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Abstract

This paper aims to study the approximation properties of the Flett
(Fαf) and the generalized Flett potentials (Fα

ν f), which are represented
by the Poisson integral (Pt) and the generalized Poisson integrals (Pν

t )
respectively, when the parameter α > 0 tends to zero.
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1 Introduction and Preliminaries

The Flett potentials, Fαf and the generalized Flett potentials, Fα
ν f are defined

in terms of Fourier and Fourier- Bessel transforms by the following formulas:

F (Fαf)(x) = (1 + |x|)−αF (f)(x), (x ∈ Rn , α > 0) (1)

Fν(Fα
ν f)(x) = (1 + |x|)−αFν(f)(x), (x ∈ Rn

+ , α > 0). (2)

These potentials are interpreted as a negative fractional powers of the oper-

ator (E +(−Δ)1/2) and (E +(−Δν)
1/2) respectively. Here, Δ =

n∑
k=1

∂2

∂x2
k

is the

Laplacean, Δν =
n−1∑
k=1

∂2

∂x2
k
+
(

∂2

∂x2
n
+ 2ν

xn

∂
∂xn

)
(ν > 0) is the singular Laplace-Bessel

differential operator and E is the identity operator.
Note that, the Flett potentials are introduced by T.M. Flett in his funda-

mental paper [5, p.445-448] (see also [3, p.541-542]). One should also mention
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the papers [3] by I.A. Aliev, S. Sezer and M. Eryigit and [15] by S. Sezer,
devoted to inversion formulas for the Flett and generalized Flett potentials.

Approximation properties of the potentials such as Riesz, Bessel, general-
ized Riesz and generalized Bessel, have been studied by T. Kurokawa[9] and
A.D. Gadjiev, A.Aral and I.A. Aliev [7].

The main aim of this paper is to inverstigate the approximation properties
of the Flett and generalized Flett potentials as the parameter α goes to zero.

We start by giving some auxilary definitions, notations and lemmas.
Let Rn

+ = {x : x = (x1, . . . , xn−1, xn) ∈ Rn, xn > 0}.
Lp ≡ Lp(R

n) =

{
f : ‖f‖p =

( ∫
Rn

|f(x)|pdx

)1/p

< ∞
}

,

Lp,ν ≡ Lp,ν(R
n
+) =

⎧⎨
⎩f : ‖f‖p,ν =

( ∫
Rn

+

|f(x)|px2ν
n dx

)1/p

< ∞
⎫⎬
⎭ ,

where 1 ≤ p < ∞, ν > 0, dx = dx1 · · · dxn.
C0 ≡ C0(R

n) is the class of all continuous functions on Rn vanishing at
infinity.

In this paper, the letters c, c0, c1, c2, . . . are used for constants and if the
function ϕ(α) is bounded as α → 0+, we will write ϕ(α) = O(1) as α → 0+.

The Fourier transform and Fourier-Bessel transform of a function f are
defined by the following formulas:

(Ff)(ξ) =

∫
Rn

ei ξ·xf(x)dx, ξ · x = ξ1x1 + · · · + ξnxn,

(Fνf)(ξ) =

∫
Rn

+

f(x)ei ξ′·x′
jν− 1

2
(ξnxn)x2ν

n dx,

where x′ = (x1, . . . , xn−1) , ξ
′ ·x′

= ξ1x1 + · · ·+ ξn−1xn−1 and jλ(τ) = 2λΓ(λ+
1)Jλ(τ)/τλ, Jλ(τ) is the Bessel function of the first kind.

The Fourier-Bessel harmonic analysis is adopted to the generalized convo-
lution

(f ⊗ g)(x) =

∫
Rn

+

f(y)(T yg)(x)y2ν
n dy, x ∈ Rn

+,

where T y is the generalized translation operator, acting according to the law

(T yg)(x) =
Γ(ν + 1/2)

Γ(ν)Γ(1/2)

π∫
0

g(x
′ − y

′
,
√

x2
n − 2xnyn cosα + y2

n) sin2ν−1 αdα

(3)
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(see, e.g., [1], [2], [6],[8], [10] and [17]). Actually we deal with the usual (Eu-
clidean) translation in x′ = (x1, . . . , xn−1) and the generalized translation with
in xn−variable.

It is well known that (see, [12])

‖T yf‖p,ν ≤ ‖f‖p,ν , ∀y ∈ Rn
+, 1 ≤ p < ∞,

(4)

‖T yf − f‖p,ν → 0 , as |y| → 0.

