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Abstract
In this paper, we are concerned with the existence of symmetric
positive solutions for second-order differential equations. Under the
suitable conditions, the existence and symmetric positive solutions are
established by using Krasnoselskii’s fixed-point theorems.
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1 Introduction

Recently, there are many results about the existence and multiplicity of pos-
itive solutions for nonlinear second-order differential equations(see[7],[5],[3]).
Henderson and Thompson(see[4]), Li and Zhang (see[2]) studied the multiple
symmetric positive and nonnegative solutions of second-order ordinary dif-
ferential equations. Yao (see[6]) considered the existence and iteration of n
symmetric positive solutions for a singular two-point boundary value prob-
lem(BVP). Sun(see[8]) considered the existence and multiplicity of symmetric
positive solutions for three-point boundary value problem. Inspired by the
works mentioned above, in this paper, we study the existence of symmetric
positive solutions of second-order four-point differential equations as follows,

—u"(t) = f(t,0),
{ —o() = gt u), 0 < £ < 1, (1)
subject to the boundary conditions
{ u(t) = u(l —1t),u'(0) — (1) = u(&) + u(éa),
o(t) = v(1 —1),0'(0) = v'(1) = v(&) +v(&2),0 <& <& <1,

(2)
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where f,g : [0,1] x R — R" are continuous, both f(-,u) and g(-,u) are
symmetric on [0, 1],f(z,0) = g(x,0) = 0. To the best of author’s knowledge,
there is no such result involving this problem. In this paper, we intend to fill
in such gaps in the literature. The arguments for establishing the symmetric
positive solutions of (1) and (2) involve the properties of the functions in
Lemma 2.1 that play a key role in defining some cones. A fixed point theorem
due to Krasnoselskii is applied to yield the existence of symmetric positive
solutions of (1) and (2).

2 Preliminary Notes

In this section, we present some necessary definitions and preliminary lemmas
that will be used in the proof of the results.
Definition 2.1. Let E be a real Bananch space. A nonempty closed set P C F
is called a cone of E if it satisfies the following conditions:
(I) x € P,A > 0 implies Az € P;
(II) x € P,—x € P implies z = 0.
Definition 2.2. The function u is called to be concave on [0, 1] if u(rt; + (1 —
r)ta) > ru(ty) + (1 — r)u(tse), r, t1,t2 € [0, 1].
Definition 2.3. The function u is symmetric on [0, 1] if u(t) = u(1 —t),t €
[0, 1].
Definition 2.4. The function (u,v) is called a symmetric positive solution of
the equation (1) if v and v are symmetric and positive on [0, 1], and satisfy
the equation (2).

We shall consider the real Banach space C[0,1], equipped with norm ||
u ||= maxg<<1 | u(t) |. Denote C*[0,1] = {u € C[0,1] : u(t) > 0,t € [0,1]}.
Lemma 2.1. Let y € C[0, 1] be symmetric on [0, 1], then the four-point BVP

{ u”(t) —|—y(t) =0,0<t <1, (3>

u(t) = u(l —t),w'(0) — u'(1) = u(&1) +u(&2),

has a unique symmetric solution u(t) = [ G(t,s)y(s)ds, where G(t,s) =
G1(t, s) + Ga(s), here

Gt S):{ t(l—5),0<t<s<1,

’ s(1—1),0<s<t<1,
=8+ (-5 —&(l—5)—&(1—-5)+1,0<s <&,
(2 —5) = &(1—5) =&l —s) +1],& <5 <&,
[&(1—58) —&(1—s)+1],& <s<1.
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NI NI N~



Symmetric positive solution 1971

Proof.From (3), we have u”(t) = —y(t). For t € [0, 1], integrating from 0 to ¢
we get

W) = — /Oty(s)ds +A, (@)

since u/(t) = —u/(1 — t), we obtain that — [ y(s)ds + A; = [y " y(s)ds — Ay,
which leads to

