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Abstract

In the evaluation of the decision making units (DMUs) by using
radius and non-radius ordinary models in data envelopment analysis
(DEA), the projected point can be regarded as a target point. How-
ever, in practical problems, there often exist restrictions that make it
impossible to use these projected points as target units and each prac-
tical problem according to its special situations needs an appropriate
model for finding target units. One of the situations that might happen
in practice is the case that aggregate some outputs are restricted or DM
wants to decrease the summation of some outputs of decision making
units. In this paper these problems are being dealt with and a model is
proposed that solves them.
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1 Introduction

Data Envelopment Analysis (DEA) by Charnes, Cooper and Rhodes [1978] is
a method for evaluating the relative efficiency of comparable Decision Making
Units (DMU). DEA forms a production possibility frontier, or an efficient
surface. If a DMU lies on the surface, i.e. there is no other DMU that
can either produce the same outputs by consuming less inputs (input oriented
DEA) or produce more outputs by consuming the same amount of inputs (out-
put oriented DEA), it is referred to as an efficient unit, otherwise inefficient.
DEA also provides efficiency scores and reference units for inefficient DMUs.
The efficiency score tells the percentage by which a DMU should decrease its
inputs (input oriented DEA) or increase its outputs (output oriented DEA)
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in order to become efficient. Reference units are hypothetical units on the
efficient surface which can be considered as target units for inefficient units.
They are in the traditional DEA obtained by projecting an inefficient DMU
radially to the efficient surface.

However, from a managerial point of view it is possible that some other
solution on the efficient surface may be a more preferable target, i.e. there
exists an input-output mix that is more suitable for the inefficient unit than the
one obtained through radial projection. One line of research in DEA focuses
on finding these targets for inefficient DMUs (Golany [1988], Thanassoulis
and Dyson [1992] and Zhu [1996]). The DMU can use the targets as goals or
benchmarking units when working its way toward efficiency.

In Golany [1988] a set of hypothetical reference units is generated and pre-
sented to the DMU . The DMU may choose one of them to be a target, or new
reference units may be generated. In Thanassoulis and Dyson [1992] the DMU
may articulate its preferences as a set of preference weights over improvements
for different input-output levels, or as an ideal target (not necessarily opti-
mal nor feasible). The target corresponding to the preference weights or the
ideal target is then calculated. In the model by Zhu [1996], DMU articulates
its preferences as weights reflecting the relative degree of desirability of the
potential adjustments of current input or output levels.

One of the situations that may happen in practice is the case that we have
limitation in some outputs and the summations of some outputs of DMUs are
bounded. This means that DMUs can not be free in choosing target units
and they also influence other DMUs. The other situations that may happen
in practice, is the case that DM wants to decrease the summation of outputs
of his DMUs. For instance assume that a manager of a manufactory wants to
decrease the aggregate productions of his product units and he wants to know
how to identify target units for his product units.

In this paper we present an approach that solves both above problems and
we propose a model that is able to identify target units for DMUs in the case
that the summations of some outputs of DMUs are bounded.

The rest of the paper is organized as follows. Section 2 reviews the weight-
based general preference structure by Thanassoulis and Dyson. Section 3 in-
troduces our proposed model, and in 4th a numerical example is presented.

2 Weight-based general preference structure

by Thanassoulis and Dyson

The paper of Thanassoulis and Dyson (1992) presented model for non-radial
projection that incorporate the preference of the DM in relation to the im-
provement of input-output levels by using Weight assignment.
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The model deals with the case in which the inputs and outputs are divided
into two categories: those that the DM wishes to improve, and those that
DM wishes to maintain at their current levels.

