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Abstract

This paper aims to study the approximation properties of the Flett
(F“f) and the generalized Flett potentials (F f), which are represented
by the Poisson integral (P;) and the generalized Poisson integrals (P})
respectively, when the parameter o« > 0 tends to zero.
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1 Introduction and Preliminaries

The Flett potentials, 7 f and the generalized Flett potentials, 7 f are defined
in terms of Fourier and Fourier- Bessel transforms by the following formulas:

FF ) (@) = 1+ |z)*F(f)(x), (€ R",a>0) (1)

F(Fy (@) = (A + [z])*E,(f)(2), (€ R} ,a>0). (2)

These potentials are interpreted as a negative fractional powers of the oper-
ator (E+(—A)Y?) and (E+ (—A,)"Y?) respectively. Here, A = % is the
k=1 *

2
92 4 2w 0

n—1
Laplacean, A, = %—i— (2, +24.8) (v > 0) is the singular Laplace-Bessel
k=1 oo

differential operato} and F is the identity operator.
Note that, the Flett potentials are introduced by T.M. Flett in his funda-
mental paper [5, p.445-448] (see also [3, p.541-542]). One should also mention
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the papers [3] by I.A. Aliev, S. Sezer and M. Eryigit and [15] by S. Sezer,
devoted to inversion formulas for the Flett and generalized Flett potentials.
Approximation properties of the potentials such as Riesz, Bessel, general-
ized Riesz and generalized Bessel, have been studied by T. Kurokawa[9] and
A.D. Gadjiev, A.Aral and I.A. Aliev [7].
The main aim of this paper is to inverstigate the approximation properties
of the Flett and generalized Flett potentials as the parameter o goes to zero.

We start by giving some auxilary definitions, notations and lemmas.
Let R? ={z: 2= (21,... ,2,-1,2,) € R", z, > 0}.

L= L(R") = { o= ([ 176 rpdx)l/pmo}

1/p
Ly =Lpy(RY) = ¢ f o [[fllpw = (f ‘f(@’px%ydx) <000,
R

where 1 < p < oo,v>0,dr =dx;---dx,.

Co = Cp(R"™) is the class of all continuous functions on R™ vanishing at
infinity.

In this paper, the letters ¢, ¢, ¢1, co,... are used for constants and if the
function ¢(«) is bounded as o — 07, we will write p(a) = O(1) as a — 07

The Fourier transform and Fourier-Bessel transform of a function f are
defined by the following formulas:

(F)(E) = / T fa)dr, €1 = Eypy et nn,

Rn
:/f(:z:)eig/“/jy%(fnxn)xfj’dw,
Rn

where 2’ = (21,... ,2p_1), £ -0 =&Ex1 -+ & 12y and jy (1) = 22 I(A +
1)Jx(7)/7*, JA(7) is the Bessel function of the first kind.

The Fourier-Bessel harmonic analysis is adopted to the generalized convo-
lution

(f ©g)(x /f )(TVg)(x)y>dy, « € R,

where TV is the generalized translation operator, acting according to the law

™

/g(x/ —y, V12 — 22,y, cos a + y2) sin® ! ada

(3)

I'(v+1/2)
I()r(1/2)

(TYg)(z) =
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(see, e.g., [1], [2], [6],[8], [10] and [17]). Actually we deal with the usual (Eu-
clidean) translation in 2’ = (x4, ... ,2,_1) and the generalized translation with
in z,,—variable.

It is well known that (see, [12])
HTnyPW < Hf”p,v 7vy € Ri? 1 S p < oo,

(4)
HTyf - f“p,v —0 , as |y| — 0.

Now let us introduce the following Lipschitz classes of Ag, A% and the local
Lipschitz classes Ag(wo), Aj(wo) which we need.

