ p(t)x(t) + q(t), t ∈ [s, T ), t �= tk,
x(t+k ) ≤ akx(tk) + bk, tk ∈ [s, T ), k = 1, 2, · · · , m,

then

x(t) ≤ x(s+)

⎛
⎝ ∏

s<tk<t

ak

⎞
⎠ exp

(∫ t

s
p(u)du

)
+

∑
s<tk<t

⎛
⎝ ∏

tk<ti<t

ai

⎞
⎠ exp

(∫ t

tk

p(τ)dτ
)
bk

+
∫ t

s

⎛
⎝ ∏

u<tk<t

ak

⎞
⎠ exp

(∫ t

u
p(τ)dτ

)
q(u)du, t ∈ [s, T ].

Lemma 2.2. Assume that x ∈ PC1(J),M1 > 0,Mi ≥ 0, i = 2, 3, 4, 0 ≤ Lk <
1, (k = 1, 2, · · · , m) such that⎧⎪⎨

⎪⎩
x′(t) ≤ −M1x(t) −M2x(θ(t)) −M3(Kx)(t) −M4(Hx)(t), t ∈ J, t �= tk,
Δx(tk) ≤ −Lkx(tk), k = 1, 2, · · · , m,
x(0) ≤ 0,

(2.1)

and ∫ T
0

∏
s<tk<T (1 − Lk)(M2e

M1(t−θ(t)) +M3

∫ γ(s)
0 k1(s, σ)dσ

+M4

∫ T
0 h1(s, σ)dσ)ds ≤ ∏m

j=1(1 − Lk).
(2.2)

where
k1(t, s) = eM1(t−δ(s))k(t, s), h1(t, s) = eM1(t−σ(s))h(t, s).

then x(t) ≤ 0 on J.
Proof. Let v(t) = x(t)eM1t, then v ∈ PC1(J) and⎧⎪⎨

⎪⎩
v′(t) ≤ −M2e

M1(t−θ(t))v(θ(t)) −M3(K1v)(t) −M4(H1v)(t), t ∈ J ′,
Δv(tk) ≤ −Lkv(tk), k = 1, 2, · · · , m,
v(0) ≤ 0,

(2.3)
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where

(K1v)(t) =
∫ γ(t)

0
k1(t, s)v(δ(s))ds, (H1v)(t) =

∫ T

0
h1(t, s)v(σ(s))ds,

k1(t, s) = eM1(t−δ(s))k(t, s), h1(t, s) = eM1(t−σ(s))h(t, s).

Obviously, v(t) ≤ 0 implies x(t) ≤ 0. To show v(t) ≤ 0, suppose on the contrary,
that v(t̃) > 0 for some t̃ ∈ J. Then there are two possible cases:
(1) v(t) ≥ 0 for all t ∈ [0, t̃];
(2) there exists t∗1 ∈ [0, t̃) such that v(t∗1) < 0.

In case (1), (2.3) implies that v′(t) ≤ 0 for t �= tk and Δv(tk) ≤ 0,here t, tk ∈ [0, t̃],
hence v(t) is nonincreasing in J, then v(0) ≥ v(t̃) > 0 , which is a contradiction.

In case (2), let inft∈[0,t̃] = −p,then p > 0, and there exists 0 ≤ ti < t∗2 ≤ ti+1 < t̃

for some i ∈ {0, 1, · · · , m− 1} such that v(t∗2) = −p or v(t+i ) = −p. We may assume
that v(t∗2) = −p(since,in case of v(t+i ) = −p, the proof is similar). From (2.3), we
get

v′(t) ≤ p(M2e
M1(t−θ(t)) +M3

∫ γ(t)
0 k1(t, s)ds+M4

∫ T
0 h1(t, s)ds), t �= tk, t ∈ [0, t̃].

(2.4)
Without loss of generality,we suppose that t̃ ∈ (tj , tj+1] for some j ∈ {0, 1, 2, · · · , m}.
Obviously i ≤ j, from Lemma (2.1), we have

v(t) ≤ v(t∗2)
∏

t∗2<tk<t

(1 − Lk) + p
∫ t

t∗2

∏
s<tk<t

(1 − Lk)(M2e
M1(s−θ(s)) +

M3

∫ γ(s)

0
k1(s, σ)dσ +M4

∫ T

0
h1(s, σ)dσ)ds

(2.5)

Let t = t̃ in (2.5),then

v(t̃) ≤ v(t∗2)
∏

t∗2<tk<t̃

(1 − Lk) + p
∫ t̃

t∗2

∏
s<tk<t̃

(1 − Lk)(M2e
M1(s−θ(s)) +

M3

∫ γ(s)

