Int. Journal of Math. Analysis, Vol. 3, 2009, no. 38, 1893 - 1903

A Novel Explicit Formula for Computing 77(X )

the Number of Primes < X
Ahmad Sabihi

Department of Mathematics
Sharif University of Technology, Tehran, Iran
sabihi2000@yahoo.com

Abstract. The author gives an explicit formula for the function [I(x)at the

both cases x = P"and x =P " where "P " denotes a prime and " n " a natural nu-
mber. This function is an essential function for the computation of z(x) (the num-
ber of the primes less than or equal to "x "). A novel explicit formulation for
7z(x ) is derived from the function [](x).To obtain the function [1(x), the author
uses the Riemann Zeta Function and investigates its poles then applies the
complex functions and analytic number theory for the determination of the
explicit formula.
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1. Introduction

In this paper, the author gives an explicit formula for an important function in
mathematics where is called I1(n), then using this function he gives an explicit
formula for the function z(x ), the number of the primes less than or equal to "x".

Investigation about the distribution of primes in a certain interval was first

begun by Euler, Gauss, and Dirichlet. The Prime Number Theorem was given by
Bernhard Riemann [1] representing the Riemann Zeta Function in 1859. This

theorem says that z(n) can be approximated by S l.e. 7z(n)~L or
logn logn

I1(n) ~ﬁ for sufficiently large integers. It was first proved by Hadamard [2]
0g

and de la Valleé Poussin [3] in 1896 independently. Chebyshev [4] proved that if

the limit in the Prime Number Theorem exists, its value must be one. Erdés [5]

and Selberg [6] gave "elementary” proofs for it that bypassed the Zeta Function.

From those times to date, much more methods have been given for approaching to
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a proof of the Prime Number Theorem and its conclusions. V. Ramaswami
represented in a paper [7], the method on the number of positive integers less than
"x" and free of prime divisors greater than x © where c is every real fixed positive,
in 1948. Lawrence Washington [8] discussed on Class numbers of Elliptic
Function Fields and their relations to the distribution of prime numbers between

n? and (n+1)* for all positive integers " n

(logx )"du
ugu+ru+1
showed that it has a high accuracy over range 1< x <10°and it is not true for the
all real numbers.

+0 (1) but Hardy [9]

Ramanujan [9] claimed that ﬂ(x):jow

2. A Novel Formula for the Function [1(x) by the Riemann Zeta
Function

Lemma 2.1 Prove the following Explicit Formula for [T(x)

If Li(x) = (2-1)

Iog(x !(Iog u)?

—log2 (2-2)

Then:  TI(x) = Li(x) - 3. {Li(x") + Li(<"*)} + fm

>0
Proof:

The proof is comprised of the two sections, the first for x = P"and the second
forx=P" where "P " denotes a prime, " n " a natural number, p = S +iy a pole
of the Riemann Zeta function, and x > 2.

The first section of the proof for the Case x = P"

Based on the definition of [I(x) could be written:

M) = Y A0 (2-3)

n<x Iog n
The following theorems are used for the proof of the Lemma 2.1.

Theorem 2.2 The Abel Summation Formula.(For the proof, see [10]).

() 1, w) _
Theorem 2.3 Prove [](x)= log(x) ! (u(logu)z)du that w(x) = EA(n)
(For the proof, see [10]).
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0 if x<1
Theorem 2.4 1) If R(s)>0and E(x)= ) then we have
x=1 if x>1

2) If ¢ > 0be any fixed real number, then for all x>0 we will

1 %E
_IXS(+X2)

s(s+1) -

0

1 C+ioo S+1

haveE00=24 1 S50

Using the above theorems, the contour C, is defined according to the Fig.1 for
n >3. Suppose N(T) be the number of zeros of the type p = +iy from the
function &(s)and 0<y <T, 0<R(s) <1, thus the zeros of the function &(s)is
equal to the zeros of £(s)the Riemann Zeta Function together with the simple
zeros at the points s =-2r ,r=12,..., then assume {T,} be an infinite series of
the real numbers where n<T, <n+1s0o s=o+iT, and —n <o <2 then

ds (For the proof, see [10]).R (s) is the real part of "'s"

C—ioo

| =t [ Z() s (2-4)
2ri Cns(s +1)
I, =J, +K, (2-5)

J,, denotes integral along the line connected between 2 —iT, to 2+iT,
k, denotes integral along the other three sides of the rectangle. The poles of the

Z(s)
s(s+1)

function should be obtained.

—n+iT, 2+iT,

v

-n-iT, 2-iT,
Z(s)

s(s+1)
To obtain the function Z(s) the functions £'(s) and &£(s) should be used [10].

g'(s)
Z = — 2'6
©) ¢(s) (20)

Fig.1 Representation of the poles of the function
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5(5)7[5/2

S
(s-Dra+>)

cs)=

where I'(s) is the gamma function.
If s=o+it and o >0 then [10]
F(s):J'e‘” usdu
0

And for all values s could be written [10]:

1 75 -s/n
sF(s) ln_!(“ )e

Where y is the Euler's constant.

