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Abstract

In this paper, we introduce an iterative scheme by hybrid methods
for finding a common element of the set of fixed points of nonexpansive
mappings, the set of solution of an equilibrium problems and the set of
solution of a variational inequality problems for a monotone, k-Lipschitz
continuous mappings in a Hilbert space. We show that the iterative
sequence converges strongly to a common element of the three sets. Our
results extend and improve the recent results of Takahashi, Takeuchi and
Kubota [W. Takahashi, Y. Takeuchi, R. Kubota, Strong Convergence
Theorems by Hybrid Methods for Families of Nonexpansive Mappings
in Hilbert Spaces, J. Math. Anal. Appl., 341(2008), 276-286 | and many
others.
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1 Introduction
Let H be a real Hilbert space with norm || -|| and inner product (-, -) and let C'

be a nonempty closed convex subset of H. Let Ps be the metric projection of
H onto C. A mapping S : C' — C is said to be nonexpansive if ||Sx — Sy|| <
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|z —yl|, for all ,y € C. We denote by F'(S) the set of fixed points of S. Let
F" be a bifunction of C' x C into R, where R is the set of real numbers. The
equilibrium problem for F': C' x (' — R is to find x € C such that

F(z,y) >0, VyeC. (1)

The set of such solutions of (1)is denoted by EP(F). Given a mapping T :
C — H,let F(z,y) = (Tx,y—x) for all 2,y € C. Then z € EP(F) if and only
if (Tz,y—2z) >0forall y € C,1ie., zis a solution of the variational inequality
problem. Numerous problems in physics, optimization and economics reduce
to find a solution of (1). Some methods have been proposed to solve the
equilibrium problem (see [1, 4, 14, 19]). In 2005, Combettes and Hirstoaga [2]
introduced an iterative scheme of finding the best approximation to the initial
data when FP(F') is nonempty and they also proved a strong convergence
theorem. If C'is bounded nonempty closed convex and S is a nonexpansive
mapping of C' into itself, then F'(S) is nonempty (see [7]).

Definition 1.1 Let A: C' — H be a mapping. Then A is called

1. monotone if

2. [(-strongly monotone if there exists a positive real number 3 such that

(Az — Ay, z —y) > Bl —y|]>, Va,y e C;

3. &-Lipschitz continuous if there exists a positive real number & such that

[Az — Ayl < &lle —yll,  Va,y € C;

4. a-inverse-strongly monotone [1, 9] if there exists a positive real number
a such that

(Az — Ay,x —y) > af|Ax — Ay|*, Vz,yecC.

Remark 1.2 [t is obvious that any a-inverse-strongly monotone mapping
A is monotone and Lipschitz continuous.

The classical variational inequality problem is to find v € C such that (v —
u, Au) > 0 for all v € C. The set of solutions of this variational inequality
problem is denoted by VI(C,A). It is well known that if A is a strongly
monotone and Lipschitz continuous mapping on C, then the variational in-
equality problem has a unique solution. How to actually find a solution of
the variational inequality problem is one of the most important topics in the
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study of the variational inequality problem. The variational inequality has
been extensively studied in the literature. See, e.g., [22, 23] and the references
therein.

In 1953, Mann [13] introduced the iteration as follows: a sequence {z,}
defined by

Tpi1 = Ay + (1 — ) Sy, (2)

where the initial guess element z € C'is arbitrary and {«,} is a real sequence
in [0,1]. Mann iteration has been extensively investigated for nonexpansive
mappings. One of the fundamental convergence results is proved by Reich [18].
In an infinite-dimensional Hilbert space, the Mann iteration can conclude only
weak convergence [5]. Attempts to modify the Mann iteration method (2) so
that strong convergence is guaranteed have recently been made.
In 1976, Korpelevich [8] introduced the following so-called extragradient

method:

Top =2 € C,

Yn = Po(x, — NAx,), (3)

Tnt1 = Po(x, — NAy,)

for all n > 0, where A € (0, %), C' is a nonempty closed convex subset of R"”
and A is a monotone and k-Lipschitz continuous mapping of C' in to R™ .
He proved that if VI(C, A) is nonempty, then the sequences {z,} and {Z,},
generated by (3), converge to the same point z € VI(C, A).

In 2006, Zeng and Yao[24] proved the following strong convergence theorem:

Tog =T € C,
Tp1 = apxo + (1 — @) SPe(x, — MAy,), Yn >0,

where {\,} and {«,} satisfy the following conditions:
(i) Ank C (0,1 —9) for some § € (0,1);
(i) a, € (0,1),300 @y = 00, limy, 00 vy = 0.