Suppose we have a set of n DMUs. Each DMUj(j = 1, 2, ..., n) produces
s different outputs yrj(r = 1, 2, ..., s) by utilizing m different inputs xij(i =
1, 2, ..., m).

max
∑
r∈Ro

wy
rϕr −

∑
i∈Io

wx
i θi + ε

⎛
⎝∑

i∈Īo

s−i +
∑
r∈R̄o

s+
r

⎞
⎠

s.t.

n∑
j=1

λjyrj ≥ ϕryrk, r ∈ Ro

n∑
j=1

λjxij ≤ θixik, i ∈ Io

n∑
j=1

λjyrj − s+
r = yrk, r ∈ R̄o

n∑
j=1

λjxij + s−i = xik, i ∈ Īo

ϕr ≥ 1, ∀r ∈ Ro

θi ≤ 1, ∀i ∈ Io

λj ≥ 0, j = 1, ..., n
s−i ≥ 0, ∀i ∈ Īo, s+

r ≥ 0, ∀r ∈ R̄o ε > 0

(1)

ε > 0 is a ”non-Archimedean element” that defined to be smaller than any
positive real.

Where Īo ∪ Io = {1, 2, ..., m} and R̄o ∪ Ro = {1, 2, ..., s} in which Īo ⊂
{1, 2, ..., s} and R̄o ⊂ {1, 2, ..., s} are the sets of inputs and outputs indices,
respectively, whose levels may change. The Importance designed by the DM
for each input and output is represented in the models for weights wy

r and wx
i .

The multiplier ϕr gives the output r the increment, and θi gives the input
i reduction. If there is a solution in which ϕr = 1 and θi = 1, ∀r ∈ Ro,
∀i ∈ Io s+∗

r = 0 and s−∗
i = 0 ,∀i ∈ Īo , ∀r ∈ R̄o then DMUk is Pareto

efficient; otherwise, DMUk would be inefficient and its target would be:

y′′
rk = ϕr

∗yrk, ∀r ∈ Ro

y′′
rk = yrk + s+∗

r , ∀r ∈ R̄o

x′′
ik = θ∗i xik, ∀i ∈ Io

x′′
ik = xik − s−∗

i , ∀i ∈ Īo

These target units are obtained through efficient units, as well as their
combination.
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Now let us assume that the DM wishes to improve all inputs and outputs
and we have wx = (wx

1 , w
x
2 , ..., w

x
m) and wy = (wy

1 , w
y
2 , ..., w

y
s) as DM-specified

weighting vectors. (at least one of the weights has to be strictly positive)so
model (1) is transformed to the following model.

max

s∑
r=1

wy
rϕr −

m∑
i=1

wx
i θi

s.t.
n∑

j=1

λjyrj ≥ ϕryrk, r = 1, ..., s

n∑
j=1

λjxij ≤ θixik, i = 1, ..., m

ϕr ≥ 1, ∀r, θi ≤ 1, ∀i, λj ≥ 0, ∀j

(2)

3 Target setting in the case of bounded aggre-

gate outputs

Assume that we have n DMUs and DM has specified a positive vector A, A =
(A1, A2, ..., As), as upper bound for summation of output vectors of target
units, corresponding to our DMUs.

In order to construct proposed model, first consider model (2) for each
DMUk(k = 1, 2, ..., n). with combining these n models corresponding to
each DMUk(k = 1, 2, ..., n), we will have a model which its objective func-
tion is the sum of the objective functions of models (2) corresponding to
DMUk(k = 1, 2, ..., n). Since we have had purpose, that the summation of
the output vectors not to be greater than positive vector A, we add sets of
below constraints to our model.

n∑
k=1

n∑
j=1

λkjyrj ≤ Ar, r = 1, ..., s

Therefore we have following model:
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max

n∑
k=1

(

s∑
r=1

wy
rϕr −

m∑
i=1

wx
i θi)

s.t.
n∑

j=1

λkjyrj ≥ ϕrkyrk, k = 1, ..., n, r = 1, ..., s (a)

n∑
j=1

λkjxij ≤ θikxik, k = 1, ..., n, i = 1, ..., m (b)

n∑
k=1

n∑
j=1

λkjyrj ≤ Ar, r = 1, ..., s, (c)

ϕrk ≥ 1, ∀r, k, θik ≤ 1, ∀i, k, λkj ≥ 0, ∀k, j

(3)

Where the vectors λk = (λk1, λk2, ..., λkn)T and ϕk = (ϕ1k, ϕ2k, ..., ϕsk)
T ,

θk = (θ1k, θ2k, ..., θmk)
T correspond to DMUk.