A = 2/ s)ds + - /1 t
- 2/ ds——/l "1 — s)d(1— o)
- 2/ s)ds + = / (s)ds
= 2/0 y(s)ds
— /01(1 — 8)y(s)ds.
Integrating again we obtain
u(t) = —/Ot(t ~ $)y(s)ds +t/01(1 — $)y(s)ds + As.
From (3) and (4) we have
[ s =~ [M @ - ss)as +& [ (1= s)y(s)ds + 4,
~ [Pte— sy ds+§2/ (1 — 8)y(s)ds + As.
Thus
A= [(l6 =)+ (€= 9) 61— 9) — &1 — ) + 1y(s)ds
43 [ =) - (1= 5) - a1 - 5) + Uy(s)ds
43 6 =8~ &1 - 5) + Uyls)ds.
From above we can obtain the BVP(3) has a unique symmetric solution
u(t) = —/Ot(t ~ $)y(s)ds +t/01(1 _ $)y(s)ds
45 [16 =5+ (6= 5) — 40— 5) = &1 )+ y(s)ds
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+% /:2[(52 —5) =&l —s) = &(1—s) + 1y(s)ds
43 [60=5) - 61— s) + Uy(s)ds
= /01 G1(t, s)y(s)ds + /01 Ga(s)y(s)ds = /01 G(t, s)y(s)ds.

This complete the proof.

Lemma 2.2. Let mg, = min{Gs(&,), Go(&)},L = 4;2511,
G(t, s) satisfies LG(s,s) < G(t,s) < G(s,s) for t,s € [0, 1].
Proof. For any t € [0,1] and s € [0, 1], we have

then the function

1 4mG
t = t > G = G 2 G
G(t,s) = Gi(t, s) + Ga(s) > Ga(s) g, =1 2(s) + TG, +1 2(s)
1 4mG2 4m02 4m02 4m02
> . G > s(1 — G
2] T 1 dmg, 1020 2l =) g 7 G

> LG1(s,s) + LGa(s) = LG(s, s).

It is obvious that G(s,s) > G(t,s) for t, s € [0,1]. The proof is complete.
Lemma 2.3. Let y € C*[0, 1], then the unique symmetric solution u(t) of the
BVP (3) is nonnegative on [0, 1].

Proof. Let y € CT[0,1]. From the fact that v”(t) = —y(t) < 0,¢ € [0, 1], we
know that the graph of u(t) is concave on [0, 1]. From (3). We have that

1 &
u(0) =u() = 5 [ (6 = 9)+ (& —5) — &1 5) — &1 — )+ y(s)ds
+% /:2[(52 —8) —&i(1—s) = &1 —s) + 1y(s)ds
43 6= 5) = (1= 5) + y(s)ds 2 0.

Note that u(t) is concave, thus u(t) > 0 for ¢ € [0, 1]. This complete the proof.
Lemma 2.4. Let y € CT[0,1], then the unique symmetric solution u(t) of
BVP (3) satisfies

min u(t) > L | u | . (5)

tel0,1]

Proof. For any ¢ € [0, 1], on one hand, from Lemma 2.2 we have that u(t) =
Jy G(t, s)y(s)ds < [} G(s, s)y(s)ds. Therefore,

lulls [ GG, sy(s)is. (©
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On the other hand, for any ¢ € [0, 1], from Lemma 2.2 we can obtain that

u(t) = /01 G(t, s)y(s)ds > L/O1 G(s,s)y(s)ds> L | u| . (7)

From (6) and (7) we know that (5) holds. Obviously, (u,v) € C?[0, 1] x C?[0, 1]
is the solution of (1) and (2) if and only if (u, v) € C|0, 1]xC|0, 1] is the solution
of integral equations

{ u<t> = fol G(tv S)f(S,U(S))dS, (8)
v(t) = fol G(t,s)g(s,u(s))ds.

Integral equations (8) can be transferred to the nonlinear integral equation
1 1
ult) = [ Gt 9)fGs. [ Gls, (€, u(©)de)ds ©)
Let P = {u € C7[0,1] : u(t) is symmetric, concave on [0, 1] and ming<i<u(t) >

L || w||}. It is obvious that P is a positive cone in C|0, 1]. Define an integral
operator A: P — C' by

Au(t) = [ Glt,5) (s, [ Glo,€)g(E, u(€))de)ds. (10)

It is easy to see that the BVP (1) and (2) has a solution u = u(t) if and only
if u is a fixed point of the operator A defined by (10).

Lemma 2.5. If the operator A is defined as (10), then A : P — P is completely
continuous.

Proof. It is obvious that Au is symmetric on [0,1]. Note that (Au)"(t) —
f(t,v(t)) < 0, we have that Au is concave, and from Lemma 2.3, it is easily
known that Au € C*[0,1]. Thus from lemma 2.2 and non-negativity of f and

g7
G916, [ 6,010l u()de)as

Au(t) = /1
< [ G515, [ o906 u(©))de)is,

then

| Au s [ Gls,s)Gs. [ Gls,€)g(E u(e))de)ds.

