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Abstract

In this paper, we present three-step iterative method for solving non-
linear equations. The convergence analysis of the method is discussed.
It is established that the new method has convergence order eight. Nu-
merical examples are given to test the efficiency and performance of the
method. Numerical tests show that the new method is comparable with
the well known existing methods and in many cases gives better results.
Our results can be considered as an improvement and refinement of the
previously known results in the literature.
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1 Introduction

Let us consider a non-linear equation

f(z)=0. (1.1)
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Finding zeros of a single variable nonlinear equation (1.1) efficiently, is an inter-
esting and very old problem in numerical analysis and has many applications
in physical sciences.

In recent years, researchers have developed many iterative methods for
solving equation (1.1). These methods can be classified as one-step, two-step
and three-step methods, see[l —12]. These methods have been proposed using
Taylor series, decomposition techniques, error analysis and quadrature rules,
etc. .Abbasbandy|[1], Chun[3] and Grau[7] have proposed many two-step and
three-step methods.

In this paper, we present three step iterative method for solving non-linear
single variable equations. We prove that the new method has order of con-
vergence eight.The method and its algorithm are described in section 2.The
convergence analysis is discussed in section 3. Finally, in section 4, the method
is tested on well known numerical examples given in the literature. Numerical
examples are given to test the efficiency and performance of the method. Nu-
merical tests show that the new method is comparable with the well known
existing methods and in many cases gives better results. Our results can be
considered as an improvement and refinement of the previously known results
in the literature.

2 The Iterative Method

We suggest the following modification to Mamta et al. method for solving

non-linear equations:
Consider the Mamta et al. method[10] :

Tpi1 = Ty — h(zy),

where

2f($n>

h(x,) =
) = o + VPP T AT @

, (2.1)

We observe that
f(xn) _ h(x,)
flan) 1= (h(za))*

Following the analogy of Newton’s method, the modified Mamta et al. method
for solving non-linear equations can be written as

b b))
T T = (h(wa))

(2.2)
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where h(z,) is provided by (2.1).This formulation allows to suggest the follow-
ing three-step iterative method:

Algorithm 2.1 For a given initial guess x,,find the approximate solution
by the iterative scheme:

i) 29
oo = Yo — % (2.4)
where h (y,) = 2/ (yn) (2.6)

We now prove that the algorithm 2.1 has eighth order convergence.

3 Convergence Analysis

Theorem 3.1 Let w € I be a simple zero of sufficiently differentiable func-
tion f: I ER — R for an open interval I. If xg is sufficiently close to w, then
the algorithm 2.1 has eighth order convergence.

Proof.
Let w be a simple zero of f and x, = w + ¢,. By Taylor’s expansion, we
have:

f(z) = f(w)(e, + 02631 + Cg@i + c4ei + 0562 + cﬁeg) + 0(6771) (3.1)

fx,) = f, (w)(1 4 2cqe, + 363631 + 4c4ei + 5C56i + 606562) + O(eg), (3.2)

k=223, ..and e, =z, —w (3.3)
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Using (3.1) and (3.2), we have

f(zn)

Using (3.4) in (2.3), we thus have

= e, — e +2(c5 — c3)ed + (Teaes — 3cq — 4ch)et +O(e2)  (3.4)

Yn = W+ coe? + (=263 + 2c3)ed — (Teacs — 4 — 3ey)et + O(e?) (3.5)
Expanding f(y,) by Taylor’s series about w,we have:
fy) = f(w) + eze? +2(cs — c3)ed + (=Teaes + 3cq + 5¢3)er + O(e?). (3.6)
By Taylor’s series, we have

f’(yn) = f/(w)(l + 2c5€2 + (—4cs + deyes)ed + (—110303 + 8¢5

+6cac4)er) + O(e?), (3.7)
From 2.6), we have

_ 2f (yn)
I (n) + V(F (yn))? + A(f (4n))

h(Yn)

