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Abstract

In the paper we study the comparative growth properties of entire
functions on the basis of relative L— (p, ¢)th order where p, g are positive
integers with p > ¢ and L = L(r) is a slowly changing function.
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1 Introduction, Definitions and Notations.

Let f and g be two entire functions and F(r) = max {|f(2)| : |z| =7}, G(r) =
max {|g(z)| : |z| = r}. If fis non constant then F(r) is strictly increasing and
continuous and its inverse F~1 : (| f(0)],00) — (0, 00) exists and is such that
lim F'~1(s) = oo.

Bernal [1] introduced the definition of relative order of f with respect to g,
denoted by py(f) as follows:

pe(f) = inf{pu>0:F(r)<G(") forall r>ro(n) >0}

, log G™1F(r)
= lim supT.
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The definition coincides with the classical one [5] if g(z) = exp z. Similarly one
can define the relative lower order of f with respect to g denoted by A\,(f) as
follows:

-1
Ag(f) =lim infw.

r—00 log r

Somasundaram and Thamizharasi [4] introduced the notions of
L —order, L — lower order and L — type for entire functions where L = L(r) is
a positive continuous function increasing slowly i.e., L(ar) ~ L(r) as r — o0
for every positive constant ‘a’. Their definitions are as follows:

Definition 1. [4]The L—order pjfz and the L —lower order )\sz of an entire
function f are defined as follows:

1 2l v 2l
pJLc = lim sup o8 (r, {) and )\f = lim inf g (r, f)

rooo  log[rL(r) r—oo log[rL(r)]
where log™ z =log(log® V) for k=1,2,3,... and log”z = z.

When f is meromorphic, then

log T'(r, f) L
p hmsupi and Ay = liminf————=.
roo log [rL(r)] r—oo log [rL(r)]

Definition 2. [4] The L — type O'JIF of an entire function f with L — order
py is defined as

log M
af:limsupogi(r’{), 0< pJLc<oo.

= [rL ()}

For meromorphic f, the L — type O'Jl{ becomes

L T(?“, f)

ok =limsup———"2, 0< pk < 0.
! THMPVLQH# Ps

Juneja, Kapoor and Bajpai [3] defined the (p, ¢)th order and the
(p, q)th lower order of an entire function f respectively as follows:

_ logP* U M(r, £
pr(p,q) = limsup S (r.f)

r—00 10g[q] T

logPt1 s
and A¢(p,q) = liminf 08 (r, f)
r—00 log[‘ﬂ r
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When f is meromorphic, one can easily verify that

) log[p} T(r, f
pr(p,q) = lim sup#
r—00 lqu T

log? T
and  Ap(p,q) = i 08 L2 f)

r—00 logl

where p, ¢ are positive integers and p > ¢.
So with the help of the above notion one can easily define the relative
L — (p, q)th order and relative L — (p,q)th lower order of entire functions.

Definition 3. The relative L— (p, q)th order and relative L — (p, q)th lower
order of an entire function f with respect to another entire function g respec-
tively denoted by “p!(p,q) and "X (p,q) are defined as

log” G=1F(r)
Lol (p, = limsuyp——————~*
A e’ Tog [rL(r)

1
and L)\g(p,q) — liminf—8

where p,q are positive integers and p > q.

The more generalised concept of L —order and L —type of entire and mero-
morphic functions are L* — order and L* — type respectively. Their definitions
are as follows:

Definition 4. The L* — order, L* — lower order and L* — type of a mero-
morphic function f are defined by
log T . log T’
0g (r7 ) )\% — hm 1Ilf 0g (r7 f)
r—oo log [rel(r)]

L T(?“, f)

and af* = lim sup =,

0< p]Lc* < 00.
r—00 [reL(T)] f

When f is entire, one can easily verify that

. logm M(r, f) . logm M(r, f)
L 1 9 L — . . )
pf = I frer A T R g et
L 1Og M(T’ f)

and af* = limsup =, 0< pJLc* < 0.

r—00 [reL(r)] f
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Definition 5. The relative L* — (p, q)th order L*pg(p, q) and the relative
L* — (p,q)th lower order L*)\g(p, q) of an entire function f with respect to
another entire function g are defined as

. log” G-1F (r)
L* f _ :
) = P i)

. log®” G—1F
and L /\g(p, q) = lim inng—(T),
r—o00 log[Q] [/r-eL(T‘)]

where p, ¢ are positive integers and p > q.