Now let us introduce the following Lipschitz classes of Λ�, Λ
�
� and the local

Lipschitz classes Λβ(x0), Λν
β(x0) which we need.

Λβ = {f ∈ L∞(Rn) : ‖f(x − y) − f(x)‖∞ ≤ c|y|β} (5)

Λ�
� = {f ∈ L∞(Rn

+) : ‖T yf(x) − f(x)‖∞ ≤ c|y|β} (6)

Λβ(x0) = {f : |f(x0 − y) − f(x0)| ≤ cf |y|β, ∀|y| ≤ 1, x0, y ∈ Rn} (7)

Λν
β(x0) = {f : |T yf(x0) − f(x0)| ≤ cf |y|β, ∀|y| ≤ 1, x0, y ∈ Rn

+} (8)

where 0 < β ≤ 1.
The Poisson integrals Ptf and the generalized Poisson integrals Pν

t f are
defined as:

(Ptf)(y) =

∫
Rn

P (x, t)f(y − x)dx, F [P (·, t)](ξ) = e−t|ξ|; (9)

(Pν
t f)(y) =

∫
Rn

+

P ν(x, t)(T xf)(y)x2ν
n dx, Fν [P

ν(·, t)](ξ) = e−t|ξ|. (10)

The corresponding Poisson and generalized Poisson kernels in (9) and (10)
have the following form :

P (x, t) =
Γ(n+1

2
)

π(n+1)/2

t

(|x|2 + t2)(n+1)/2
; (11)

P ν(x, t) =
2Γ(n+2ν+1

2
)

πn/2Γ(ν + 1
2
)

t

(|x|2 + t2)(n+2ν+1)/2
(12)

Furthermore, these kernels have the following properties:∫
Rn

P (x, t)dy = 1 ,

∫
Rn

+

P ν(x, t)x2ν
n dy = 1. (13)

More information about these integral operators can be found in [1], [2],
[11],[14],[16]. The following lemma gives us some properties of generalized
Poisson integral.
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Lemma 1.1 (see [1], [13, p.217]) Let f ∈ Lp,ν , 1 ≤ p < ∞ and Pν
t f,

t > 0 be as in (10). Then

(a)

ess sup
x∈Rn

+

|(Pν
t f)(x)| ≤ ct−θ‖f‖p,ν , θ =

n + 2ν

p
; (14)

(b)

sup
t>0

‖Pν
t f‖p,ν ≤ c‖f‖p,ν ; (15)

(c) The maximal operator (P ∗f)(x) = sup
t>0

|(Pν
t f)(x)| is weak (p, p), i.e.

m{x : (P ∗f)(x) > λ} ≤ (
c‖f‖p,ν

λ
)p, ∀ λ > 0 ;

(d) lim
t→0

(Pν
t f)(x) = f(x) in the Lp,ν−norm and pointwise for almost all x ∈

Rn
+. For f ∈ Lp,ν ∩ C0, the convergence is also uniform on Rn

+.

Remark 1.2 (see [1], [3, p.694]) Note that Lemma 1.1 is also true for the
classical Poisson integral Ptf , f ∈ Lp, and in this case the number θ in (14)
is equal to n

p
.

Lemma 1.3 (see [4, p.27] ) Let (X, μ) be a measure space and let {Tε}, ε >
0 be a family of linear operators on Lp(X, μ). Denote

(T ∗f)(x) = sup
ε>0

|(Tεf)(x)|.

If T ∗ is weak (p, q), i.e. ,

μ{y : (T ∗f)(y) > λ} ≤ (
c‖f‖p

λ
)q, ∀λ > 0,

then the set
{f : f ∈ Lp(X, μ), lim

ε→0
(Tεf)(x) = f(x), a.e}

is closed in Lp(X, μ).

Using the properties in (13) and the definitions of the Lipschitz classes
Λ�, Λ�

� it can be proved the following lemma.