0
k1(s, σ)dσ +M4

∫ T

0
h1(s, σ)dσ)ds

(2.6)

Noting that v(t̃) > 0 and v(t∗2) = −p,we obtain

0 < v(t̃) ≤ −p ∏
t∗2<tk<t̃

(1 − Lk) + p
∫ t̃

t∗2

∏
s<tk<t̃

(1 − Lk)(M2e
M1(s−θ(s)) +

M3

∫ γ(s)

0
k1(s, σ)dσ +M4

∫ T

0
h1(s, σ)dσ)ds
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(2.7)

this yields

∫ T
0

∏
s<tk<T (1 − Lk)(M2e

M1(t−θ(t))dt+M3

∫ γ(s)
0 k1(s, σ)dσ

+M4

∫ T
0 h1(s, σ)dσ)ds >

∏m
j=1(1 − Lk).

(2.8)

It contradicts (2.2).This completes the proof.

Lemma 2.3. Assume that x ∈ PC1(J),M1 > 0,Mi ≥ 0, i = 2, 3, 4, η ∈
PC(J), 0 ≤ Lk < 1, k = 1, 2, · · · , m. If

M2
eM1T −1
M1eM1T +M3TK0

eM1T −1
M1eM1T +M4TH0

eM1T −1
M1eM1T +

m∑
k=1

Lk < 1, (2.9)

then the impulsive differential problem⎧⎪⎨
⎪⎩
x′(t) = −M1x(t) −M2x(θ(t)) −M3(Kx)(t) −M4(Hx)(t) + η(t), t ∈ J, t �= tk,
Δx(tk) = −Lkx(tk) + dk, dk ∈ R, k = 1, 2, · · · , m,
x(0) = x0, x0 ∈ R,

(2.10)
has a unique solution.

Proof. Define a map A : PC(J) → PC(J) by

[Ax](t) = e−M1tx0 +
∫ T

0
G(t, s) (η(s) −M2x(θ(s)) −M3(Kx)(s) −M4(Hx)(s)) ds

+
m∑

k=1

G(t, tk) (−Lkx(tk) + dk) ,

where

G(t, s) =

{
e−M1(t−s), 0 ≤ s < t ≤ T,

0, 0 ≤ t ≤ s ≤ T.

It is easy to verify that x is a solution of (2.10) if and only if x is a fixed point of A.
For any x, y ∈ PC(J), we have

|[Ax](t) − [Ay](t)| ≤ |M2

∫ T

0
G(t, s)(y(θ(s)) − x(θ(s)))ds|

+|M3

∫ T

0

∫ γ(s)

0
G(t, s)k(s, u)(y(δ(u))− x(δ(u)))duds|

+|M4

∫ T

0

∫ T

0
G(t, s)h(s, u)(y(σ(u)) − x(σ(u)))duds|

+|
m∑

k=1

G(t, tk)Lk(y(tk) − x(tk))|

≤ (M2
eM1T − 1

M1eM1T
+M3TK0

eM1T − 1

M1eM1T
+M4TH0

eM1T − 1

M1eM1T
+

m∑
k=1

Lk)‖x− y‖,
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this implies

‖[Ax]−[Ay]‖ ≤ (M2
eM1T − 1

M1eM1T
+M3TK0

eM1T − 1

M1eM1T
+M4TH0

eM1T − 1

M1eM1T
+

m∑
k=1

Lk)‖x−y‖.

Condition (2.9) implies that A is a contraction mapping. Banach′s fixed point
theorem implies that A has a unique fixed point, and so (2.10) has a unique solution.
The proof is complete.

3. Main results

Function α, β ∈ PC1(J) are called lower and upper solutions of equation (1.1) if⎧⎪⎨
⎪⎩
α′(t) ≤ f(t, α(t), α(θ(t)), (Kα)(t), (Hα)(t)), t �= tk, t ∈ J,
Δα(tk) ≤ Ik(α(tk)), k = 1, 2, . . . , m,
g(α(0), α(η), α(T )) ≤ 0.

and ⎧⎪⎨
⎪⎩
β ′(t) ≥ f(t, β(t), β(θ(t)), (Kβ)(t), (Hβ)(t)), t �= tk, t ∈ J,
Δβ(tk) ≥ Ik(β(tk)), k = 1, 2, · · · , m,
g(β(0), β(η), β(T )) ≥ 0.

