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Abstract. Recently, Cangul et al. [I.N. Cangul, H. Ozden and Y. Sim-
sek, Generating functions of the (h, q) extension of twisted Euler polynomials
and numbers, Acta Math. Hungar. 120(3) (2008), 281-299] constructed new
generating functions of the twisted (h, q)-Euler numbers and polynomials at-
tached to a Dirichlet character χ. They also constructed the partially twisted
(h, q)-zeta function. They suggested the question to find a p-adic twisted in-

terpolation function of the generalized twisted (h, q)-Euler numbers, E
(h)
n,χ,ξ(q),

at negative integers. In this paper, we give the partial answer for the question
of them. We find the p-adic twisted interpolation functions, which interpolate
the generalized twisted (h, q)-Euler numbers at negative integers. Moreover,
we also give the Kummer type’s congruence.
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1. Introduction

Many mathematicians have studied q-Euler numbers and q-Euler polyno-
mials (cf. [1]-[31]). The twisted q-Euler numbers and q-Euler polynomials
have been studied by several authors (cf. [1]-[4], [14], [19]-[24], [26]-[30]). Sim-
sek [26] constructed generating functions of q-generalized Euler numbers and
polynomials and twisted q-generalized Euler numbers and polynomials. Kim
et al. [14] constructed the q-twisted Euler numbers and polynomials, by using
p-adic invariant integral on Zp in the fermionic sense and defined interpola-
tion functions at negative integers. Ozden et al. studied a (h, q)-extension of
Euler numbers and polynomials (cf. [19]-[22]). In [18], the first author et al.
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gave the twisted q-Euler zeta function associated with twisted q-Euler numbers
and obtain the q-Euler’s identity. They also have a q-extension of the Euler
zeta function for negative integers and the q-analogue of twisted Euler zeta
function.

Recently, Cangul, Ozden and Simsek [1] constructed new generating func-
tions of the twisted (h, q)-Euler numbers and polynomials attached to a Dirich-
let character χ related to [20]. They defined twisted (h, q)-extension of zeta
functions and l-functions. They also constructed the partially twisted (h, q)-
zeta function and give some relations between the partially twisted (h, q)-
zeta function and twisted (h, q)-extension of Euler numbers. They suggested
the question to find a p-adic twisted interpolation function of the generalized

twisted (h, q)-Euler numbers, E
(h)
n,χ,ξ(q), at negative integer. In this paper, we

give the partial answer for the question of them, which is suggested in [1].
Let p be a fixed odd prime number. Throughout this paper Zp, Qp, C and Cp

will the ring of p-adic rational integers, the field of p-adic rational numbers, the
complex number field and the p-adic completion of the algebraic closure of Qp,
respectively. The p-adic absolute value in Cp is normalized so that |p |p = 1

p
.

When one talks of q-extension, q is variously considered as an indeterminate,
a complex number q ∈ C, or a p-adic number q ∈ Cp. If q ∈ C, we assume that

|q| < 1. If q ∈ Cp, we assume that |1 − q|p < p−
1

p−1 so that qx = exp(x log q)
for each |x|p ≤ 1. We use the notation

[x]q =
1 − qx

1 − q

for all x ∈ Zp.
For a fixed odd positive integer d with (p, d) = 1, let

X = Xd = lim←−n
Z/dpnZ, X1 = Zp,

X∗ = ∪
0<a<dp
(a,p)=1

(a + dp Zp),

a + dpnZp = {x ∈ X| x ≡ a (mod dpn)},
where a ∈ Z lies in 0 ≤ a < dpn. The distribution is defined by

μq(a + dpnZp) =
qa

[dpn]q
.

We say that f is a uniformly differentiable function at a point a ∈ Zp and
denote this property by f ∈ UD(Zp), if the difference quotients Ff(x, y) =
f(x)−f(y)

x−y
have a limit l = f ′(a) as (x, y) → (a, a).

