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Abstract

In this paper, solutions of a class of singular initial value problems (IVPs)
in the second-order ordinary differential equations (ODEs) by variational it-
eration method (VIM) is presented. Comparisons with exact solution show
that the VIM is a powerful method for the solution of linear and nonlinear
equations.
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1 Introduction

In recent years, the studies of singular initial value problems in the second or-
der ordinary differential equations (ODEs) have attracted the attention of many
mathematicians and physicists. One of the equations describing this type is the
Lane-Emden type equations formulated as, cf. [1, 2]

y′′ +
2

x
y′ + f(y) = 0, (1)

subject to the conditions

y(0) = A, y′(0) = B, (2)
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where A and B are constants and f(y) is a real-valued continuous function. Eq.(1)
with specified f(y) was used to model several phenomena in mathematical physics
and astrophysics such as the theory of stellar structure, the thermal behavior of a
spherical cloud of gas, isothermal gas sphere and theory of thermionic currents [1, 2].
Another important class of singular initial value problems (IVPs) of the Lane-Emden
type is

y′′ +
2

x
y′ + f(x, y) = g(x), 0 < x ≤ 1, (3)

subject to condition (2), where f(x, y) is continuous real-valued function and g(x) ∈
C[0, 1].

The approximate solutions to the above problems were presented by Shawagfeh
[3] and Wazwaz [4, 5] using the Adomian decomposition method (ADM)[6].

Panayotounakos and Sotiropoulos [7] got the exact solution for Both Emden-
Fowler and generalized Emden-Fowler equation by reduced them to Abel’s equation
of the second kind by means of admissible functional transformations. Momoniat
and Harley [8] obtained an approximate implicit solution admitted by the Lane-
Emden equation y′′ + (2/x)y′ + ey = 0 by reducing the Lane-Emden equation to
first-order using Lie group analysis and determining a power series solution of the
reduced equation. The power series solution of the reduced equation transforms
into an approximate implicit solution of the original equation. He [9] used the
semi-inverse method to obtain a variational principle for the Lane-Emden equation,
which gives much numerical convenience when applying finite element methods or
Ritz method. Wazwaz [4] applied Adomian decomposition method with an alternate
framework designed to overcome the difficulty of the singular point to a generaliza-
tion of Lane-Emden equations. Wazwaz [5] used Adomian decomposition method
to obtain analytical solution for the time-dependent Emden-Fowler type of equa-
tions and wave-type equation with singular behavior. Yousefi [10] Used integral
operator and convert Lane-Emden equations to integral equations and then apply-
ing Legendre wavelet approximations to solve Lane-Emden equations. Hosseini and
Nasabzadeh [11] applied standard and modified Adomian decomposition methods for
solving Lane-Emden singular problem. Shijun Liao [12] used the homotopy analysis
method to give an analytic algorithm for Lane-Emden type equation.

The variational iteration method (VIM), was first envisioned by He [13] (see
also [14, 15, 16, 17, 18]). The VIM has successfully been applied to many situa-
tions. For example, He [14] solved the classical Blasius’ equation using VIM. He
[15] used VIM to give approximate solutions for some well-known non-linear prob-
lems. He [16] used VIM to solve autonomous ordinary differential systems. He
[17] coupled the iteration method with the perturbation method to solve the well-
known Blasius equation. Soliman [19] applied the VIM to solve the KdV-Burger’s
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and Lax’s seventh-order KdV equations. The VIM has recently been applied for
solving nonlinear coagulation problem with mass loss by Abulwafa et al. [20]. Mo-
mani et al. [21] applied VIM to Helmholtz equation. The VIM has been applied
for solving nonlinear differential equations of fractional order by Odibat et al. [22].
Bildik et al. [23] used VIM for solving different types of nonlinear partial differential
equations. Wazwaz [24] used VIM to determine rational solutions for the KdV, the
K(2, 2), the Burgers, and the cubic Boussinesq equations. Wazwaz [25] presented a
comparative study between the variational iteration method and Adomian decom-
position method. Tamer et al. [26] introduced a modification of VIM. Abbasbandy
[27] solved the quadratic Riccati differential equation by He’s variational iteration
method with considering Adomian’s polynomials. Junfeng [28] introduced Varia-
tional iteration method to solve two-point boundary value problems. B. Batiha et
al. [29] used VIM to solve generalized Burgers-Huxley equation. B. Batiha et al. [30]
applied VIM to generalized Huxley equation.