I'(s+1) =sI(s)
S.n=Sr¢
F(§+l) = 2F(Z)

s
2 1

ré+1) - _

o0

2 S s/2 S -s/2n s/2 -s/2n
—)e’ 1+ —)e e’ 1+
e [1a+ ) [Ta+ > e

n=1 2 n=1

2cf(S)e : 1_[(1+*)eﬂ

£(s)= (S‘il)

S 5

15T s, 12 -
= (I+—)e2n +=e* an
s L e A | BT
+e 7r2§(s)
1 2 £~ 1 =
+_—e2n (1+ )e2n
2n j:HH ;21 n=l

=S

? Ef(s)l‘[(1+ o e

¢'(s)=

%(Iog ﬂ)ﬂ%ff(s)e?g(l+ S gemn 4 £(s)nle ? ]‘[(1+ )e% +%eL;ﬁ%§(s)lj s

=S
e +
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(2-7)

(2-8)

(2-9)

(2-10)

(2-11)

(2-12)

(2-13)

(2-14)

s-D-

(s-1*
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|Og7r 5(8) —— .+
g’(s)z_"m 2 5(3) 2 2(1+s/2) _
£6) I S U SN BN
2n(l+s/2n) 2 4 2n (s 1)
n — o (2-15)

Ioﬁﬁ-&-i-l-i-i;
2 &) 2 H(s+2))

-1 1
_Zﬁ_

= (s-9
If assume
ss)=(s—p)(s—p,)..(s-p,) (2-16)
Then
g“(s) logr y 1 ¢ 1
20)= @) L +2+JZ=; S—Pj)+iz=;(s+2j) (2-17)
i1
i=22] (s-1)
And the poles of Z(s) are:
s=1 py, p,,—2r(r=1,2,.,0) (2-18)
The poles of Mare:
s(s+1)
s=0,1,-1 p,..., P, -2r(r=1,2,..,) (2-19)

Because p = B+ yiand the poles p, ..., p, are defined so that |}/| <T,and 2r <n.
Cauchy's residue theorem now allows us to conclude

=Z(0)x +——z( D-> X ”

X
— k, (2-20
zran (2r)1=2r) ;‘ plp+D (220

At the relation (2-20), one should show that for x>1 A n— oo the value
k, — 0. In the last sum, if any of the zeros p are multiple, then the corresponding
term occurs with the multiplicity of po. In this paper, we forbear from these types
of terms.

Theorem2.5Suppose R(5) = {s| R(S)<—y,[s+2r|>y,r :1,2,...}ands eR(5)P
rove |Z(s)| <A, (5)(logls|+1)that A,(5)is an explicitly computable function of

o (For the proof, referring to the [10]) Using the above theorem considering

<l <N*l g 4T, , ~1<o <2 will be concluded Z(s,) = Oflog? n} then

T >

Xs+l < X3

with a=%|Z(s)|<Allog2n,|s|2n ,and[s +1>n =

Therefore could be written:
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s+1

J- (3)|
ol Is(s+1)|

Thus, forx >1 A n— oo, k, will be close to zero and the proof is completed.

|ds| = {k@ n@n+4+2T)x} (2-21)

Theorem 2.6 As T tends to infinity show that N(T +1)— N(T)=0O(logT),
3 1 _0(log*T ) ,and 3 = _o(logT) particular, the series 352 is conver-

[ 4 r>T 7

gent. (For the proof, referring to the [10]).The absolute values of the general terms
1-2r 1+p

of two series Z on any fixed interval [1, X] are less

— and
= 2r(2r-1) ; plL+p)
than r and X2|7| respectively.

Hence both series should be absolutely, uniformly convergent by appeal to
1+p

theorem 2.6. The uniform convergence of the series z and the

pL+p)
continuity of g'(g is any function with a continuous derivative on the interval

[a,b]) on the interval [a,b] is obvious, therefore we know because

. X2 Xerl X1—2r
e R o =

n— oo
Z J 000 (2-23)
The relation (2-23) will be convergent.
Therefore
(2-24)
—ng() —jg(x){wl(x)———xzw)ﬂ( 1)+Z o (Zr 5 }
= j g'(x) f, (x)dx
Th?an
f,(x) = z//l(x)———xZ(O)+Z( 1)+Z m X (2-25)
and for x = P"
f(x) = f/(x) (2-26)

Because y(x) is discontinuous at x = P"
Then
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Wo(X) == {!//(X+0)+w(x 0)} (2-27)

If x=P" wo(X) =y (X) (2-28)

If x=P" Vo) = ()~ AX) (2-29)
If x>1

wo(X) = X+ Z(O)——Iog(l x2)—lim z (2-30)

It P
() [, vl ]
[lx) = log(x) J-(u(logu) Ja (z-31)

Substituting the relation (2-30) into the relation (2-31) for x = P" could be written:

