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Abstract
In this paper, we extend the concept of semi-monotonicity for a vec-

tor set-valued mapping [5] to semi-η-pseudomonotonicity for a vector
set-valued mapping. The existence of solutions of vector variational-like
inequality problem concerning with set-valued semi-η-pseudomonotone
mapping is proved by using Kakutani-Fan-Glicksberg fixed point the-
orem. Our existence results is an extention of Theorem 3.1 of [5] and
generalize some results for vector variational-like inequalities studied in
recent past.
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1. Introduction

One important generalization of the classical variational inequality is the vector
variational inequality, which was introduced by Giannessi [7] in a finite dimen-
tional Euclidean space. Subsequently, vector variational inequalities have been
investigated in abstract spaces, see [2,9]. A vector variational-like inequality
is a generalization of vector variational inequality related to the class of η-
connected sets which is much more general than the class of convex sets, see
[8, 10].

Of course, monotonicity of a nonlinear mapping is one of most rapidly used hy-
potheses in the theory of vector variational inequalities. Some important gener-
alizations of monotonicity, such as quasimonotonicity, proper quasimonotonic-
ity, pseudomonotonicity, semi-monotonicity, relaxed η-α-monotonicity, have
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been introduced and considered in the study of various variational inequal-
ities, see [3,4,6]. Recently Zheng Fang [5] generalized the concept of semi-
monotonicity for a single -valued mappings to the case of vector set-valued
mappings.

In this paper, the concept of semi-monotonicity for a vector set-valued mapping
to semi-η-pseudomonotonicity for a vector set-valued mapping is extended.
By using Kakutani-Fan-Glicksberg fixed point theorem, an existence result is
established for a vector variational-like inequality, which is an extention of
Theorem 3.1 of [5].

2. Preliminaries

Let X and Y be two real Banach spaces, K ⊂ X be a nonempty, closed and
convex set and C ⊂ Y be a closed, convex and pointed cone with its apex at
the origin if and only if C is closed and the following conditions holds:

(i) λC ⊂ C, ∀λ > 0;

(ii) C + C ⊂ C;

(iii) C ∩ (−C) = {0}.
In addition, if C �= Y , then C is a proper closed convex cone. A mapping
C : K → 2Y is said to be cone mapping if C(x) is a proper closed convex
pointed cone and C(x) �= φ, for each x ∈ K. By L(X, Y ), we mean the family
of all linear bounded operators from X to Y .

Definition 2.1. Let η : K × K → K be a bi-mapping. Then a vector set-
valued mapping T : K → 2L(X,Y ) is said to be η-monotone on K if for any
x, y ∈ K, it holds that

〈ξ1 − ξ2, η(y, x)〉 ∈ C−, ∀ ξ1 ∈ T (x), ξ2 ∈ T (y),

where C− = ∩x∈KC(x).

Definition 2.2. Let η : K × K → K be a bi-mapping. Then a vector set-
valued mapping T : k → 2L(X,Y ) is said to be η-pseudomonotone on K if there
exists ξ1 ∈ T (x) such that

〈ξ1, η(y, x)〉 /∈ −int C(x),

implies that there exists ξ2 ∈ T (y) such that

〈ξ2, η(y, x)〉 /∈ −int C(x), ∀ x, y ∈ X,
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where int denotes interior.

Definition 2.3. A vector set-valued mapping A : K×K → 2L(X,Y ) is said to be
semi-η-pseudomonotone mapping on K if it satisfies the following conditions:

(i) for each x ∈ K, the mapping A(x, ·) : K → 2L(X,Y ) is a vector set-valued
η-pseudomonotone mapping in the sense of Difinition 2.2;

(ii) for each y ∈ K, the mapping A(·, y) : K → 2L(X,Y ) is lower-semi-
continuous on K, where K is equipped with the weak topology, and
L(X, Y ) is equipped with the uniform convergence topology of opera-
tors.

The main purpose of this paper is the solvability of the following vector
varaitional-like inequality problem:

Find xo ∈ K such that for each y ∈ K, there exists ξ ∈ A(xo, xo) satisfying

〈ξ, η(y, xo)〉 /∈ −int C(xo). (2.1)

If η(y, xo) = y − xo, then problem (2.1) reduces to finding xo ∈ K such that
for each y ∈ K, there exists ξ ∈ A(xo, xo) such that

〈ξ, y − xo〉 /∈ −int C(xo). (2.2)

Problem (2.2) is recently considered by Zheng Fang [5].

If Y = R, C(x) = [0, +∞) for all x ∈ K, η(y, xo) = y−xo and A : K×K → E∗.
then the problem reduces to the following problem:

Find xo ∈ K such that

〈A(xo, xo), y − xo〉 ≥ 0, ∀ y ∈ K. (2.3)

Problem (2.3) is studied by Y.Q.Chen [3].