Dehghan and Shakeri [31] solved the Lane-Emden type equations arising in as-
trophysics via VIM, in this paper the authors used small transformation to overcome
the difficulty of singular value x = 0 while in this paper we don’t use any kind of
transformation and this make different λ values. To show the efficiency of the two
procedures, they solved just the described problem with f(y) = yn, n = 0, 1, 5 for
which the exact solution exists. In this paper we solved many problems (linear, Non-
linear problems, Isothermal gas spheres equation, Richardson’s theory of thermionic
currents, homogeneous and Nonhomogeneous case of the equation) and obtain exact
and approximate analytical solutions of these equations. A numerical comparison
between VIM and exact solution for solving the Lane-Emden type of equations is
done.

2 Variational Iteration Method

This method, which is a modified general Lagrange’s multiplier method [32], has
been shown to solve effectively, easily and accurately a large class of nonlinear prob-
lems [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 33, 34]. The main feature of the method
is that the solution of a mathematical problem with linearization assumption is used
as initial approximation or trial function. Then a more highly precise approxima-
tion at some special point can be obtained. This approximation converges rapidly
to an accurate solution. To illustrate the basic concepts of the VIM, we consider
the following nonlinear differential equation:

Lu + Nu = g(x), (4)

where L is a linear operator, N is a nonlinear operator, and g(x) is an inhomogeneous
term. According to the VIM [15, 16, 17, 18], we can construct a correction functional
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as follows:

un+1(x) = un(x) +
∫ x

0
λ{Lun(τ) + Nũn(τ) − g(τ)}dτ, (5)

where λ is a general Lagrangian multiplier [32], which can be identified optimally
via the variational theory, the subscript n denotes the nth-order approximation, ũn

is considered as a restricted variation [15, 16, 17], i.e. δũn = 0.

3 Analysis of Lane-Emden type equations

In this paper, we present numerical and analytical solutions for the Lane-Emden
type equations:

y′′ +
2

x
y′ + f(y) = 0, 0 < x ≤ 1. (6)

To solve equation (6) by means of He’s variational iteration method, we construct
a correction functional,

yn+1(x) = yn(x) +
∫ x

0
λ(s)

[
(yn)ss +

2

s
(yn)s + ˜f(yn)

]
ds,

δyn+1(x) = δyn(x) + δ
∫ x

0
λ(s)

[
(yn)ss +

2

s
(yn)s + ˜f(yn))

]
ds,

δyn+1(x) = δyn(x) + δ
∫ x

0
λ(s)

[
(yn)ss +

2

s
(yn)s

]
ds,

δyn+1(x) = (1 − λ′(x) +
2

x
λ(x))δyn(x) + δλ(x)(yn)s(x)

+
∫ x

0
δyn

[
λ′′(s) − 2

sλ′(s) − λ(s)

s2

]
ds = 0,

where ỹn is considered as restricted variations, which mean δỹn = 0. Its stationary
conditions can be obtained as follows

1 − λ′(x) +
2

x
λ(x) = 0, λ(x) = 0, λ′′(s) − 2

sλ′(s) − λ(s)

s2
|s=x = 0.