Note that for vector A , A = (A1, A2, ..., As)
T we have two cases:

case 1: A ≥ ∑n
j=1 Yj ,where Yj = (y1j, y2j, ..., ysj)

T .
in this case model (3) is feasible.
case 2: A ≤ ∑n

j=1 Yj & A �= ∑n
j=1 Yj,where Yj = (y1j, y2j, ..., ysj)

T .
in this case model (3) is infeasible.

Preposition 1: model (3) is feasible for each vector A that A ≥ ∑n
j=1 Yj,

where Yj = (y1j , y2j, ..., ysj)
T .

Proof: by setting

θ̄ik = 1 for each k = 1, ..., n, i = 1, ..., m
ϕ̄rk = 1 for each k = 1, ..., n, r = 1, ..., s

λ̄kj =

{
1 k = j
0 k �= j

for each k = 1, ..., n, j = 1, ..., n

We have clearly feasible solution to the model (3).�

Preposition 2: at optimality the set of constraints (b) in model (3) are
binding.

proof: assume that we have

θ∗ik i = 1, ..., m, k = 1, ..., n
ϕ∗

rk r = 1, ..., s, k = 1, ..., n
λ∗

kj k = 1, ..., n, j = 1, ..., n,

with objective value z∗ as optimal solution to the model (3).
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Now, suppose on contrary that set of constraints (a) are not binding, with-
out loss of generality, assume that ∃p(1 ≤ p ≤ n) and ∃q(1 ≤ q ≤ m) so that,∑n

j=1 λ∗
pjxqj < θ∗qpxqp and in addition,

�n
j=1 λ∗

pjxqj

xqp
< θ∗qp. Then, it is obvious that

there exists θ̂qp which θ̂qp =
�n

j=1 λ∗
pjxqj

xqp
< θ∗qp, so we have

∑n
j=1 λ∗

pjxqj < θ̂qpxqp.

Now we define a feasible solution to the model (3) as follows:

θ̂ik =

{ �n
j=1 λ∗

kjxij

xik
(i = q ∧ k = p)

θ∗ik otherwise
for each i = 1, ..., m, k = 1, ..., n

ϕ̂rk = ϕ∗
rk for each r = 1, ..., s, k = 1, ..., n

λ̂kj = λ∗
kj for each k = 1, ..., n, j = 1, ..., n

Assume that ẑ is value of objective function corresponding to above feasible
solution. Now, we have ẑ − z∗ = −θ̂qp − (−θ∗qp) > 0 and hence ẑ > z∗ and this
is contradiction, since we have assumed that is optimal value to model (3).�

Note that because of presence of the set of constraints (c), the set of con-
straints (a) may not be tight at optimality. Therefore, we add a slack variable
for each constraint in set of constraints (a) and add the summation of these
slacks with the multiple ε(ε > 0 is a ”non-Archimedean element” defined to
be smaller than any positive real number. This means that e is not a real
number) to the objective function of model (3) and we modify model (3) as
follows:

max
n∑

k=1

(
s∑

r=1

wy
rϕr −

m∑
i=1

wx
i θi) + ε

n∑
k=1

s∑
r=1

srk

s.t.

n∑
j=1

λkjyrj − srk = ϕrkyrk, k = 1, ..., n, r = 1, ..., s, (a)

n∑
j=1

λkjxij = θikxik, k = 1, ..., n, i = 1, ..., m, (b)

n∑
k=1

n∑
j=1

λkjyrj ≤ Ar, r = 1, ..., s, (c)