In the paper we establish some results on the growth properties
of entire functions on the basis of relative L — (p,q)th order and relative
L — (p,q)th lower order where p,q are positive integers with p > ¢. We do
not explain the standard definitions and notations in the theory of entire and
meromorphic functions as those are available in [6] and [2].

2 Theorems.
In this section we present the main results of the paper.

In the following theorems we see the application of relative L — (p,q)th
order and relative L—(p, q)th lower order in estimating the growth properties
of entire functions where p, ¢ are positive integers with p > q.

Theorem 1. Let f, g and h be three entire functions such that 0 < L/\g(p, q) <
Lpl(p,q) < oo and 0 < EXi(m,q) < Lpl(m,q) < co. Then

X (p, [Pl -1 LN\ (p,
L hg(p Q) < liminf 1Og[ ]G F(T) < L }f(p Q)
ph(m,q) = r=oe log™ G-1H(r) = EAR(m, q)

< lim sup log” G F (r) < Lpg(p’ %)
T oo 10g[m} G_IH(T) N L)\g(m7 q)7

where p, ¢, m are positive integers with ¢ < min {p, m} .

Proof. From the definition of relative L — (p, q)th order and relative
L — (p,q)th lower order we have for arbitrary positive € and for all large
values of r,

log” G F(r)
and log™ G~ H(r)

(Y

("N (p,q) — €) log!¥ [rL(r)] (1)
(“pl(m, q) + €) log!” [rL(r)] . (2)

IN
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Now from (1) and (2) it follows for all large values of r,

log” G—1F(r) S X (p,q) — e '
log™ G-1H(r) ~ Lph(m,q) + €

As e (> 0) is arbitrary, we obtain that

lim inf . 3
r—co log™ G-1H(r) ~ Lpt(m,q) @)
Again for a sequence of values of r tending to infinity,
log! G 'F(r) < (L)\g(p, q) +€) logl? [rL(r)] (4)
and for all large values of r,
log™ G~YH(r) > (L)\}g’(m, q) — €)log [rL(r)] . (5)

So combining (4) and (5) we get for a sequence of values of r tending to
infinity,

log" G F(r) _ "Nj(p.a)+e

log™ G-1H(r) = FAl(m, q) — ¢

Since € (> 0) is arbitrary it follows that

log” G—1F(r) < "\ (p,q)

lim inf . 6
r—oo Jog™ G-1H(r) = LAMm, q) ©)

Also for a sequence of values of r tending to infinity,
log[m] G 'H(r) < (L)\Z(m, q) +€) log[Q] [rL(r)]. (7)

Now from (1) and (7) we obtain for a sequence of values of r tending to infinity,

log” G—1F(r) - M (p.q) — €
log™ G-1H(r) — LNi(m,q) + €

Choosing ¢ — 0 we get that

’ log” G=1F(r) S EN (psq)
im su -
rﬂooplog[q} GilH(T) N L)\}gl(ma Q)

Also for all large values of r,

log” G'F(r) < (Lpg(p, q) +€)log¥ [rL(r)] . 9)
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So from (5) and (9) it follows for all large values of r,

log” G—1F(r) < Lol(p,q) + e '
log™ G-1H(r) = FAl(m, q) — ¢

As € (> 0) is arbitrary we obtain that

los G-1F L, f ,
lim sup 08" G (r) < pg(p %)

) 10
r—00 10g[m} G_lH(T) o L)\g(ma Q) ( )

Thus the theorem follows from (3),(6),(8) and (10).