The Lagrange multipliers, therefore, can be identified as

λ(s) =
s2

x
− s

and the following variational iteration formula is obtained

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

)[
(yn)ss +

2

s
(yn)s + f(yn)

]
ds. (7)
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4 Applications

4.1 Linear problems

4.1.1 Problem 1

First we consider the following linear, homogeneous Lane-Emden equation:

y′′ +
2

x
y′ − 2(2x2 + 3)y = 0, (8)

with initial conditions

y(0) = 1, y′(0) = 0. (9)

whose exact solution was found to be [35]:

y(x, t) = ex2

. (10)

To solve equation (8) by means of He’s variational iteration method, we construct
a correction functional (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

)[
(yn)ss +

2

s
(yn)s − 2(2s2 + 3)yn

]
ds. (11)

For simplicity, we can take an initial approximation y0 = y(0) as given by (9). The
next iterates are easily obtained from (11) and are given by:

y1(x) = 1 +
x4

5
+ x2,

y2(x) = 1 +
x4

5
+ x2 +

x4(7x4 + 78x2 + 189)

360
. (12)

In the same manner, the rest of the components of the iteration formulae (11) can
be obtained using the Maple Package. In Table 1 we present the absolute error
between the five-iterate of VIM and the exact solution.

4.1.2 Problem 2

Now consider the following linear, nonhomogeneous Lane-Emden equation:

y′′ +
2

x
y′ + y = 6 + 12x + x2 + x3, (13)
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subject to the initial conditions

y(0) = 0, y′(0) = 0. (14)

whose exact solution was found to be [35]:

y(x, t) = x2 + x3. (15)

In VIM, the correction functionals for Eq.(13) is (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

) [
(yn)ss +

2

s
(yn)s + yn − 6 − 12s − s2 − s3

]
ds.(16)

We can take an initial approximation y0 = y(0) as given by (14). The next iterates
are easily obtained from (16) and are given by:

y1(x) = −x5

6
+

x5 − x4

5
+

x4 − 12x3

4
+

12x3 − 6x2

3
+ 3x2, (17)

y2(x) = −x5

6
+

x5 − x4

5
+

x4 − 12x3

4
+

12x3 − 6x2

3
+ 3x2 (18)

−x7 + 2x6 + 56x5 + 84x4

1680
.

The rest of the components of the iteration formulae (16) can be obtained using the
Maple Package. In Table 1 we present the absolute error between the five-iterate of
VIM and the exact solution.

4.2 Nonlinear problems

4.2.1 Lane-Emden equation of index m

The firs nonlinear problem we shall consider is the Lane-Emden equation of index
m:

y′′ +
2

x
y′ + ym = 0, 0 < x ≤ 1 (19)

subject to the initial conditions

y(0) = 1, y′(0) = 0. (20)

where y is the function of x and for physical interest the polytropic index m lies
between 0 and 5, cf.[1, 3, 4] The Lane-Emden equation of index m is a basic equation
in the theory of stellar structure [3]. The thermal behavior of a spherical cloud of gas
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acting under the mutual attraction of its molecules and subject to the class laws of
thermodynamics is modelled by the well known unfortunately, analytical solution to
(19)–(20) in closed form are possible only for values of the polytropic index m = 0, 1
and 5. For other values of m between 0 and 5 only numerical solutions are available
in the literature. Notice that Eq.(19) is linear for m = 0 and 1, and nonlinear
otherwise.

To solve equation (19) by means of He’s variational iteration method, we con-
struct a correction functional (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

)[
(yn)ss +

2

s
(yn)s + ym

n

]
ds. (21)

For simplicity, we can take an initial approximation y0 = y(0) = 1. The next iterate
is easily obtained from (21) and is given by:

y1(x) = 1 − x2

6
(22)

As before, the rest of the components of the iteration formulae (21) can be obtained
using the Maple Package.

Example 1.