λkj, srk ≥ 0, ∀k, r, j, θik ≤ 1 ∀i, k, ϕrk ≥ 1, ∀r, k,

(4)

And after we solve above model, the target unit corresponding to DMUk(k =
1, 2, ..., n), According to specified-vector A, would be:

y′′
rk = ϕ∗

ryrk − s∗rk =

n∑
j=1

λ∗
kjyrj r = 1, ..., s,

x′′
ik = θ∗i xik, i = 1, ..., m
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We have to mention if DM wants that the summation of the outputs of the
target units of some component of outputs vector not to be bounded, it is suf-
ficient that DM eliminates the constraints corresponding to these component
from the set of constraints (c) in model (3) and (4). Indeed, this is equivalent
with the case that That DM specifies the upper bound of this component of
outputs vector with a large positive number.

Now in next stage we want to modify model (4) to a model, which is
feasible for any choice of positive vector A as a upper bound for summation of
the outputs vector of DMUs. For this purpose we add a set of positive variable
nrk r = 1, 2, ..., s, k = 1, 2, ..., n to model and we penalize them with large
positive M in objective function, as follows:

max −M

n∑
k=1

s∑
r=1

nrk +

n∑
k=1

(

s∑
r=1

wy
rϕr −

m∑
i=1

wx
i θi) + ε

n∑
k=1

s∑
r=1

srk

s.t.
n∑

j=1

λkjyrj − srk = ϕrkyrk, k = 1, ..., n, r = 1, ..., s, (a)

n∑
j=1

λkjxij = θikxik, k = 1, ..., n, i = 1, ..., m, (b)

n∑
k=1

n∑
j=1

λkjyrj ≤ Ar, r = 1, ..., s, (c)

ϕrk + nrk ≥ 1, k = 1, ..., n, r = 1, ..., s, (d)
θik ≤ 1, k = 1, ..., n, i = 1, ..., m, (e)
λkj ≥ 0, k = 1, ..., n, j = 1, ..., n, (f)
nrk ≥ 0, k = 1, ..., n, r = 1, ..., s, (g)
srk ≥ 0, k = 1, ..., n, r = 1, ..., s, (h)

(5)

The target unit which corresponds to DMUk(k = 1, 2, ..., n), is:

y′′
rk = ϕ∗

ryrk − s∗rk =
n∑

j=1

λ∗
kjyrj r = 1, 2, ..., s,

x′′
ik = θ∗i xik, i = 1, 2, ..., m

Preposition 3: model (5) for each positive vector A is feasible:

we have two cases for positive vector A:

case 1: A ≥ ∑n
j=1 Yj, where Yj = (y1j, y2j, ..., ysj)

T .

proof: by setting
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θ̄ik = 1 for each k = 1, ..., n, i = 1, ..., m
ϕ̄rk = 1 for each k = 1, ..., n, r = 1, ..., s

λ̄kj =

{
1 k = j
0 k �= j

for each k = 1, ..., n, j = 1, ..., n

n̄rk = 0 for each k = 1, ..., n, r = 1, ..., s
s̄rk = 0 for each k = 1, ..., n, r = 1, ..., s

We have clearly a feasible solution to the model (5).

case 2: A ≤ ∑n
j=1 Yj & A �= ∑n

j=1 Yj .

Since A ≤ ∑n
j=1 Yj&A �= ∑n

j=1 Yj, for each r(r = 1, 2, ..., s) we have∑n
j=1 yrj ≥ Ar. Moreover, for each r(r = 1, 2, ..., s) there exists positive scaler

tr so that
∑n

j=1 yrj − tr = Ar. Furthermore, since for each r(r = 1, 2, ..., s)
we have

∑n
j=1 yrj = Ar + tr. Hence, for each r(r = 1, 2, ..., s) we have∑n

j=1 yrj ≥ tr.