Theorem 3.1. Let α, β be the lower solution and upper solution for (1.1) with
α ≤ β on J respectively, and assume that (2.2) and (2.9) hold. Further suppose
that
(H1) There exist M1 > 0,Mi ≥ 0, i = 2, 3, 4, such that

f(t, x1, x2, x3, x4)−f(t, y1, y2, y3, y4) ≥ −M1(x1−y1)−M2(x2−y2)−M3(x3−y3)−M4(x4−y4),

for α(t) ≤ y1 ≤ x1 ≤ β(t), α(θ(t)) ≤ y2 ≤ x2 ≤ β(θ(t)), (Kα)(t) ≤ y3 ≤ x3 ≤
(Kβ)(t), (Hα)(t) ≤ y4 ≤ x4 ≤ (Hβ)(t), t ∈ J .
(H2) There exists Lk with 0 ≤ Lk < 1, k = 1, 2, · · · , m, such that

Ik(x) − Ik(u) ≥ −Lk(x− u), for α(tk) ≤ u(tk) ≤ x(tk) ≤ β(tk), k = 1, 2, · · · , m.
(H3) gu > 0, gv ≤ 0, gw ≤ 0.
Then (1.1) possesses in [α, β] the minimal and maximal solution u, v ∈ PC1(J)
respectively, where [α, β] = {x ∈ PC1(J) : α(t) ≤ x(t) ≤ β(t), t ∈ J}. Moreover,
there exist the monotone sequences {un} ↗ u and {vn} ↘ v uniformly on J ,
respectively.

Proof. For ∀ψ ∈ [α, β], we consider linear impulsive differential equation⎧⎪⎨
⎪⎩
y′(t) = −M1y(t) −M2y(θ(t)) −M3(Ky)(t) −M4(Hy)(t) + η(t), t �= tk, t ∈ J,
Δy(tk) = Ik(ψ(tk)) − Lk(y(tk) − ψ(tk)), k = 1, 2, · · · , m,
g(y(0), ψ(η), ψ(T )) = 0,

(3.1)



Nonlinear three-point boundary value problems 2003

where

η(t) = f(t, ψ(t), ψ(θ(t)), (Kψ)(t), (Hψ)(t)) +M1ψ(t) +M2ψ(θ(t))

+M3(Kψ)(t) +M4(Hψ)(t).

We will show that (3.1) has a unique solution y ∈ PC1(J).
Firstly, we show that there exists a unique constant y(0) : α(0) ≤ y(0) ≤ β(0)

such that g(y(0), ψ(η), ψ(T )) = 0 for ∀ψ ∈ [α, β]. From (H3) and g(α(0), α(η), α(T )) ≤
0 ≤ g(β(0), β(η), β(T )), we have that

g(β(0), ψ(η), ψ(T )) ≥ g(β(0), β(η), β(T )) ≥ 0,

g(α(0), ψ(η), ψ(T )) ≤ g(α(0), α(η), α(T )) ≤ 0.

From continuity and monotone of g, there exists a unique constant y(0) : α(0) ≤
y(0) ≤ β(0) such that g(y(0), ψ(η), ψ(T )) = 0. By lemma 2.3, one can see that (3.1)
has a unique solution y ∈ PC1(J). Denote Aψ is a unique solution of initial value
problem (3.1).

Let u0 = α, v0 = β and un = Aun−1, vn = Avn−1, n = 1, 2, · · ·. We shall show
that

(a) u0 ≤ Au0, Av0 ≤ v0.
(b) A is nondecreasing in [u0, v0].
The proof of property (a). Let p = u0 − u1, it follows that we have for t �= tk

p′(t) = u′0(t) − u′1(t)

≤ f(t, u0(t), u0(θ(t)), (Ku0)(t), (Hu0)(t)) +M1(u1(t)) +M2(u1(θ(t))) +M3(Ku1)(t)

+M4(Hu1)(t) − f(t, u0(t), u0(θ(t)), (Ku0)(t), (Hu0)(t)) −M1u0(t) −M2u0(θ(t))

−M3(Ku0)(t) −M4(Hu0)(t)

= −M1p(t) −M2p(θ(t)) −M3(Kp)(t) −M4(Hp)(t),

and for t = tk

Δp(tk) = Δu0(tk) − Δu1(tk)

≤ Ik(u0(tk)) − Ik(u0(tk)) + Lk(u1(tk) − u0(tk))

= −Lkp(tk),

Also, from g(u1(0), u0(η), u0(T )) ≥ g(u0(0), u0(η), u0(T )) and gu > 0, we have
u0(0) ≤ u1(0), and so p(0) = u0(0)− u1(0) ≤ 0. By lemma 2.2, we have p(t) ≤ 0 for
t ∈ J , that is, u0 ≤ Au0. Analogously, it is proved that Av0 ≤ v0.