X +Z(0)——Iog(1 X ) —lim z A +Z(0)——Iog(1 u?)—lim " —)du
ly|<T X ly|<T
_ T >w T >0 —
Hea = log x +J; u(logu)?
XP
__x_,Z(0) logd-x?) . ‘Ty‘fw f f du
" logx logx  2logx log x 2(Iogu) > u(logu)?
E]- log(1—u?)du _lim T u”du
23 u(logu)® i > pu(logu)®
because J' du ;= t 1 (2-32)
> u(logu) log2 logx
. X ¢ du
Li(x) = + +0( 2-33
) log x j(logu)z () (2:33)
2 -2
log(1- x ) tlog(l-u )du log(l— x~ ) J‘Iog(l u‘z)d( ) (2-34)
2log x 22 u(logu)? 2log x

By integration by parts, from the relation (2-34), the relation (2-35) will be
concluded:

(2-35)
_log(l—x7?) L1 —log(l—-u?),* 17} —2du _log(1-27?) . f du

2log x 2 logu > 25u(logu)(u®-1)  2log2 > u(u® —1)(logu)

Therefore, the relation (2-31) could be written as below:
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X ¢ du Z (0) du
{Iogx +I(Iogu)2}+{logx Z(O)Iu(logu) }

log(1—x ) 1J-Iog(1 u~*)du _lim Y ]-
2log x 2 u(logu)? W plogx 2,ou(logu)

} (2-36)

Also from the relation (2-36) will be concluded:

A Xp X updu . Xp X updu
lim + =lim + +
J; {plogx '[pu(logu)z} _I(_)<Z}/<:T {,0|09X !m(logu)z}

T 5w

) X7 T u”du
lim +
_TT%LO {plogx !W('Ogu)z}

Because the function £(s) is symmetric about the two lines R(s)=% and

(2-37)

Im(s) =0 hence:

p=p+iy . S(B-iy)=CQ=F+iy) S(B+iy)=SQA-F-iy) (2-38)

Therefore: The first term of the right hand side of the relation (2-37) is:

Making the substitution u” = w in the integral
(2-39)

L u’du . x? 1% u”dw
lim Z {plogx j 2}_Ilm Z +—'|'

ulogu)’ | T 100X o s og

p dw x? dw - 2 dw
_an;T {/"ng j('09W)2+£(Iogw) }_ mo; {L'(X )+f(|ogw)2 _O(l)}

27 2r

The second term of the right hand side of the relation (2-37) is similar to the first

term supposing £ = L.

2
I urdu }—Ilm > {Ll(xl"’)+ I (Id—)—O(l)} (2-40)

(Iog u ) 0<7<T ol

lim

-T <;/<0 {p Iog X
EIN

logz £'(0) 1
Z0)=—(——+>ZF+=+)=—= 2-41
()(25(0)2)2 (2-41)
Hence, using the relation (2-36), the above expressions, and the relation (2-41),
the equation (2-42) could be obtained: (» is Euler's Constant))
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3
z@) '°90) ~ @
log 2 2IogZ “u(u?-1)logu

[I(x)=Li(x)-O@)+

;0 {Li(x?)+Li(x*")} - an;T {Zj logw e (1)}— (2-42)

T 5o

IImO;T {j (IogW )2 (1)}

21
The proof is finally completed:

100 = Lig) =3 {Li(x?)+Li( )+ jd—“—mgz (2-43)

70 " u(u® -1 logu

The second section of the proof for the Case x = P"

From the relations (2-27) and (2-29) can be written:

w(x+0) =y, () + = AX)
2 (2-44)

V(x=0) =y (0 -2 A()

X+0

V/(X +0) . y(u)
60 =200 1 Gloguy
_ v, (X) + EA(X) . X W(U n O) ) (2_45)

log x > u(logu)?

wd@+;AU)x wa+5Aw)
= +[( )du

log x > u(logu)?

Also:
y(x-0) wu)
i -0)= log(x) !(u(logu))
=‘//0(X)_§A(X) X l//o(u)_EA(U)

log x

(2-46)

>—)du
u(logu)

2

[T,(x) =TI(x) =%[ [TI(x+0)+I1(x-0) ]= (2-47)
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=£{2V/0(X)+2js gzlo(u)duz}=
2| logx u(logu)

2

=‘//o(x)+X w,(u)du
logx 5 u(logu)?

3. A Novel Formula for the Function 7 (x) by the Function [I(x)

Lemma 3.1 Prove

w0=3 “Orieer (31)
Proof.

#0103 = 10 = 700+ S 20)+ L 2060) L) ..

D 1) = L1106y = - L) L0y - L) .
@mx%=—§H(x;)=—éﬂ(xi)—%n(xé)—én(x3)+...

A MI(x) = 0x 5 TI(x) =0

@H(x;) =—%H(x;) z—%n(x;) —%n(xllf’) —%ﬂ(xllf’) te

1 1

4O ey Ly s Loy, Loy, s
5 I1(x )_+6H(x )_+67r(x )+127z(x )+187r(x )+...
= .. = +...

By summing separately right and left hand sides of the equations, the proof is
completed. Therefore our novel explicit formula is:

(3-2)

7Z(X)=i @ Li(x")->" {Li(xf)+ Li(xf)}+ ju(uzf'%_mgz
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