Ag={f € L(R") : || f(z —y) — f(2)]|loc < cly|”} (5)
NG ={f € LR : [TV f(z) — f(2)]lsc < cly|’} (6)
Ag(xo) = {f : [f(zo —y) = flzo)| <crlyl’, VIyl <1, 20,y eR"}  (7)

Aj(wo) = {f + 1T f(xo) = flzo)l <cslyl®, VIyl <1, w0, y € RY}  (8)

where 0 < f < 1.
The Poisson integrals P, f and the generalized Poisson integrals Py f are
defined as:

(PS)(y) = / P, t)f(y — )dz, FP(- ))(€) = e, (9)
(PY)(y) = / PY(e, 0)(T* ) (y)a2de, EIP(, €)= (10)

The corresponding Poisson and generalized Poisson kernels in (9) and (10)
have the following form :

r(m) t

Pz, 1) (n+1)/2 (|x|? + tQ)(nH)/? ’ (1)
2F n+2v+1 t

PY(z,t) = (=5—) (12)

7Tn/QF(,/ + %) (|x|2 + t2)(n+2u+1)/2
Furthermore, these kernels have the following properties:
/P(x, tydy=1 /P”(x, a2 dy = 1. (13)
R" R"

More information about these integral operators can be found in [1], [2],
[11],[14],[16]. The following lemma gives us some properties of generalized
Poisson integral.
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Lemma 1.1 (see [1], [13, p.217]) Let f € L,,, , 1 <p < oo and P/f,
t>0 beasin (10). Then

(a)

5 _ n+ 2v
ess sup [(Pyf)(@)| < ™|\ fllpw , 0= Pl (14)

z€RY

(b)
sup H,P:szw < CHszw ; (15)
t>0

(¢) The mazimal operator (P*f)(x) =sup|(Pyf)(z)| is weak (p,p), i.e.
>0

miz: (Pf)a) > 2} < (e v x5

(d) PI%(Pt”f)(x) = f(x) in the L,,—norm and pointwise for almost all x €

R%. For f € L,, NCy, the convergence is also uniform on R}.

Remark 1.2 (see [1], [3, p.694]) Note that Lemma 1.1 is also true for the
classical Poisson integral Pif, f € L,, and in this case the number 0 in (14)
18 equal to %.

Lemma 1.3 (see [4, p.27] ) Let (X, 1) be a measure space and let {T.}, € >
0 be a family of linear operators on L,(X, p). Denote

(T f)(z) = sup [(Tf)(z)|.

e>0

If T* is weak (p, q), i.e. ,

ply: () > 2} < (Dl va s

then the set
{f+ f € L(X, p), i(T.f)(x) = (), a.c}

is closed in L,(X, p).

Using the properties in (13) and the definitions of the Lipschitz classes
Ap, A} it can be proved the following lemma.

Lemma 1.4 a) If f € Ag, then

|Pif = flloe = O(1)t? as t — 0. (16)
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b) If f € Aj, then

PV f = flloo = O(1)t° ast — 0.

1909

(17)

The Flett potentials F*f and the generalized Flett potentials F f , ini-
tially defined by (1) and (2), have the following integral representations via

the Poisson and the generalized Poisson integrals, respectively:

(Ff)(x) = %a) / e (P f)(x)dt  [3,p.694]
(Fof)(z) = %a) / e (PY f)(x)dt  [15,p.120]

2 Main Results

(18)

(19)

In this section we represent two theorems which give us the approximation
properties of the families 7>f and F*f as the parameter a tends to zero.
The first theorem gives the approximation properties of the generalized Flett
potentials ' f at the Lipschitz classes Aj, Ajj(zo) which are defined as in (6)
and (8). Similarly, the second theorem gives the approximation properties of
the classical Flett potentials 7 f at the Lipschitz classes Ag, Ag(zo) which are

defined as in (5) and (7).

Theorem A. Let f € L,,, , 1 <p < oo, and (FSf)aso are defined as in (19).

Then
(A1) lir(r)1+(f3f)(x) = f(x) for almost all v € RY;
(A2) If f e L,,NCy, then the convergence is uniform on R'}.
(A3) Iffe L, , NAL 0<3<1 then

|1FSf — fllo =O0(1)a as «a—0F.
(A4) If f € Ly, N AG(x0), zo €RY, 0< B <1 then

(FS)(wo) — f(zg) =0(1)a as a — 07,

Proof (A1) According to Lemma 1.1 (d) there exists a point x € R

that

fim (P f)(a) = £(a)

such
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Therefore given € > 0 there exists 6 > 0 such that

(P F)(x) = flz)| <e
for all 0 <t < 4. Using this observation we have

o0

1 ooa—l —t v o L a—1 —t
m/ e (Pyf)(x)dt F(a)/t e f(x)dt

0 0

(F2 () = f()] =

é
1 « —t v
< [ETNPD @ - sl
0

L a—1_-t 1/ o
o / e (PE () — fo)lde
= i1(x) +i2(2),

and we can estimate i;(z) as

i1(x) <e. (20)

Now let us estimate is(x).