For another hand,

Auz I [ G5,9)f(s, [ Gls )9l u(€)de)ds > L | Au |
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Thus, A(P) C P. Since G(t,s), f(t,u) and g(t,u) are continuous, it is easy to
know that A : P — P is completely continuous. The proof is complete.
Lemma 2.6.(see[1]) Let F be a Banach space and P C FE is a cone in E.
Assume that €, and €, are open subsets of £ with 0 € Q; and Q; C Q.
Let A : PN(2\Q) — P be a completely continuous operator. In addition
suppose either

(D) || Au [|<]| uw ||,Vu € PN O and || Au ||>|| u ||,Yu € PN 0 or

(IT) || Au [|<]| v ||,Yu € PNOQy and || Au ||>]| w ||,Vu € PN I

holds. Then A has a fixed point in P N(Q2\Q1).

Lemma 2.7.(see[l]) Let E be a Banach space and P C E is a cone in E. As-
sume that €, Q, and 5 are open subsets of E with 0 € Q; , Q; C Q5,05 C Q4
and let A : PN(23\Q1) — P be a completely continuous operator. In addition
suppose either

(D I Au [[Z] u [|,Vu € PNOQu;

(1) | Au [ <) w |, Au 4 u, Yu € PO%;

(III) || Aw ||>|| w [|,YVu € PN OS2

holds.Then A has at least two fixed-points x1,75 in PN(23\Q1), and further-
more 7, € PN(\Q1),22 € PN(Q3\Q).

3 Main Results

In this section, we study the existence of positive solutions for BVP (1) and
2). First we give the following assumptions:

(

(Hy) lim, g+ SUpge o f (Z 1) () i, o SUDpcrey g(td w) _ g,
(Hz) lim, o infocr<y f(z u) _ = 00,lim,_, infp<i<1 g(%u) 00;
(H3) limy, o+ info<pcy f(z u) _ = 00,lim, o+ info<i<g g(tuu) = 00;
(Hy) limy o0 SUPg<;<q f(% u) _ 0,li1m1, o0 SUPQ< st g(t,u) _ 0,
(Hs)

u
H;)There exists a constant Ry > 0, such that f(s,u) < —4——1—— for every

/ G(s s)d
(s,u) € [0,1] x [LRy, Ry].
Theorem 3.1. If (H;) and (Hy) are satisfied, then BVP (1) and (2) have at
least one symmetric positive solution (u,v) € C?([0,1], RT) x C?*([0,1], RT)
satisfying u(t) > 0,v(t) > 0.
Proof. From (H;) there is a number N; € (0, 1) such that for each (s,u) €
[0,1] x (0, Ny), one has f(s,u) < mu, g(s,u) < mu, where n; > 0 satisfies
m Jy G(s,s)ds < 1, for every u € P and || u ||= £, note that

Jo G(s,6)g(&,u(€))dE < [y G(€,€)g(€, u(€))dE < fo mG (&, §u(§)de < u [|=
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% < Nj,then

Au(z) < Aﬂxugﬂ&AQX&gmgw@maw
< [ Gls,s) [ Gls ©)gle,ul€)deds
< o [ Glss) [ Gl udgds <]

Let
0 ={uelCt0,1],]| ul< %},
then
| Au <] w |l € PO, (11)

From (H,) there is a number N, > +/LN; for each (s,u) € [0,1] x (Ny, +00),
one has f(s,u) > nou, g(s,u) > nou where 1, > 0 satisfies 1,12 [ G(s,s)ds >

1, then, for every u € P and || u ||= %, from Lemma 2.2 and Lemma 2.4, we
have
1
[ g > 12 [ mGiE e u de
> 2VL || u||= 2Ny > Ny,
then
1 1
| Aull = [ Gt.9)f(s, [ Gls.€)gle u()d)ds
> L [ Gls.s) [ Gl (6, u(€))deds
> 1 [ Gls.s) [ Gle.Eu(e)deds
0
1
> 10 [ Gls.s) [ GE&©) ull deds >l u ]
Let
Sb:{ueCWQHmuH<3E}
then

| Au > . u€ PO,. (12)
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Thus from(11),(12) and Lemma 2.6,we know that the operator A has a fixed
point in PN (Q2\Q;) . The proof is complete.

Theorem 3.2. If (H3) and (H,) are satisfied, then BVP (1) and (2) have at
least one symmetric positive solution (u,v) € C?([0,1], RT) x C?*([0,1], RT)
satisfying u(t) > 0,v(t) > 0.