Lemma 1.4 a) If f ∈ Λ�, then

‖Ptf − f‖∞ = O(1)tβ as t → 0. (16)
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b) If f ∈ Λ�
�, then

‖Pν
t f − f‖∞ = O(1)tβ as t → 0. (17)

The Flett potentials Fαf and the generalized Flett potentials Fα
ν f , ini-

tially defined by (1) and (2), have the following integral representations via
the Poisson and the generalized Poisson integrals, respectively:

(Fαf)(x) =
1

Γ(α)

∞∫
0

tα−1e−t(Ptf)(x)dt [3, p.694] (18)

(Fα
ν f)(x) =

1

Γ(α)

∞∫
0

tα−1e−t(Pν
t f)(x)dt [15, p.120] (19)

2 Main Results

In this section we represent two theorems which give us the approximation
properties of the families Fα

ν f and Fαf as the parameter α tends to zero.
The first theorem gives the approximation properties of the generalized Flett
potentials Fα

ν f at the Lipschitz classes Λ�
�, Λ�

�(x0) which are defined as in (6)
and (8). Similarly, the second theorem gives the approximation properties of
the classical Flett potentials Fαf at the Lipschitz classes Λβ, Λβ(x0) which are
defined as in (5) and (7).

Theorem A. Let f ∈ Lp,ν , 1 ≤ p < ∞, and (Fα
ν f)α>0 are defined as in (19).

Then

(A1) lim
α→0+

(Fα
ν f)(x) = f(x) for almost all x ∈ Rn

+;

(A2) If f ∈ Lp,ν ∩ C0, then the convergence is uniform on Rn
+.

(A3) If f ∈ Lp, ν ∩ Λν
β, 0 < β ≤ 1 then

‖Fα
ν f − f‖∞ = O(1)α as α → 0+.

(A4) If f ∈ Lp, ν ∩ Λν
β(x0), x0 ∈ Rn

+, 0 < β ≤ 1 then

(Fα
ν f)(x0) − f(x0) = O(1)α as α → 0+.

Proof (A1) According to Lemma 1.1 (d) there exists a point x ∈ Rn
+ such

that

lim
t→0

(Pν
t f)(x) = f(x).
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Therefore given ε > 0 there exists δ > 0 such that

|(Pν
t f)(x) − f(x)| < ε

for all 0 < t < δ. Using this observation we have

|(Fα
ν f)(x) − f(x)| =

∣∣∣∣∣∣
1

Γ(α)

∞∫
0

tα−1e−t(Pν
t f)(x)dt − 1

Γ(α)

∞∫
0

tα−1e−tf(x)dt

∣∣∣∣∣∣
≤ 1

Γ(α)

δ∫
0

tα−1e−t|(Pν
t f)(x) − f(x)|dt

+
1

Γ(α)

∞∫
δ

tα−1e−t|(Pν
t f)(x) − f(x)|dt

≡ i1(x) + i2(x),

and we can estimate i1(x) as

i1(x) ≤ ε. (20)

Now let us estimate i2(x).

i2(x) ≤ 1

Γ(α)

∞∫
δ

tα−1e−t(|Pν
t f(x)| + |f(x)|)dt

(14)

≤ c

Γ(α)

∞∫
δ

tα−1e−t
(
t−

n+2ν
p ‖f‖p,ν + |f(x)|

)
dt

≤ c‖f‖p,ν

Γ(α)

∞∫
δ

tα−
n+2ν

p
−1e−tdt +

c|f(x)|
Γ(α)

∞∫
δ

tα−1e−tdt

≤ c‖f‖p,ν

Γ(α)

δα−n+2ν
p(

n+2ν
p

− α
) +

c|f(x)|
Γ(α)

δα−1e−δ = O(1)α as α → 0+. (21)

Finally

|(Fα
ν f)(x) − f(x)| ≤ ε + O(1)α as α → 0+

and therefore

lim sup
α→0+

|(Fα
ν f)(x) − f(x)| ≤ ε.
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Since ε > 0 is arbitrary we have

lim
α→0+

|(Fα
ν f)(x) − f(x)| = 0.

(A2) Let f ∈ Lp,ν ∩C0. Then using (20) and (21) we can write the following

‖Fα
ν f − f‖∞ ≤ ε +

cα

Γ(α + 1)

(
‖f‖p,ν

n+2ν
p

− α
δα−n+2ν

p + ‖f‖∞δα−1e−δ

)
.

Therefore, lim
α→0+

‖Fα
ν f − f‖∞ = 0.