First we consider the Lane-Emden equation of index m = 0

y′′ +
2

x
y′ + 1 = 0, 0 < x ≤ 1 (23)

subject to the initial conditions

y(0) = 1, y′(0) = 0. (24)

To solve equation (23) by means of He’s variational iteration method, we construct
a correction functional (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

) [
(yn)ss +

2

s
(yn)s + 1

]
ds. (25)

For simplicity, we can take an initial approximation y0 = y(0) = 1. The next iterate
is easily obtained from (25) and is given by:

y1(x) = 1 − x2

6
(26)

Which is the exact solution.

Example 2.
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Now we consider the Lane-Emden equation of index m = 1

y′′ +
2

x
y′ + y = 0, 0 < x ≤ 1 (27)

subject to the initial conditions

y(0) = 1, y′(0) = 0. (28)

Whose exact solution was found to be [4] :

y(x) =
sinx

x
. (29)

By using the VIM, the correction functionals for Eq.(27) is (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

) [
(yn)ss +

2

s
(yn)s + yn

]
ds. (30)

Again, we can take an initial approximation y0 = y(0) = 1. The next two iterates
are easily obtained from (30) and are given by:

y1(x) = 1 − x2

6
(31)

y2(x) = 1 − x2

6
+

x4

120
(32)

Again, the rest of the components of the iteration formulae (30) can be obtained
using the Maple Package. In Table 2 we present the absolute error between the
five-iterate of VIM and the exact solution for m = 1.

Example 3.

Finally we consider the Lane-Emden equation of index m = 5

y′′ +
2

x
y′ + y5 = 0, 0 < x ≤ 1 (33)

subject to the initial conditions

y(0) = 1, y′(0) = 0. (34)

Whose exact solution was found to be [4]:

y(x) =

(
1 +

x2

3

)−1
2

(35)
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By means of VIM, the correction functionals for Eq.(33) is (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

) [
(yn)ss +

2

s
(yn)s + y5

n

]
ds. (36)

As before, we can take an initial approximation y0 = y(0) = 1. The next iterate is
easily obtained from (36) and is given by:

y1(x) = 1 − x2

6
(37)

y2(x) = 1 − x2

6
+

x12

1213056
− x10

28512
+

5x8

7776
− 5x6

756
+

x4

24
(38)

As before, the rest of the components of the iteration formulae (36) can be obtained
using the Maple Package. In Table 2 we present the absolute error between the
five-iterate of VIM and the exact solution for m = 5.

4.3 Isothermal gas spheres equation

Isothermal gas spheres equation is modelled by

y′′ +
2

x
y′ + ey = 0, (39)

subject to the conditions

y(0) = 0, y′(0) = 0. (40)

Applying VIM and assuming the initial approximation y0(x) = 0, we have

y1(x) = −1

6
x2, (41)

y2(x) = −1

6
x2 +

1

120
x4 (42)

The rest of the components of the VIM iteration can be obtained using the Maple
Package. In Fig.1 we present the numerical result for y(x) using 2-iterate of VIM.

4.4 Richardson’s theory of thermionic currents

Next we consider the nonlinear differential equation of Richardson’s theory of thermionic
currents

y′′ +
2

x
y′ + e−y = 0, (43)
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(a)

2-iterate VIM

x

y
(x

)
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-0.15

Figure 1: The numerical results y(x) obtained using 2-iterate VIM solution

(a)

2-iterate VIM

x

y
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0

-0.05

-0.1

-0.15

Figure 2: The numerical results y(x) obtained using 2-iterate VIM solution

subject to the conditions

y(0) = 0, y′(0) = 0. (44)

This model can be used when the density and electric force of an electron gas in the
neighborhood of a hot body in thermal equilibrium is to be determined.

Again, applying VIM and assuming the initial approximation y0(x) = 0, we have

y1(x) = −1

6
x2, (45)

y2(x) = −1

6
x2 − 1

120
x4 (46)

The rest of the components of the VIM iteration can be obtained using the Maple
Package. In Fig.2 we present the numerical result for y(x) using 2-iterate of VIM.