Now for each r(r = 1, 2, ..., s) we set γr = tr�n
j=1 yrj

≤ 1(note that since∑n
j=1 yrj > 0, we have γr ≥ 0.) and also we define: γ = max{γr | r =

1, 2, ..., s}. And because for each r(r = 1, 2, ..., s) we have tr = γr

∑n
j=1 yrj,

this imply

Ar =
n∑

j=1

yrj − tr =
n∑

j=1

yrj − γr

n∑
j=1

yrj = (1 − γr)
n∑

j=1

yrj

And consequently according to definition of γ we have:

(1 − γ)
n∑

j=1

yrj ≤ (1 − γr)
n∑

j=1

yrj = Ar

Now we construct a feasible solution as follows:

θ̄ik = 1 − γ for each k = 1, ..., n, i = 1, ..., m
ϕ̄rk = 1 − γ for each k = 1, ..., n, r = 1, ..., s

λ̄kj =

{
1 − γ k = j

0 k �= j
for each k = 1, ..., n, j = 1, ..., n

n̄rk = γ for each k = 1, ..., n, r = 1, ..., s
s̄rk = 0 for each k = 1, ..., n, r = 1, ..., s

Now we show that the above feasible solution satisfies in constraints of
model (5).

For set of constraints (a) we have:
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n∑
j=1

λ̄kjyrj − s̄rk = λ̄kkyrk − 0 = (1 − γ)yrk = ϕ̄rkyrk k = 1, ..., n, r = 1, ..., s

And for set of constraints (b) we have:

n∑
j=1

λ̄kjxij = λ̄kkxik = (1 − γ)xik = θ̄ikxik k = 1, ..., n, i = 1, ..., m

And for set of constraints (c) we have:

n∑
k=1

n∑
j=1

λ̄kjyrj =

n∑
k=1

λ̄kkyrk =

n∑
k=1

(1 − γ)yrk ≤
n∑

k=1

(1 − γr)yrk = Ar r = 1, ..., s

And for set of constraints (d) we have:

ϕ̄rk + n̄rk ≥ 1 = (1 − γ) + γ = 1 ≥ 1 k = 1, ..., n, r = 1, ..., s

And for set of constraints (e) we have:

θik = 1 − γ ≤ 1 k = 1, ..., n, i = 1, ..., m

And for set of constraints (f) we have:

λ̄kj =

{
1 − γ ≥ 0 k = j

0 k �= j
k = 1, 2, ..., n, r = 1, ..., s

And for set of constraints (g) we have:

n̄rk = γ ≥ 0 k = 1, ..., n, r = 1, ..., s

And finally for set of constraints (h) we have:

s̄rk = 0 ≥ 0 k = 1, ..., n, r = 1, ..., s

Therefore model (5) is feasible.�
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Preposition 4:if A ≥ ∑n
j=1 Yj in model (5), then we have at n∗

rk = 0
optimality for each k = 1, 2, ..., n, r = 1, 2, ..., s.

Proof: assume that we have solved model (5) and we have below feasible
solution with objective value z∗ as optimal solution to the model (5).

θ∗ik i = 1, ..., m, k = 1, ..., n
ϕ∗

rk r = 1, ..., s, k = 1, ..., n
λ∗

kj k = 1, ..., n, j = 1, ..., n,
n∗

rk r = 1, ..., s, k = 1, ..., n
s∗rk r = 1, ..., s, k = 1, ..., n

Suppose on contrary there exist just a n∗
pq(p ∈ {1, 2, ..., s}, q ∈ {1, 2, ..., k}),

so that n∗
pq > 0. Now, we construct a feasible solution to the model (5) as

follows:

θ̄ik = 1 for each k = 1, ..., n, i = 1, ..., m
ϕ̄rk = 1 for each k = 1, ..., n, r = 1, ..., s

λ̄kj =

{
1 k = j
0 k �= j

for each k = 1, ..., n, j = 1, ..., n

n̄rk = 0 for each k = 1, ..., n, r = 1, ..., s
s̄rk = 0 for each k = 1, ..., n, r = 1, ..., s

with objective value z =
∑n

k=1 (
∑s

r=1 wy
r ϕ̄rk −

∑m
i=1 wx

i θ̄ik).