. 1 Ooa—l —t v
Zz(:r)SF—) [t @)+ 1) e

(«

é
o0
/tal—t
é
oo

CHprV/ -0t g 4 c|f(x)]/ —1 ¢
< ’ t P dt te dt
- (o) ¢ ar [(a) ‘

o

clf(x)| a=1,-6 _ o as o — 0F
o) (%v—@) o) 5 O(1) 0t (21)

I/\,:;

NS o + 1 @)1) dt

Finally

and therefore
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Since € > 0 is arbitrary we have

lim [(F7f)(x) — f(x)] = 0.

a—0t

(A2) Let f € L,, NCy. Then using (20) and (21) we can write the following

p

(073 o f 14 a—— o— —
12 = Pl <<+ 5 H)(nly””_ 5 ot e )

Therefore, 1im+||.7-"yo‘f — fllo=0
a—0
(A3) Let feL,,NAj Then

(Fof)(x) - f(x) = ﬁ / 1 (P f) (o) — ()t

1 a—1_-—t v _ €T
- /t e (PYS) () — fla)]dt

0
00

1 alft v
+ /t (P ) () — () (22)

Furthermore, using (14) and (17) we get

1

1
1720 = Sl < g5 [ 7€ IPLS = Sl
0

o) 1
1 _ C1 _
e e P e < 12
1 0
1 [ a—nt2v_g i a—1_-—t
+ T@) CQHprﬂ, t dt+ HfHOO t e ‘dt
1 1

=0(1)a as a—0".
Finally, we get the required identity:

|5 f = fllo = O as a—07.
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(A4) Let fe€ L,,NAj(xg) where zop € R} . Then similar to (22) we have

(F2 ) (x0) — flag :ﬁ /t ((PYf) (o) — flao))dt

o0

%) [t (Prneo) - o))

1

1 e’}
1 a—1_—t 1 a—1_-—t v
Smo/t le Atdt+@1/t 'e |(7th)(x0)—f(x0)|dt
=1+ (23)

where A; = |(Py f)(z0) — f(x0)]- Now we estimate A; .
/ () wo) ~ o))y

(T f) (o) — f(2o)|yz” dy

+’f$0‘/ y, de_Z1+22+Z3

Since xg is a Lipschitz point we can write

(12) t
; B,2v B
hsc / (I + &2)(mt2vi D2 Y17y dy < eat”. (24)

ly|<1

Let us estimate i5. By making use of Holder inequality we have

1/p
2 < fll | [ P 0 sy
y[>1
1/
< ot / ’yyfp/(n+2u+l)y721udy < cst. (25)

y|>1
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Similarly, we have the following estimate about 43 :
is < eyt (26)
Hence, from (24)-(26) we write
A, =0t as a— 0", (27)
Now using the equality (27) we have the following inequality about the esti-
mation of ji:

1

s a+p—-1 _ +

— |t dt =01)a as a — 0. (28)
<a>0/

J1 <

Further, using (14) we get
J2 <O()a as a— 0. (29)
Finally, from the latest equations (28) and (29) we have
(F0 ) (wo) = f(zo) = O(1)a as o — 0.

This completes the proof of the Theorem A.
The following theorem is the analogue of Theorem A for the classical Flett
potentials F*f and it can be proved using the same idea as in the proof of

the Theorem A .

Theorem B. Let f € L, , 1 <p < oo, and F*f are defined as in (18). Then
(B1) ali_)l&(f‘“f)@) = f(x) for almost all x € R™;

(B2) If f € L,NCy, then the convergence is uniform on R™.

(B3) IffeL,NAg, 0<B <1 then

|1 F*f = fllo = O(1)a as o — 0.

(B4) If fe L,NnAg(zp), 10 € R*", 0 <5< 1 then

(Ff)(xo) — f(zo) =0(1)a  as «a—0F.
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