They proved that the sequence {z,} and {y,} converges strongly to the same
point Pps)nvi(c,a)Zo provided that lim,, ..o||Zp1 — 2| = 0.

Later, motivated by the idea of Korpelevich’s extragradient method [8], Lu-
Chuan Cenga, and Jen-Chih Yao [3] and Liwei Li and W. Song [12] studies a
hybrid of the extragradient method of monotone operator and maximal mono-
tone operators, Nadezhkina and Takahashi [15] who introduced the following
iterative scheme for finding an element of F'(S)NVI(C, A) and proved strong
convergence theorem. Recently, Takahashi et al. [21] proved the following
strong convergence theorem by the new hybrid projection method.
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Theorem 1.3 (21, Theorem 4.1)) Let C' be a nonempty closed convex sub-
set of a real Hilbert space H. Let T be a nonexpansive mappings from C' into
itself such that F(T) # () and let xo € H. For Cy = C, and uy = Pg,xo, and
let

Yn = apty + (1 — ap)Tuy,
Crar ={z € Cn t[lyn — 2| < lun — 2|1}, ()
Tpt1 = Po, . m9, neEN

where 0 < oy, < a < 1. Then {u,} converges strongly to zy = Pp(r)o.

On the other hand, Takahashi and Takahashi [19] introduced an iterative
scheme by the viscosity approximation method for finding a common element
of the set of the solution (1) and the set of fixed points of a nonexpansive
mapping in a real Hilbert space. Let S : C' — C be a nonexpansive mapping.
Starting with an arbitrary initial z; € C, define sequences {z,} and {u,}
recursively by

F(ttn, y) + 7y — tn, un — 2) >0, Vy € C, 6
Tpi1 = A f(zn) + (1 — ) Suy, ¥n > 1. (6)

They proved that under certain appropriate conditions imposed on {«,} and
{r,}, the sequences {x,} and {u,} converge strongly to z € F(S) N EP(F),
where 2z = Pps)nepr)f(2).

In this paper, motivated by Zeng and Yao [24], Takahashi et al. [21] and
Takahashi and Takahashi [19], we will introduce a new hybrid extragradient
method (3.1) which is mixed with the iterative schemes considered in [24],
[21] and [19] for finding a common element of the set of fixed points of a
nonexpansive mapping, the set of solutions of an equilibrium problem and
the set of solutions of the variational inequality for k-Lipschitz continuous
mappings in a Hilbert space. Then, the strong convergence theorem is proved
under some parameter controlling conditions. Our results extend and improved
that the corresponding ones announced by Kumam [10, 11], Takahashi and
Takahashi [19], Takahashi et al. [21] and Zeng and Yao [24].

2 Preliminary

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. We denote weak convergence and strong convergence by notations — and
—, respectively. In a real Hilbert space H, it is well known that

1Az = (1= NylI* = Mzl + (1 = Vllyl* = A1 = Nz =yl
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for all z,y € H and X\ € [0, 1]. Recall that the (nearest point) projection Pg
from H onto C' assigns to each x € H the unique point in Py € C satisfying
the property

|lz — Pox|| = min [|lz -yl

The following characterizes the projection Pg. It is well known that Pg is a
nonexpansive mapping of H onto C' and satisfies

(x —y, Pox — Poy) > || Pex — Poyl?, (7)

for every x,y € H. Moreover, Pz is characterized by the following properties:
Pox € C and
(x — Pex,y — Pox) <0, (8)

lz = yl* = |l — Pox|l* + |y — Pel?, (9)
forall x € H,y € C. It is easy to see that the following is true:

ueVI(C,A) & u= Po(u— AAu), A > 0. (10)

Let A be a monotone, k-Lipschitz continuous mapping of C' into H and let
Nev be the normal cone to C' at v € C} i.e.,

Nev:={we H: (v—u,w) >0, Yue C}.
Define

T — Av+ Neov, v e C,
0, v ¢ C.

Then, T is maximal monotone and 0 € Tv if and only if v € VI(C, A) (see
[16] for more details). It is also known that H satisfies the Opial’s condition
[17], that is, for any sequence {x,} with x,, — z, the inequality

liminf,, o ||z, — x| < liminf, .||z, — vl

holds for every y € H with y # x. Hilbert space H, satisfies the Kadec-Klee
property [6, 20], that is, for any sequence {z,} with z, — z and ||z, || — ||z||
together imply ||z, — x| — 0.

For solving the equilibrium problem for a bifunction F': C' x C' — R, let
us assume that F' satisfies the following conditions:

(A1) F(z,z) =0 for all z € C
(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C;

(A3) for each z,y,z € C, limyo F(tz + (1 — t)z,y) < F(x,y);
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(A4) for each z € C,y — F(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [1].