Since z∗ = −Mn∗
pq +

∑n
k=1 (

∑s
r=1 wy

rϕ
∗
rk −

∑m
i=1 wx

i θ∗ik) + ε
∑n

k=1

∑s
r=1 s∗rk

is optimal value of model (5), we have z∗ ≥ z̄ and so,

−Mn∗
pq +

n∑
k=1

(

s∑
r=1

wy
rϕ

∗
rk −

m∑
i=1

wx
i θ

∗
ik) + ε

n∑
k=1

s∑
r=1

s∗rk ≥
n∑

k=1

(

s∑
r=1

wy
r ϕ̄rk −

m∑
i=1

wx
i θ̄ik)

and, therefore,

M ≤

n∑
k=1

(

s∑
r=1

wy
rϕ

∗
rk −

m∑
i=1

wx
i θ∗ik) + ε

n∑
k=1

s∑
r=1

s∗rk −
n∑

k=1

(

s∑
r=1

wy
r ϕ̄rk −

m∑
i=1

wx
i θ̄ik)

n∗
pq

And this is contradiction, because we have assumed M is large positive
number.�

4 Numerical example

Consider 6 DMUs with two outputs and two inputs(Table(1)).
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units DMU1 DMU2 DMU3 DMU4 DMU5 DMU6
Input1 3 4 6 9 13 10
Input2 2 6 7 4 8 13
Output1 1 4 7 9 10 3
Output2 7 6 9 10 11 10

Table (1). values of inputs and outputs

With assuming wx = (1, 1) and wy = (1, 1), model (5) is applied to DMUs
of table(1) in two following cases:

case 1: A = (38.59)T

case 2: A = (12, 15)T

And two below tables show the target units that model (5) provides for
DMUs of table(1).

units DMU1 DMU2 DMU3 DMU4 DMU5 DMU6
Input1 3 4 6 9 10 9.75
Input2 2 3.52 7 4 4.44 5.25
Output1 1 4 7 9 10 7
Output2 7 6 9 10 11.11 15.89

Table (2). values of inputs and outputs of target unit in case 1

units DMU1 DMU2 DMU3 DMU4 DMU5 DMU6
Input1 1.06 4 5.20 0 0 3.90
Input2 0.49 3.52 3.20 0 0 2.40
Output1 1 4 4 0 0 3
Output2 1.30 6 4.40 0 0 3.30

Table (3). values of inputs and outputs of target unit in case 2

As it is considered in above tables, since in case 1 we have A >
∑6

j=1 Yj , this
imply at optimally n∗

rk = 0 for each k = 1, 2, ..., n, r = 1, 2, ..., s. Therefore,
model (5) didn’t decrease any outputs of DMUs. Whereas, in case 2 we
have A <

∑6
j=1 Yj. Hence, model (5) decreased some of outputs of DMUs.

In addition, model (5) has preferred some DMUs not to work (DMU4 and
DMU5 in table(3)).

5 Conclusion

In this paper we have presented an approach that deals with the situations in
which we have limitation in some outputs and the summations of some outputs
of DMUs are bounded or the case that DM wants to decrease some of outputs.
It is obvious that in these situations DMUs can not choose their target units
freely. therefore, we have proposed a model that is able to identify target units
for DMUs in the case that the summation of outputs vectors corresponding
to DMUs is bounded by arbitrary positive vector which is specified by DM .

We have to mention that since the numbers of constraints and variables in
our proposed model is high, the computation complexity of proposed model is
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high. Hence, it is better to propose models that contain less constraints and
variables.
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