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Abstract

Given a chaotic system and a reference signal, a controller is designed
so that the output of the chaotic system follows the reference signal
asymptotically. The optimum controller is derived by minimizing the
convergence time.
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1 Introduction

The control of chaotic systems is a subject of significance and great current
interest; the state of the art of controlling chaotic systems is presented in recent
books [2], [4]. It is known [1] that given a chaotic system and a reference signal,
a controller based on the reference signal can be designed so that the output of
the chaotic system follows the reference signal asymptotically. This result can
be used for the synchronization of two chaotic systems [1], [3]. The continuous
time chaotic system considered in this paper has the following form:

x′
1(t) = x2(t) (1)

x′
2(t) = f(x1(t), x2(t), t) + u(t) (2)

where ′ denotes the derivative, f is a nonlinear function and u(t) is the control
signal. The goal of the control is to define u(t) so that the output x2(t) of the
chaotic system follows a given reference signal y(t) asymptotically.
We define the error between the output and the reference signals:

e(t) = x1(t) − y(t) (3)

The aim is to design a controller u(t) so that:

|e(t)| → 0 as t → ∞ (4)
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The controller in [1] is based on the reference signal and its first and second
derivatives:

u(t) = −f(x1(t), x2(t), t) − c1x1(t) − c2x2(t) + y′′(t) + c2y
′(t) + c1y(t) (5)

It is proven that the following second order homogeneous differential equation
holds:

e′′(t) + c2e
′(t) + c1e(t) = 0 (6)

and that the relation (4) is true when the coefficients c1 and c2 are positive
real numbers. The initial conditions of (6) are:

e(0) = x1(T ) − y(T ) (7)

e′(0) = x2(T ) − y′(T ) (8)

where the control is turned on at time t = T .
Then, it is obvious that the convergence time of the controller in (5) depends
on:

• the initial conditions of the chaotic system x1(0) and x2(0)

• the initial values of the reference signal y(0) and its derivative y′(0)

• the time T the control is turned on

• the choice of the two coefficients c1 and c2.

In this paper, the recent results [1] are extended significantly. Namely,
the optimal controller that minimizes the convergence time is obtained. In
section 2, we propose a controller that minimizes the convergence time. Sim-
ulation results are presented in section 3. Finally, section 4 summarizes the
conclusions.

2 Controller Design

The controller proposed in this section is based on the reference signal and its
first and second derivatives:

u(t) = −f(x1(t), x2(t), t) − cx2(t) + y′′(t) + cx′(t) (9)

Then the following differential equation holds:

e′′(t) + ce′(t) = 0 (10)

The solution of the differential equation (10) is:

e(t) = A + Be−ct (11)
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and
|e(t) − A| → 0 as t → ∞ (12)

when the coefficient c is a positive real number.
The initial conditions of (10) are:

e(0) = x1(T ) − y(T ) = A + B (13)

e′(0) = x2(T ) − y′(T ) = −Bc (14)

where the control is turned on at time t = T .
It is obvious that the convergence time of the controller proposed in (9) depends
on:

• the initial conditions of the chaotic system x1(0) and x2(0)

• the initial values of the reference signal y(0) and its derivative y′(0)

• the time T the control is turned on

• the choice of the coefficient c.

In fact, for any c > 0 we determine the parameters A and B:

A = e(0) +
e′(0)

c
(15)

B = −e′(0)

c
(16)

It is well known that the function

|e(t) − A| = |B|e−ct (17)

is a decreasing function of t and

e(t) → A (18)

when
|B|e−ct ≤ ε (19)

where ε (a small positive real number) is the convergence criterion.
The convergence time tconv depends on the constant c and is reached when

|B|e−ctconv = ε (20)

from where we have:

tconv(c) =
ln |e′(0)|

cε

c
(21)
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which means that the convergence time is a-priori known. The minimization
of the convergence time leads to the optimal selection of c:

copt =
|e′(0)|

ε
(22)

For this optimal selection of c, we can determine the parameters A and B
through (15) and (16) and

x1(t) → y(t) + A (23)

immediately, i.e. at time
tconv(copt) = 0 (24)

Then, we have to subtract the known parameter A from the output x1(t) of
the chaotic system in order to get the given reference signal y(t).

The proposed controller in (9) has two advantages compared to the con-
troller in (5): First, the implementation of the proposed controller in (9) is
simpler than the implementation of the corresponding controller in (5). Sec-
ond, the convergence time of the proposed controller in (9) is a-priori known,
while this is not true for the controller in (5).
Remark.
Selecting the coefficient c = c0 > 0 in the proposed controller in (9) such that:

c0 = −e′(0)

e(0)
(25)

we can determine the parameters A and B:

A = 0 (26)

B = e(0) (27)

Then
e(t) → A = 0 (28)

that means that the output of the chaotic system converges to the given ref-
erence signal:

x1(t) → y(t) (29)

and the convergence time is a-priori known:

tconv(c0) =
ln |e′(0)|

c0ε

c0
= − e(0)

e′(0)
ln

|e(0)|
ε

(30)

The limitation of the above approach means that the following relation must
hold:

e′(0)e(0) < 0 (31)

In fact, this limitation does not seem to be a problem, since we can turn on
the control at time t = T such that the relation in (25) holds.
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3 Simulation Results

The results obtained in Section 2 are confirmed through simulation results.
Example 1. The chaotic system considered in this example is taken from [1]
and is given by:

x′
1(t) = x2(t) (32)

x′
2(t) = f(x1(t), x2(t), t) + u(t) = −0.5x1(t) + u(t) (33)

The free-running system is to be controlled with the sinusoidal reference signal:

y(t) = sin(0.2t) (34)

The control signal in (9) is used with

c0 = 2.713 (35)

and the control is turned on at time t = 100. The simulation results are shown
in figure 1. The reference signal is the solid line and the output of the system
to be controlled is the dashed line.
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Figure 1: Control of chaotic system. Example 1.

Example 2. The chaotic system considered in this example is given by:

x′
1(t) = x2(t) (36)

x′
2(t) = f(x1(t), x2(t), t) + u(t) = −0.5x1(t) + sin(0.4t) + u(t) (37)
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The free-running system is to be controlled with the sinusoidal reference signal
in (9). The control signal in (34) is used with

c0 = 1.206 (38)

and the control is turned on at time t = 100. The simulation results are shown
in figure 2. The reference signal is the solid line and the output of the system
to be controlled is the dashed line.
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Figure 2: Control of chaotic system. Example 2.

4 Conclusions

Given a chaotic system and a reference signal, a controller is proposed so that
the output of the chaotic system converges fast to the reference signal; this
result is confirmed through simulation examples.
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