Lemma 2.1 [1] Let C be a nonempty closed convez subset of H and let F
be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0 and x € H.
Then, there exists z € C' such that

1
F(z,y)+—(y—z,z—x) >0 forally € C.
r

The following lemma was also given in [2].

Lemma 2.2 [2] Assume that F' : C' x C — R satisfies (A1)-(A4). For
r >0 and x € H, define a mapping T, : H — C as follows:

1
Tr(x):{zEC:F(z,y)jL;@—z,z—x) zO,VyEC}

for all x € H. Then, the following hold:
1. T, is single-valued;

2. T, is firmly nonexpansive, i.e. for any x,y € H
T — Tyl < (Tro — Ty, x — y);

3. F(T,) = EP(F);
4. EP(F) is closed and convex.

3 Main Results

In this section, we prove a strong convergence theorem by hybrid extragradient
method for a monotone, k-Lipschitz continuous mapping in a Hilbert space.

Theorem 3.1 Let C be a nonempty closed convexr subset of a real Hilbert
space H, let F' be a bifunction from C x C into R satisfying (A1)-(A4), let
A be a monotone and k-Lipschitz continuous mappings of C into H and let
S be nonezxpansive mappings from C into itself such that F(S)NVI(C,A)N
EP(F) #0. Let {xn}, {yn}, {wn} and {u,} be sequences generated by Cy = C,
x1 = Po,xo, and let

u, € C such that F(uy,,y) + %<y — Up, Uy — Tpy) >0, VyeC,

Yn = Po(u, — N\ Auy,),

Wy, = Ty + (1 — an)SPo(xn, — M\Ayy,), (11)
Cop1={2 € Oy [Jwy — 2|| < [lzn — 2|},

Tpt1 = PCn+1$Oa
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for all n € N, where {\,} C [a,b] for some a,b € (O,%), {an} C e, d] for
some ¢,d € (0,1) and {r,} C (0,00) satisfies liminf, . 7, > 0. Then {x,}
converges strongly to PF(S)QW(C’A)QEP(F)xO.

Proof. We show that F(S)NVI(C,A) N EP(F) C C,. for all n € N. It
is obvious that F'(S)NVI(C,A)N EP(F) C C = Cy. Suppose that F(S) N
VI(C,A)N EP(F) C Cg. for some k € N. Hence, for v € F(S)NVI(C,A)N
EP(F) C Cy. Let {T},} be a sequence of mappings defined as in Lemma 2.2.
Then v = Po(v — M\ Av) = T,,v and from uy, = T, x, for any k € N, we note
that

lur = ol = [Ty = Tryo]| < [lag = of.

Put vy = Po(ux — A\ Aky,) for any k € N. From (9) and the monotonicity of
A, we have

Joe = vl]? < JJue — MAy — 0[] = [lug — AnAyr — ve)?
Jure — v[|* = [lue — vill® + 22 (Aye, v — vi,)

= Jluk — ol = [Jur — vi]?
20 ((Ayr, — Av, v — yg) + (Av, v — yi) + (AYk, Yk — k)
g —v[|* = [Jur — vk 1> + 226 { Ay, Y — vi)
= Jluk —ll* = llug — yell® — 2w — yr, ys — o) — llyx — vl
F2Ne(Ayr, Y — Vi)
= lug = vl1* = lur — will* = llye — vill?
+2(ur — A AYk — Yy Uk — Yi)-
Moreover, from y, = Po(up — A, Aug) and (8), we have
(up — MeAug — yp, v — yr) < 0. (12)
Since A is k-Lipschitz-continuous, it follows that
(U = MeAYr — Yo Uk — Yk) = (Ur — MnAU — Yo, Ve — Yi) + (AnAu — X\ Ay, v — Yi)
< (AnAug — M Ay, Vi — Yi)
< Mnéllur = yillllve — yil|-
So, we have
lok —ol* <l =0l = flu = yll* = llye — vil®
+2 € lur — Yl [lox — |l
Juk = o> = llur — yill* = llye — vill?
FAER [ur — wil® + [l — yi)?
Jur = ol|* + (AF% = 1) Jur, — il (13)

s = 01,

IN

IN
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and hence
Jor = ol < lug — vl < flzg — vl

Thus, from (13) we have

lwp = v]* < anllag =l + (1 = an)[|Sv, — of)?
< agllay —o]* + (1 = ag)|lug — of]?
< aglley —of* + (1 = ap){Jlur — vl + (AE* = Dllur — yil*}
< agllay —o)* + (1= ag)|lzr — ol + (1 = ar) AZE* = 1) lur — yl®

ok = vll* + (1 = a) (ARE* = Dllur — yell* < [l — v]*.