Definition 2.4. Let η : K × K → K be a bi-mapping. Then a mapping
T : K → 2L(X,Y ) is said to be V -hemicontinuous if for any x, y ∈ X, α > 0 and
tα ∈ T (x+αy), there exists to ∈ T (y) such that for any z ∈ X, 〈tα, z〉 → 〈to, z〉
as α → 0+.

Lemma 2.1 [1]. Let X be a reflexive Banach space and Y be a Banach space.
Let K be a nonempty closed bounded convex subset of X. Let C : K → 2Y be
such that for each x ∈ K, C(x) is a closed pointed convex cone with intC(x) �=
φ, and W : K → 2Y be defined by W (x) = Y \{−intC(x)} such that the graph
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of W is weakly closed in X × Y and W is concave. Let T : K → 2L(X,Y ) be
η-pseudomonotone and V -hemicontinuous; and η : K ×K → K be continuous
and affine with η(x, x) = 0, for all x ∈ K. Then there exists xo ∈ K such that
for each y ∈ K, there existe ξ ∈ T (xo) satiafying

〈ξ, η(y, xo)〉 /∈ −int C(xo).

Lemma 2.2 [11](Kakutani-Fan-Glicksberg). Suppose that E is a Hausdörff
locally convex space and K is a nonempty convex compact subset of E. If
T : K → K is an upper-semi-continuous mapping with nonempty convex
closed values, then T has a fixed point in K, i.e., there exists xo ∈ K such that
xo ∈ T (xo).

Proposition 2.1 [5]. Let E and F be two Banach spaces, K ⊂ E. Suppose
that the set-valued mapping T : K → 2F is upper-semi-continuous at xo with
T (xo) compact. If xn ∈ K, n = 1, 2, 3, .... with xn → xo, and yn ∈ T (xn), then
there exists yo ∈ T (xo) and a subsequence {ynK

} of {yn} such that ynK
→ yo.

Lemma 2.3. Let T : K → 2L(X,Y ) be a vector-valued η-pseudomonotone
mapping and V -hemicontinuous on K. If η : K ×K → K is a continuous and
affine mapping such that η(x, x) = 0, then the following two statements are
equivalent:

(i) xo ∈ K, such that for each y ∈ K, there exist ξ ∈ T (xo) such that

〈ξ, η(y, xo)〉 /∈ −int C(xo);

(ii) xo ∈ K, such that for each y ∈ K, there exist ξ ∈ T (y) such that

〈ξ, η(y, xo)〉 /∈ −int C(xo).

Proof. (i)⇒ (ii), follows from the definition of η-pseudomonotonicity.
Suppose that (ii) holds. Then for any y ∈ K, there exist ξ ∈ T (y) such that

〈ξ, η(y, xo)〉 /∈ −int C(xo).

By convexity of K, for any λ ∈ (0, 1), there exists ξλ ∈ T (λy + (1− λ)x) such
that

〈ξλ, η(λy + (1 − λ)xo, xo)〉 /∈ −int C(xo),

since η(·, ·) is affine and η(x, x) = 0, we have

〈ξλ, η(λy + (1 − λ)xo, xo)〉
= λ〈ξλ, η(y, xo)〉 + (1 − λ)〈ξλ, η(xo, xo)〉 = λ〈ξλ, η(y, xo)〉.



On vector variational-like inequality Problems 1985

Dividing by λ, we get

〈ξλ, η(y, xo)〉 /∈ −int C(xo).

By V -hemicontinuity of T , there exists ξλ ∈ T (xo) such that

〈ξλ, η(y, xo)〉 /∈ −int C(xo).

Consequently, for each xo ∈ K, there exists ξ ∈ T (xo) such that

〈ξ, η(y, xo)〉 /∈ −int C(xo)

i.e., (i) holds.

3. Existence theory

Theorem 3.1. Let X be a real reflexive Banach space, Y be a Banach space,
K be a nonempty bounded closed convex subset of X. Let C : K → 2Y be
a cone mapping and W : K → 2Y be defined by W (x) = Y \{−int C(x)}
is weakly closed and concave. Suppose η : K × K → K be a continuous
and affine mapping such that η(x, x) = 0, for each x ∈ K. If the set-valued
mapping A : K ×K → 2L(X,Y ) with nonempty convex compact values satisfies
the following two conditions:

(1) A is set-valued semi-η-pseudomonotone mapping on K;

(2) for each x ∈ K, the mapping A(x, ·) : K → 2L(X,Y ) is continuous on each
finite dimensional subspace of X,

then the vector variational-like inequality problem (2.1) is solvable.

Proof. Let Φ be defined by

Φ = {M : M is a finite dimentional subspace of X with KM = K ∩ M �= φ}.
For any given xo ∈ KM and M ∈ Φ, consider the following vector variational-
like inequality problem.

(KP )M : Find xo ∈ KM such that for each y ∈ KM , there exists ξ ∈ A(v, xo)
such that

〈ξ, η(y, xo)〉 /∈ −int C(xo).