Proof. From (H3) there is a number N3 € (0, 1) such that for each (z,u) €
[0,1] x (0, N3), one has f(s,u) > m3u, g(s,u) > nsu where n3 > 0 satisfies
L3ns [ G(s,s)ds > 1. From g(z,0) = 0 and the continuity ofg(s u), we know

that there exists number N3 € (0, N3) such that g(s,u) < R G for each
(s,u) € [0,1] x (0, N3]. Then for every u € P and || u ||= N3, note that
1 1 Ny
|| G99t ueNde < [ Gle. Ot oode =T
Thus
Au(e) = [ Gt s, [ G, E)gle,u()de)ds
1 1
> L [ Gls,s) [ Gls,€)g(€ u($))dsds
1 1
> L [ Gss) [ G Qu(©)dsds
1 1
> L [ Glsos) [ G&.©) Il ull deds =] u ]
Let
Q3 ={ueC0,1],] u ||< N3},
then

| Au|>] w ||, u € P()0Qs. (13)
From (H,), there exist C; > 0 and Cy > 0 such that f(s,u) < nu +

Cy, g(s,u) < mgu + Cy for V(s,u) € [0,1] x (0,00), where ny > 0, and
na Jy G(€,€)dé < 1. Then, for u € C*[0,1] we have

Au:tg (s, [ Gls, aE, u€))de)as
/’<f>@mm&+aMs

I
o\)_‘
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1 1
< [ Gls.s) [ G g€ ule))deds + Cy
< [ Gls.s) [ 6O+ Coydeds + Cy

1 1
(m)? [ Gls,s) [ G(e.&) || ull deds +Co <[ u | +C

Thus || Au ||<|| w || with || u [|[— oc.
Let Q4 = {u € E,|| u ||< N4}. For each u € P and || u ||= Ny > N3 large
enough, we have

IN

I Au [|<]| wll,u € P()0u. (14)

Thus from(13),(14) and Lemma 2.6,we know that the operator A has a fixed
point in PN (24\Q3) . The proof is complete.

Theorem 3.3. If (H,), (H3)and (Hs) are satisfied, then BVP (1) and (2) have
at least two symmetric positive solutions (uy,v1), (ug,v2) € C?([0,1], RT) x
C?([0,1], RT) satisfying uy(t) > 0,v1(t) > 0,ug(t) > 0,ve(t) > 0.

Proof.Let

Qs ={ue 70,1, [ ull< R},

then Vu € PN 0Qs, we have u(s) € [LRy, Ry]. From lemma 2.2, Lemma 2.4
and (6) we can obtain

[ Gls ya(e u(@nde > L [ Gle (e u(E)de > L | u|

and

[ Gts, yate u(ende < [ e ale,ue))de

1 R,
S/O G(Eaf)dfmzle‘

Ths Au = [} G(s, 1) (5, [} Gl g6 u(€)d)ds < [ 6o, 5) s =
Ry =|| u ||. Then
I Au <]l wl,u € P(0%s. (15)

For another hand, from (H;) and (H3), we can choose two right numbers
Ny € (Rl, OO), N3 € (O, Rl) satisfy

I Au =] |l u € PO, (16)

I Au =] |l u € P00, (17)

where Qy = {u € CH[0,1], ]| u ||< N2}, Qs = {u € C*[0,1], || u || < N3}.
Then from Lemma 2.7, (15), (16) and (17), A has at least two fixed points in
PN(2\05) and PN(Q25\Q3) , respectively. The proof is complete.
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4 Examples

In this section, we give three examples to illustrate our results.
2 2
Examples 4.1. Let f(t,v) = v* + %,g(t,u) = 2u? + Q[Hﬁ%mu, &=
ia §o = %, we can choose L = 1—%, then conditions of Theorem 3.1 are satisfied.
From Theorem 3.1, BVP (1) and (2) have at least one symmetric positive
solution. , ,
1 — 1 —
Examples 4.2. Let f(t,v) = vz + %,g(t,u) = 2u? + W,
& = i7§2 = %, we can choose L = 1—56,, then conditions of Theorem 3.2 are
satisfied. From Theorem 3.2, BVP (1) and (2) have at least one symmetric
positive solution.
— 1 — 1

Examples 4.3. Let f(t,v) = W(vi +v?),9(t,u) = W(ui +
u?), & = i,ég = %, we can choose L = % and R; = 1, then conditions of
Theorem 3.3 are satisfied. From Theorem 3.3, BVP (1) and (2) have at least
two symmetric positive solutions.
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