and hence u € Cj 1. This implies that
FS)NVI(C,A)NEP(F)cC,, forall ne&N. (14)

Next, we show that C), is closed and convex for all n € N. It is obvious that
C7 = C is closed and convex. Suppose that C} is closed and convex for some
k € N. For z € Cy, we know that ||wy — z|| < ||z — z|| is equivalent to

|lwy — 2 ||* + 2{wy — 2, 21 — 2) > 0. (15)

So, C41 is closed and convex. Then, for any n € N, C, is closed and convex.
This implies that {z,} and {u,} are well-defined. From z,, = P¢,xy, we have

(To = &n, 20 —y) 20
for each y € C,,. Using F(S)NVI(C,A)NEP(F) C C,, we also have
(xg — xpyxp —u) >0 foral we F(S)NVI(C,A)NEP(F) and n € N.
So, for u € F(S)NVI(C, A) N EP(F). we have

0 < (zg—zp,x, —u)
= (Tn — 20, Ty — To + 2o — W)

= —llzo — @ll* + llzo — zallllwo — ull.
This implies that
|lzo — zp|| < ||wn —u|| forall we F(S)NVI(C,A)NEP(F) and n € N.

From z,, = P¢,xo, and 11 = P¢,,, 70 € C,41 C C, we obtain

n+1

<I0 = T, T — xn+l> Z 0 (16>
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From (16), we have, for n € N,

0 S <[L’0—$n,l'n _xn+1>
(Lo — T, Tn — To + To — Tny1)
= _H:CO_an2+<x0_xnaxn_xn+l>

= —llzo — @all* + 20 — @all 2o — @l

and hence
|20 — 2nll < 20 — Znga |-

Thus the sequence {||x,, — ||} is a bounded and nonincreasing sequence, so
limy, o || — xo|| exists, that is there exists

¢ = lim,l|zn — zo]|- (17)
Next we can show that lim,, .||z, — Z,41]| = 0. Indeed, from (16) we get
20 = il = N2 — 20 + 20 — Topa[|?

= Hxn_x0)|‘2+2<$n_x07x0 _anrl)
= —llzn = 20)II” + 2(n — @0, %0 — Tp + Tn = Tag1) + [|ToTp |

< —|l@n = zoll* + lmo — T ]|

From (17), we obtain
limy,—oo||Zn — Tnt1|| = 0. (18)

Since x,11 € Cpy1 C C),, we have
[n — wall < lzn = Tpsal| + |21 — wall < 2||lzn — T |-

By (18), we obtain

limy, o0 ||Z5, — wy|| = 0. (19)
From (27), we have
|70 — wull = |70 — apzn — (1 = @) Sval| = [[(1 = o) (20 — Svi)
it follows by (19) that
limy, oo ||Z7, — Sv,|| = 0.

Let v € F(S)NVI(C,A) N EP(F). Then, we obtain that

lup =0l = T, 20 — T0l* < (T — Tp,0, 20 — 0) = (Up — 0,2 — v)

1
= llun = vl” + e = ol* = llzn — ua|*).
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Therefore, |u, —v||*> < ||z, — v||* = ||2n — un||?. Thus, we can calculate

Hwn_v||2 = Han(xn_U)"i_(l_an)(svn_v)”Q
< O‘nHIn_UH2+(1_O‘H)”UH_UH2
< agllen —v)* + (1 = ) Jun = v||?
< O‘n||xn_UH2+(1_O‘n){”xn_U||2_ Hxn_unHQ}
= lzn —ol* = (1 = an)llzn — uall?,
and hence

lwn = vlI* < llzn = vlI* = (1 = an)l[un — 20l

Since 0 < ¢ < a,, < d < 1, it follows that

(1 - d)”"tn - unH2 < (1- O‘n)”xn - un||2

= Nlzn — ol = llwn — v|?
(lzn = vl + lfwn = vl)(ll2n = vl = [Jwn = 2])
< lwn = wall(llen — ol + lwn = vl]). (20)

From (19) and (20), we have

lim ||z, — u,|| = 0. (21)

n—oo
Since liminf,,_,. 7, > 0, we obtain

. Ty — Uy, . 1
Jim | —— = lim —ljz, = u.]| = 0. (22)

Forv e F(S)NVI(C,A)N EP(F), from (10) we obtain
lwn = ol* < llon = 0l* + (1 = an) (ARE* = Dlfun — .