4.5 Homogeneous case

Now we consider the nonlinear, homogeneous Lane-Emden type equation,
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y′′ +
2

x
y′ + 4(2ey + e

y
2 ) = 0, (47)

subject to the initial conditions

y(0) = 0, y′(0) = 0. (48)

With exact solution:

y(x) = − ln(1 + x2). (49)

The correction functional for Eq.(47) is (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

)[
(yn)ss +

2

s
(yn)s + 4(2eyn + e

yn
2 )
]

ds. (50)

By assuming hte initial approximation y0(x) = 0. The next iterate is easily obtained
from (50) and is given by:

y1(x) = −2x2 (51)

By the like manner, the rest of the components of the iteration formulae (50) can be
obtained using the Maple Package. In Table 3 we present the absolute error between
the three-iterate of VIM and the exact solution.

4.6 Nonhomogeneous case

Finally we consider the nonlinear, nonhomogeneous Lane-Emden type equation,

y′′ +
2

x
y′ + y3 = 6 + x6, (52)

subject to the initial conditions

y(0) = 0, y′(0) = 0. (53)

The correction functionals for Eq.(52) is (see (7)),

yn+1(x) = yn(x) +
∫ x

0

(
s2

x
− s

)[
(yn)ss +

2

s
(yn)s + y3

n − 6 − s6
]

ds. (54)
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Table 1: Absolute error between the 5-iterate of VIM and the exact solution for
problems 1 and 2 .

x Abs. error for problem 1 Abs. error for problem 2
0.1 7.60000E-18 1.00000E-21
0.2 3.23412E-14 4.17300E-18
0.3 4.47700E-12 5.55950E-16
0.4 1.54546E-10 1.80131E-14
0.5 2.51714E-09 2.68846E-13
0.6 2.56742E-08 2.45698E-12
0.7 1.90565E-07 1.60040E-11
0.8 1.12501E-06 8.13488E-11
0.9 5.59068E-06 3.42110E-10
1.0 2.42973E-05 1.23884E-09

By assuming the initial approximation y0(x) = 0. The next iterate is easily obtained
from (54) and is given by:

y1(x) =
x8

72
+ x2. (55)

Which is the series solution for y(x).

However, if we choose y0(x) = x2, then the VIM yields the exact solution

y(x) = x2, (56)

in one iteration only.

5 Conclusions

In this paper, variation iteration method (VIM) has been successfully applied to
finding exact and /or approximate solution of the Lane-Emden type equations with
singular behavior. The method was used in a direct way without using linearization,
perturbation or restrictive assumptions. In some cases the VIM yields the exact
solution in one iteration only. It may be concluded that VIM is very powerful and
efficient in finding analytical as well as numerical solutions for wide classes of linear
and nonlinear differential equations. It provides more realistic series solutions that
converge very rapidly in real physical problems.
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Table 2: Absolute error between the 5-iterate of VIM and the exact solution in the
case m = 1 and m = 5

x Abs. error for m = 1 Abs. error for m = 5
0.1 1.00000E-20 5.50000E-19
0.2 6.70000E-19 1.95497E-15
0.3 8.53100E-17 2.38398E-13
0.4 2.69223E-15 6.91000E-12
0.5 3.91600E-14 9.03026E-11
0.6 3.48972E-13 7.08335E-10
0.7 2.21760E-12 3.88840E-09
0.8 1.10021E-11 1.63850E-08
0.9 4.51811E-11 5.62945E-08
1.0 1.59829E-10 1.64425E-07

Table 3: Absolute error between the 3-iterate of VIM and the exact solution

x Abs. error
0.1 3.23778E-10
0.2 7.78740E-08
0.3 1.80427E-06
0.4 1.57422E-05
0.5 7.95891E-05
0.6 2.83394E-04
0.7 7.90509E-04
0.8 1.84385E-03
0.9 3.75491E-03
1.0 6.88047E-03
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