Theorem 2. Let f, g and h be three entire functions with 0 < L)\g(p, q) <

Lpg(p, q) < oo and 0 < Lpg(m, q) < oo, where p,q,m are positive integers
with g < min{p, m}. Then

log” G=1F(r) < “p)(p,q)

, log” G=1F(r)
T < < limsu
r—oo log™ G=1H (r) py(m, q)

T oo 10g[m} GilH(T) '

Proof. From the definition of relative L — (p,q)th order we get for a
sequence of values of r tending to infinity,

log™ G 'H(r) > (Lp’;(m, q) —€) logl? [rL(r)]. (11)

Now from (9) and (11) it follows for a sequence of values of  tending to infinity,

log” G=1F(r) < Lol(p,q) + e .
log™ G-1H(r) ~ Lplt(m,q) — €

As € (> 0) is arbitrary we obtain that

log” G'F(r) _ “pf(p.q)

lim inf . 12
r—oo log™ G-1H(r) = Lpt(m,q) (12

Again for a sequence of values of r tending to infinity,
log” G™'F(r) = ("} (p, q) — €) log” [rL(r)] . (13)

So combining (2) and (13) we get for a sequence of values of r tending to
infinity,

log[p] G_IF(T) S Lpg(p, q) — €

log™ G-1H(r) ~ Lph(m,q) +¢
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Since € (> 0) is arbitrary it follows that

(14)

Thus the theorem follows from (12) and (14).

The following theorem is a natural consequence of Theorem 1 and Theorem

Theorem 3. Let f, g and h be three entire functions with 0 < L)\g(p, q) <
Lpg(p, q) < oo and 0 < L/\Z(m, q) < Lpg(m, q) < oo where p, q, m are positive
integers with q < min{p,m}. Then

log” G—1F(r) | X e Fol(p,q)
I 73, "L h
Ab(m,q)" Epl(m, q)

lim inf
r—00 log[q] G~1H(r)

SN AL AT

- EXb(m, q)" Eph(m, q)
[p] (x—1

< limsuplog G~ 1F(r)

7—00 log[q] G_IH(T) '
The proof is omitted.

In the following theorems we see some comparative growth properties
of entire functions on the basis of relative L* — (p,q)th order and relative
L* — (p, q)th lower order where L = L(r) is a slowly changing function and p, ¢
are positive integers with p > ¢.

Theorem 4. Let f, g and h be three entire functions such that 0 < ¥ )\g(p, q) <
Lpl(p,q) < oo and 0 < * A(m,q) < ¥ ph(m,q) < co where p,q,m are pos-
itive integers with g < min{p, m}. Then

Tawa) g G TN ()
Lph(m,q) = r—=oo log™ G-1H(r) =~ ¥ Ai(m,q)

< limsup log” G=1F(r) < L*Pf;(Pa q)
RS log[m} GilH(T) N L*)‘]gI(m7 q)

The proof is omitted because it can be carried out in the line of Theorem
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Theorem 5. Let f, g and h be three entire functions with 0 < ¥ )\g(p, q) <

L*pg(p, q) <oo and 0 < L*pg(m,q) < oo where p,q,m are positive integers
with g < min{p, m}. Then

log?” G-1F L of , loe? G-1F
lim inf 08 (r) < = phg(p ) < lim sup o8 (r) )
r—oo log™ G-1H(r) ph(m, q) r—oo log™ G—1H (r)

We omit the proof of Theorem 5 because it runs parallel to that of Theorem

The following theorem is a natural consequence of Theorem 4 and Theorem

Theorem 6. Let f, g and h be three entire functions such that 0 < L*/\g(p, q) <
L*pg(p, q) < oo and 0< L*/\Z(m7 q) < L*pg(m, q) < oo where p,q, m are pos-
itive integers with g < min{p, m}. Then

log” G~1F(r) N RGN ACY)
LEXb(m, q)" L7 pf(m, q)

U AR R A )
X (m, q) " & pl(m, q)

log” G-1F(r)
< limsu .
N rﬁooplog[q] G_IH(T)

lim inf

r—00 log[q] G—1H(r)

IN

The proof is omitted.
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