Next, we prove the property (b). Let ψ1, ψ2 ∈ [u0, v0] with ψ1 ≤ ψ2, ω1 =
Aψ1, ω2 = Aψ2, p = ω1 − ω2, then from (H1) and (H2) , we have that for t �= tk

p′(t) = ω′
1(t) − ω′

2(t)
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= −M1ω1(t) −M2ω1(θ(t)) −M3K(ω1)(t) −M4H(ω1)(t)

+f(t, ψ1(t), ψ1(θ(t)), (Kψ1)(t), (Hψ1)(t)) +M1ψ1(t) +M2ψ1(θ(t))

+M3(Kψ1)(t) +M4(Hψ1)(t)

+M1ω2(t) +M2ω2(θ(t)) +M3K(ω2)(t) +M4H(ω2)(t)

−f(t, ψ2(t), ψ2(θ(t)), (Kψ2)(t), (Hψ2)(t)) −M1ψ2(t) −M2ψ2(θ(t))

−M3(Kψ2)(t) −M4(Hψ2)(t)

≤ M1(ψ2(t) − ψ1(t)) +M2(ψ2(θ(t)) − ψ1(θ(t))) +M3((Kψ2)(t) − (Kψ1)(t))

+M4((Hψ2)(t) − (Hψ1)(t)) −M1ω1(t) −M2ω1(θ(t))

−M3K(ω1)(t) −M4H(ω1)(t) +M1ψ1(t) +M2ψ1(θ(t))

+M3(Kψ1)(t) +M4(Hψ1)(t) +M1ω2(t) +M2ω2(θ(t))

+M3K(ω2)(t) +M4H(ω2)(t) −M1ψ2(t) −M2ψ2(θ(t))

−M3(Kψ2)(t) −M4(Hψ2)(t)

= −M1p(t) −M2p(θ(t)) −M3(Kp)(t) −M4(Hp)(t),

and for t = tk

Δp(tk) = Δω1(tk) − Δω2(tk)

= Ik(ψ1(tk)) − Lk(ω1(tk) − ψ1(tk)) − Ik(ψ2(tk)) + Lk(ω2(tk) − ψ2(tk))

≤ Lk(ψ2(tk) − ψ1(tk)) − Lk(ω1(tk) − ψ1(tk)) + Lk(ω2(tk) − ψ2(tk))

= −Lkp(tk),

From g(ω2(0), ψ2(η), ψ2(T )) = g(ω1(0), ψ1(η), ψ1(T )) and (H3), we have ω2(0) ≥
ω1(0), that is, p(0) ≤ 0. It follows by lemma 2.2 that p(t) ≤ 0 for t ∈ J , i.e. A is
monotone nondecreasing in [u0, v0].

It follows, from the properties (a) and (b), that

α ≤ u1 ≤ · · · ≤ un ≤ vn · · · ≤ v1 ≤ β, on J.

By standard arguments, we conclude that there exist u, v such that

lim
n→∞ un = u(t), lim

n→∞ vn = v(t), uniformly on J,

and
un(t) ≤ u(t) ≤ v(t) ≤ vn(t).

It is easy to show that u and v are solutions of the equation (1.1) using un, vn satisfy
the relations⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u′n+1(t) = −M1(un+1(t)) −M2(un+1(θ(t))) −M3(Kun+1)(t) −M4(Hun+1)(t)
+f(t, un(t), un(θ(t)), (Kun)(t), (Hun)(t)) +M1un(t) +M2un(θ(t))
+M3(Kun)(t) +M4(Hun)(t), t ∈ J ′,

Δun+1(tk) = Ik(un(tk)) − Lk(un+1(tk) − un(tk)), k = 1, 2, · · · , m,
g(un+1(0), un(η), un(T )) = 0,
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and⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

v′n+1(t) = −M1(vn+1(t)) −M2(vn+1(θ(t))) −M3(Kvn+1)(t) −M4(Hvn+1)(t)
+f(t, vn(t), vn(θ(t)), (Kvn)(t), (Hvn)(t)) +M1vn(t) +M2vn(θ(t))
+M3(Kvn)(t) +M4(Hvn)(t), t ∈ J ′,

Δvn+1(tk) = Ik(vn(tk)) − Lk(vn+1(tk) − vn(tk)), k = 1, 2, · · · , m,
g(vn+1(0), vn(η), vn(T )) = 0.