Therefore, we have

1

Hun _ynH < (1 — )(1 — /\ng)(Hxn _UHQ - ||wn _UHQ)
1 x
1

[0 = wal[(llzn = 0l + [lwn = v]]).

S a2

So, by (19) we obtain
lim ||u, — yn| = 0. (23)

n—oo

Since ||z, — Yn|| < |20 — wn|| + ||n — ynl|, from (21) and (23) we also have

lim ||z, — y,|| = 0. (24)

n—oo
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From ||v, — Y|l < ||un — yn|| and (23), we obtain

lim [[on, —ya =0, (25)

n—oo

we also obtain
[Svn = val| < ([Svn — 20l + |20 = Y|l + Y0 — vl

and hence
lim,, oo || Sy, — v || = 0. (26)

Since {v, } is bounded, there exists a subsequence {v,, } of {v, } which converges
weakly to z. Without loss of generality, we can assume that v,, — z. Since
v,, C C and C is closed and convex, C is weakly closed and hence z € C.
From ||Sv, — v,|| — 0, we obtain Sv,, — z. We will show that z € EP(F).
Using the same argument as in the proof in [11, Theorem 3.1 pp. 273] or [10,
Theorem 3 pp. 1251], we can prove that z € EP(F'). From Opial’s condition,
we obtain that z € F'(S). Finally, we can show that z € VI(C, A). Define,

0, vé¢C.

Then, T is maximal monotone. Let (v,u) € G(T). Since u — Av € Ngv
and v, € C, we have (v — v,,u — Av) > 0. On the other hand, from v, =

Po(u, — A\ Ayy), we have (v — vy, v, — (U — M\ Ayn)) > 0, and hence, <v -

TU:{ Av+ Ngv, v e C,

Uy, B + Ayn> > 0. Therefore, we have

(v =y, u)y > (V— vy, Av)

> (v — vy, Av) — <v — Up,,

Uy, — Uyp.
Uni ~Uni 4 o n>
Y

Up; — Up,
= v—vni,Av—Ayni—%>
ng

- <U - U”i’AU - Avnz> + <U - UniaAvni - Aynz> o <U — Uny s Um/\_ unz>

%

Vn;, — Up,.
Z <U - UniaAvni - Aynz> - <U _Uniy u>a

An;
Since limy,— oo ||V — || = limy,— oo [|[Vn — Ynl] = 0, u,, — p and A is Lipschitz
continuous, we obtain that lim,_ ||Av, — Ay,|| = 0 and v,, — p. From
liminf, .. A, > 0 and lim,, . ||v, — u,|| = 0, we obtain
(v—2z,u) > 0.

Since T is maximal monotone, we have z € T7'0 and hence z € VI(C, A).
Hence, we have z € F(S)NVI(C,A) N EP(F). Finally, we show that x, —
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z, where z = Pps)nvic,aep(p)Zo. Since x, = Pg,xo and z € F(S) N
VI(C,A) N EP(F) C @, we have |z, — x| < ||z — xo|]. It follows from
2 = Pr(s)nvi(c,aneprr)®o and the lower semicontinuity of the norm that

12" = woll < Iz = woll < liminfi oo [|n, — ol < Timsup; oo [[2n, — zoll < [|2" — 2ol

Thus, we obtain that limy_, ||z,, — 20|l = ||z — xo|| = ||z’ — z0||. Using the
Kadec-Klee property of H, we obtain that

lim; oo, = 2 = 2.
Since {x,,} is an arbitrary weakly convergent subsequence of {z,}, we can
conclude that {x,} converges strongly to z, where z = Pr(r)nvi(c,a)nEpF)To-

Corollary 3.2 Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let A be monotone, k-Lipschitz continuous mapping of C into H
and let S be a nonexpansive mappings from C into itself such that F(S) N
VI(C,A) #0. Let {x,}, {yn} and {w,} be sequences generated by xo € C' and

let
Yn = PC(xn - )\nAxn>a

Wy, = apy + (1 — a,)SPe(x, — N Ayn),
Cor1={2 € Cp: lwn — 2| < [Jzn — 2[[},
Tp4+1 = PCn+1l'0,
for alln € N, where {\,} C [a,b] for some a,b € (0,7), {an} C [¢,d] for some
c,d € (0,1). Then {x,} converges strongly to Pr(synvi(c,a)Zo-

(27)

Proof. Put F(z,y) =0 for all x,y € C and {r,} = 1 in Theorem 3.1. Thus,
we have u,, = x,. Then the sequence {z,} generated in Corallary 3.2 converges
strongly to Pr(s)nvi(c,a)To-
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