Since A(v, ·) satisfies all the conditions of Lemma 2.1, it follows that (KP )M

is solvable. Denote the solution set of problem (2.1) by SM(v) and

SM(v) = {u ∈ KM : ∀y ∈ KM , ∃ ξ ∈ A(v, u) such that 〈ξ, η(y, u)〉 /∈ −int C(u)}.
Then
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(1) SM(v) �= φ as (KP )M is solvable.

(2) SM(v) is convex for each v ∈ KM .
Let x1, x2 ∈ SM(v) and α, β ≥ 0 such that α + β = 1. Then for each
y ∈ KM , there exist ξ1 ∈ A(v, x1) and ξ2 ∈ A(v, x2) such that

〈ξ1, η(y, x1)〉 /∈ −int C(x1)

〈ξ2, η(y, x2)〉 /∈ −int C(x2).

From Lemma 2.3, for each y ∈ KM and for each ξ ∈ A(v, y), we have

〈ξ, η(y, x1)〉 /∈ −int C(x1) (3.1)

and
〈ξ, η(y, x2)〉 /∈ −int C(x2). (3.2)

Multiplying (3.1) by α and (3.2) by β and adding, we have

α〈ξ, η(y, x1)〉 + β〈ξ, η(y, x2)〉 ∈ αW (x1) + βW (x2).

Since η(·, ·) is affine and W is concave, we have

〈ξ, η(y, αx1 + βx2)〉 ∈ W (αx1 + βx2)

or
〈ξ, η(y, αx1 + βx2)〉 /∈ −int C(αx1 + βx2),

thus, αx1 + βx2 ∈ SM(v), so SM(v) is convex.

(3) SM(v) is closed for each v ∈ KM .
Let {xn} be a sequence in SM(v) such that xn → xo. It is clear from the
definition of SM(v) that for each v ∈ KM there exists ξn ∈ A(v, xn) such
that

〈ξn, η(y, xn)〉 /∈ −int C(xn).

By Proposition 2.1, there exists ξo ∈ A(v, xo) and a subsequences {ξnK
}

of {ξn} such that ξnK
→ ξo. Let k → ∞ and also as W is weakly closed,

we have
〈ξo, η(y, xo)〉 /∈ −int C(xo),

which implies that xo ∈ SM(v), i.e., SM(v) is closed.

(4) The mapping SM : KM → KM such that v → SM(v) is upper semi-
continuous. As KM is compact, we only need to show that SM : KM →
KM is closed. Suppose that v ∈ KM for n = 1, 2, ..... with vn → vo and



On vector variational-like inequality Problems 1987

xn ∈ SM(vn) with xn → xo. We show that xo ∈ SM(vo). It is clear from
the definition of SM(v) that for each y ∈ KM ξn ∈ A(vn, xn) such that

〈ξn, η(y, xn)〉 /∈ −int C(xn), n = 1, 2, ...

Thus for all tn ∈ A(vn, y), we have

〈tn, η(y, xn)〉 /∈ −int C(xn), n = 1, 2, ...

As A is vector-valued semi-η-pseudomonotone mapping and A(·, y) is
lower semi-continuous. Therefore, for each t ∈ A(vo, y), there exists
tn ∈ A(vn, y) such that tn → t. Let n → ∞ and by the closedness of W
, we have

〈t, η(y, xo)〉 /∈ −int C(xo).

By Lemma 2.3, there exists to ∈ A(vo, xo) such that

〈to, η(y, xo)〉 /∈ −int C(xo),

thus, xo ∈ SM(vo). By Lemma 2.2, there exists xo ∈ KM such that
xo ∈ SM(xo).

We have already discussed that SM(v) �= φ and is bounded for each M ∈
Φ. Denote by

w

SM(v), the weak clouser of SM(v). Since X is reflexive and

K is bounded, K is weakly compact and then
w

SM(v) is weakly compact.
For any Mi ∈ Φ, i = 1, 2, ... it is easy to verify thatSLM

⊂ ∩iSMi
, where

LM is linear subspace spanned by ∪iMi. Hence {
w

SM(v): M ∈ Φ} has the
finite intersection property. It follows that ∩M∈ΦSM(v) �= φ.

Let wo ∈ ∩M∈Φ

w

SM(v), we say that for each y ∈ KM , there exists
ξ ∈ A(wo, wo) such that

〈ξ, η(y, wo)〉 /∈ −int C(wo).

Infact, for each u ∈ K, choose M ∈ Φ such that u, wo ∈ KM . There is
wn ∈ SM(v) such that wn converges weakly to wo. Therefore for each
u ∈ KM and all ξn ∈ A(wn, u), we have

〈ξn, η(u, wn)〉 /∈ −int C(wn).

Since A(·, u) is lower semicontinuous for each ξ ∈ A(wo, u), there exists
ξn ∈ A(wn, u) such that ξn → ξ. Let n → ∞ and as W is weakly closed,
we have

〈ξ, η(u, wo)〉 /∈ −int C(wo).
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By Lemma 2.3, there exists ξo ∈ A(wo, wo) such that

〈ξo, η(u, wo)〉 /∈ −int C(wo).

This completes the proof.
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