Taking the limit n→ ∞ on both sides of above relations, we have

⎧⎪⎨
⎪⎩
u′(t) = f(t, u(t), u(θ(t)), (Ku)(t), (Hu)(t)), t �= tk, t ∈ J,
Δu(tk) = Ik(u(tk)), k = 1, 2, · · · , m,
g(u(0), u(η), u(T )) = 0,

(3.2)

and ⎧⎪⎨
⎪⎩
v′(t) = f(t, v(t), v(θ(t)), (Kv)(t), (Hv)(t)), t �= tk, t ∈ J,
Δv(tk) = Ik(v(tk)), k = 1, 2, · · · , m,
g(v(0), v(η), v(T )) = 0.

(3.3)

(3.2) and (3.3) show that u and v are solutions of equation (1.1). Finally, we
prove that if z ∈ [α, β] is any solution of (1.1), then u(t) ≤ z(t) ≤ v(t) on J . To
this end, we assume, without loss of generality, that un(t) ≤ z(t) ≤ vn(t) for some
n, since α(t) ≤ z(t) ≤ β(t). From property (b), we can get

un+1(t) ≤ z(t) ≤ vn+1(t), t ∈ J.

Since u0(t) = α(t) ≤ z(t) ≤ β(t) = v0(t), t ∈ J, by induction, we can conclude that

un(t) ≤ z(t) ≤ vn(t), for all n,

Passing to the limit as n→ ∞, we obtain

u(t) ≤ z(t) ≤ v(t), t ∈ J.

This ends the proof.

References

[1] Z.M. He, J.S. Yu, Periodic boundary value problem for first-order impulsive
functional differential equations, J. Comput. Appl. Math., 138(2002), 205-217.

[2] W. Ding, J.R. Mi, M.A.Han, Periodic boundary value problems for the
first order impulsive functional differential equations, Appl. Math. Comput.,
165(2005), 443-456.



2006 Xiaofei He, Jingli Xie and Guoping Chen

[3] X.Z.Liu, D.J.Guo, Periodic boundary value problems for class of impul-
sive integro-differential equations in Banach spaces, J. Math. Anal. Appl.,
216(1995), 284-302.

[4] Z.M.He, X.M.He, Monotone iterative technique for impulsive integro-
differential equations with periodic boundary conditions, Comput.Math.Appl.,
48(2004), 73-84.

[5] Zhimin He, Xiaoming He, Periodic boundary value problems for first order
impulsive integro-differential equations of mixed type, J. Math. Anal. Appl.,
296(2004), 8-20.

[6] G.S.Ladde, V.Lakshmikantham and A.S.Vatsala, Monotone Iterative Tech-
niques for Nonlinear Differential Equations, Pitman, London, 1985.

[7] W.Zuo, D.Jiang, D.O’Regan and R.P.Agarwal, Optimal existence conditions
for the periodic delay j-Laplace equation with upper and lower solutions in the
reverse order, Results Math., 44(2003), 375-385.

[8] Janli Li and Jianhua Shen, Periodic boundary value problems for impulsive
differential-defference equatins, Indian J. Pure Appl. Math., 35(2004), 1265-
1277.

[9] I.Rachunkova, and M.Tvrdy, Non-order lower and upper function in second
order impulsive periodic problems, Dyn. Contin. Discrete Impuls. Syst. Ser. A
Math. Anal., 12(2005), 397-415.

[10] Lijing Chen, Jitao Sun, Nonlinear boundary value problem of first order impul-
sive functional differential equations, J. Math. Anal. Appl., 318(2006), 726-
741.

[11] Lijing Chen, Jitao Sun, Boundary value problem of second order impulsive
functional differential equations, J. Math. Anal. Appl., 323(2006), 708-720.

[12] D. D.Bainov and P. S. Simeonov, Impulsive Differential Equations: Periodic
Solutions and Applications, Longman Scientific and Technical, Harlow, 1993.

[13] D.Franco, J.J Nieto, First-order impulsive ordinary differential equations with
anti-periodic and nonlinear boundary conditions. Nonlinear Anal., Ser.A: The-
ory Methods. 42(2000), 163-173.

[14] J.Yu, W.Ge, Nonlinear boundary value problem of differential equations with
impulsive effects, Mathematica Applicate, 2001, 14(3), 116-120.

[15] Jianli Li, Jianhua Shen, Existence of solutions for first order impulsive differen-
tial equations with nonlinear boundary conditions, Dynam. Contin. Discrete.
Impuls. System.2(2004), 47-53.



Nonlinear three-point boundary value problems 2007

[16] Lijing Chen, Jitao Sun, Nonlinear boundary value problem for first order impul-
sive integro-differential equations, J. Math. Anal. Appl., 325(2007), 830-842.

Received: April, 2009