(A3) Let f ∈ Lp, ν ∩ Λν
β. Then

(Fα
ν f)(x) − f(x) =

1

Γ(α)

∞∫
0

tα−1e−t[(Pν
t f)(x) − f(x)]dt

=
1

Γ(α)

1∫
0

tα−1e−t[(Pν
t f)(x) − f(x)]dt

+
1

Γ(α)

∞∫
1

tα−1e−t[(Pν
t f)(x) − f(x)]dt (22)

Furthermore, using (14) and (17) we get

‖Fα
ν f − f‖∞ ≤ 1

Γ(α)

1∫
0

tα−1e−t‖Pν
t f − f‖∞dt

+
1

Γ(α)

∞∫
1

tα−1e−t(‖Pν
t f‖∞ + ‖f‖∞)dt ≤ c1

Γ(α)

1∫
0

tα+β−1dt

+
1

Γ(α)

⎛
⎝c2‖f‖p,ν

∞∫
1

tα−
n+2ν

p
−1dt + ‖f‖∞

∞∫
1

tα−1e−tdt

⎞
⎠

= O(1)α as α → 0+.

Finally, we get the required identity:

‖Fα
ν f − f‖∞ = O(1)α as α → 0+.
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(A4) Let f ∈ Lp, ν ∩ Λν
β(x0) where x0 ∈ Rn

+ . Then similar to (22) we have

(Fα
ν f)(x0) − f(x0) =

1

Γ(α)

1∫
0

tα−1e−t((Pν
t f)(x0) − f(x0))dt

+
1

Γ(α)

∞∫
1

tα−1e−t
(
(Pν

t f)(x0) − f(x0)
)
dt

≤ 1

Γ(α)

1∫
0

tα−1e−tAtdt +
1

Γ(α)

∞∫
1

tα−1e−t |(Pν
t f)(x0) − f(x0)| dt

≡ j1 + j2 (23)

where At = |(Pν
t f)(x0) − f(x0)|. Now we estimate At .

At =

∣∣∣∣∣∣∣
∫

Rn
+

P ν(y, t)
(
(T yf)(x0) − f(x0)

)
y2ν

n dy

∣∣∣∣∣∣∣
≤
∫

|y|≤1

P ν(y, t)|(T yf)(x0) − f(x0)|y2ν
n dy

+

∫
|y|>1

P ν(y, t)|(T yf)(x0)|y2ν
n dy

+ |f(x0)|
∫

|y|>1

P ν(y, t)y2ν
n dy = i1 + i2 + i3.

Since x0 is a Lipschitz point we can write

i1
(12)

≤ c

∫
|y|≤1

t

(|y|2 + t2)(n+2ν+1)/2
|y|βy2ν

n dy ≤ c1t
β. (24)

Let us estimate i2. By making use of Hölder inequality we have

i2 ≤ ‖f‖p,ν

⎛
⎜⎝ ∫
|y|>1

(P ν(y, t))p
′
y2ν

n dy

⎞
⎟⎠

1/p
′

≤ c2t

⎛
⎜⎝ ∫
|y|>1

|y|−p
′
(n+2ν+1)y2ν

n dy

⎞
⎟⎠

1/p
′

≤ c3t. (25)
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Similarly, we have the following estimate about i3 :

i3 ≤ c4t. (26)

Hence, from (24)-(26) we write

At = O(1)tβ as α → 0+. (27)

Now using the equality (27) we have the following inequality about the esti-
mation of j1:

j1 ≤ c5

Γ(α)

1∫
0

tα+β−1dt = O(1)α as α → 0+. (28)

Further, using (14) we get

j2 ≤ O(1)α as α → 0+. (29)

Finally, from the latest equations (28) and (29) we have

(Fα
ν f)(x0) − f(x0) = O(1)α as α → 0+.

This completes the proof of the Theorem A.
The following theorem is the analogue of Theorem A for the classical Flett

potentials Fαf and it can be proved using the same idea as in the proof of
the Theorem A .

Theorem B. Let f ∈ Lp , 1 ≤ p < ∞, and Fαf are defined as in (18). Then

(B1) lim
α→0+

(Fαf)(x) = f(x) for almost all x ∈ Rn;

(B2) If f ∈ Lp ∩ C0, then the convergence is uniform on Rn.

(B3) If f ∈ Lp ∩ Λβ, 0 < β ≤ 1 then

‖Fαf − f‖∞ = O(1)α as α → 0+.

(B4) If f ∈ Lp ∩ Λβ(x0), x0 ∈ Rn, 0 < β ≤ 1 then

(Fαf)(x0) − f(x0) = O(1)α as α → 0+.
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