= a6 + (=263 + 2ea)el + (~Teacs + 3cx + 3c)el

+(—10cqc4 + 4dcs — 4cy — 6¢5 4 16¢3c3)e + O(el) (3.8)
Using (3.8), we have:

h(yn)

= () = o2 + (—2c5 + 2c3)ed + (=Teges + 3cq + 365)er

—1—(—100204 + 4cs — 40;l - 60% + 160303)62

+(29¢a¢3 — 13cac5 + 5eg + 22¢4¢3 + 665

—17cqes — 32¢3¢3)ed + O (ef) . (3.9)
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Using (3.9) in (2.4), we have

Zn = w + cyep + (—4cs + dese)ed + (deacs + 6cach

+10c5 — 20c3¢3)ed + O (el) | (3.10)
Expanding f (z,) by Taylor’s series about w, we have

f(z) = f, (w) (cgei — 463(03 — Cg)@i + 202(50421 — 10c3¢5 + 3c4co + 26%)62
+(8cace + 4t — 9c3 — cp + 24chcq — 16¢5c5 + 62c5c3

—52¢hc3 + 1265 + 8cges — 40cacqcs)el) + O (ei) (3.11)
Using (3.11), (3.10), (3.6) and (3.5), we have

J(c‘q@ _) in;ﬁ;((zn)) = et —4cs(c5 — c3)ed 4+ 2¢o(5c; — 10c3c; + 3cqcy

+2¢3)e8 + (8cocs + 4t — 9cs — cr + 24c5cy — 16c5¢s

+62c5¢5 — 52¢5c3 + 12¢5 + 8czes — 40cocqcs)er

4 Numerical Examples

We consider here some numerical examples to demonstrate the performance
of the new developed three-step iterative method, namely algorithm 2.1.We
compare the Ostrowski’s method (OM) [13], the method of Grau(GM) [7]
and the new developed three-step method(M N), in this paper. All the values
are computed with 350 significant digits. We take €= 107'% as tolerance. The
following criteria is used for estimating the zero:

(i) 0= |Tpy — x| < €

() If (e)] <€

The following examples as in Chun[3] are used for numerical testing:

Example Exact Zero

fi = a3 + 422 — 15, w = 1.6319808055660636,

fo = ze” —sin®(z) + 3 cos(x) + 5, w = —1.207647827130919,
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fs = sin(z) — Lz, w = 1.8954942670339809,
£y = 10ze™" — 1, w = 1.67963061042845,
f5 = cos(z) — z, w = 0.73908513321516067,
fo = sin®(z) — 22 + 1, w = 1.4044916482153411,
fr = e+ cos(z), w = 1.74613953040801241765.

For convergence criteria, it was required that ¢, the distance between two
consecutive iterates was less than 1071%, n represents the number of iterations
and f(z,) is the absolute value of the function at x,,. The numerical compar-
ison is given in Table 4.1.

n f(zn)
Ji, 20 =2
OM 3 1.03e-228
GM 3 4.46e-179
MN 3 1.0e-348
J2, 0 = —1
OM 3 8.82e-223
GM 3 2.54e-155
MN 3 1.25e-317
f37 To = 2
OM 3 5.12e-313
GM 3 8.44e-252
MN 3 3.0e-350
f47 To = 1.8
OM 3 1.16e-236
GM 3 9.37e-187
MN 3 0
f57 To = 1
OM 3 7.05e-296
GM 3 4.12e-237
MN 3 0
f67 To = 1.6
OM 3 3.26e-226
GM 3 7.54e-178
MN 3 1.0e-349
f77 To = 2
OM 3 1.05e-279
GM 3 1.58e-223
MT 3 3.0e-350

Table 4.1.
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5

CONCLUSION

From Table 4.1, we observe that our three-step iterative method is compara-
ble with all the methods cited in the table and in almost all the cases gives
better results in terms of the function evaluation f(x,). The algorithm (2.1)
established in this paper, has computational efficiency 85 = 1.515717.
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