In [5] and [8], the p-adic invariant q-integral is defined by Kim as

Iq(f) =

∫
�p

f(x)dμq(x) = lim
n→∞

1

[pn]q

pn−1∑
x=0

f(x)qx,
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for f ∈ UD(Zp). He defined the fermionic p-adic q-measures on Zp as

μ−q(a + dpnZp) =
(−q)a

[dpn]−q

,

and the fermionic p-adic invariant q-integral on Zp as

I−q(f) =

∫
�p

f(x)dμ−q(x) = lim
n→∞

1

[pn]−q

pn−1∑
x=0

f(x)(−q)x,

for f ∈ UD(Zp), by using the notation [x]−q = 1−(−q)x

1+q
for all x ∈ Zp.

In section 2, we find the p-adic twisted interpolation functions, which in-
terpolate the generalized twisted (h, q)-Euler numbers at negative integers.
Moreover, we also give the Kummer type’s congruence.

2. A note on the q-analogs of the twisted p-adic l-functions

Let N be the set of natural numbers and Z+ = N ∪ {0}. For n ∈ N, let
Cpn = {ω|ωpn

= 1} be the cyclic group of order pn. Let Tp be the p-adic
locally constant space defined by

Tp = ∪
n≥1

Cpn = lim
n→∞

Cpn.

For ξ ∈ Tp, the twisted (h, q)-Euler numbers E
(h)
n,ξ (q) are defined by Cangul-

Ozden-Simsek [1] as

F
(h)
ξ,q (t) =

2

ξqhet + 1
=

∞∑
n=0

E
(h)
n,ξ (q)

tn

n!
,

where h ∈ Z.
The fermionic p-adic invariant integral on Zp is known that

I−1(f) =

∫
�p

f(x)dμ−1(x) = lim
n→∞

pn−1∑
x=0

f(x)(−1)x.(1)

Thus we note that

I−1(f1) + I−1(f) = 2f(0),(2)

where f1(x) = f(x + 1). From (1) and (2), we derive
∫
�p

ξxqhxextdμ−1(x) =
2

ξqhet + 1
=

∞∑
n=0

E
(h)
n,ξ (q)

tn

n!
.(3)

In [1], the twisted (h, q)-Euler polynomials are defined as
∫
�p

ξxqhxet(z+x)dμ−1(x) =
2

ξqhet + 1
etz =

∞∑
n=0

E
(h)
n,ξ (z, q)

tn

n!
,(4)
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where h ∈ Z. By (3) and (4), we see that

∫
�p

ξxqhxxndμ−1(x) = E
(h)
n,ξ (q),(5)

∫
�p

ξxqhx(z + x)ndμ−1(x) = E
(h)
n,ξ (z, q),(6)

which are the twisted versions of Witt’s formula for E
(h)
n,ξ (q) and E

(h)
n,ξ (z, q),

respectively.
Let χ be a Dirichlet Character of odd conductor d ∈ N. Then the generalized

twisted (h, q)-Euler numbers are defined by means of the generating functions

of E
(h)
n,χ,ξ(q), which are defined by Cangul-Ozden-Simsek as follows:

F
(h)
χ,ξ,q(t) =

∫
X

χ(x)ξxqhxextdμ−1(x)

= 2
d−1∑
a=0

(−1)aχ(a)ξaqhaeat

ξdqdhedt + 1
(7)

=

∞∑
n=0

E
(h)
n,χ,ξ(q)

tn

n!
.

Thus we note

E
(h)
n,χ,ξ(q) =

∫
X

χ(x)ξxqhxxndμ−1(x),(8)

which is the Cangul-Ozden-Simsek’s formula.
In [1], Cangul-Ozden-Simsek suggested the question to find a p-adic twisted

interpolation function of the generalized twisted (h, q)-Euler numbers, E
(h)
n,χ,ξ(q),

at negative integer.
Now we try to give the partial answer for the question of them, which is

suggested in [1].
Let ω be the Teichmüller charcter with conductor p and let

< x >=
x

ω(x)
.

For s ∈ Zp, we consider the p-adic twisted interpolation function, which in-
terpolates the generalized twisted (h, q)-Euler numbers at negative integers as
follows:

l
(h)
E,ξ,p,q(s, χ) = 2

∞∑
n=1

(n,p)=1

(−1)nqnhχ(n)ξn

< n >s
.(9)
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For s = −k in (9), we can derive

l
(h)
E,ξ,p,q(−k, χωk) = 2

∞∑
n=1

(n,p)=1

(−1)nqnh(χωk)(n)ξn

< n >−k

= 2
∞∑

n=1
(n,p)=1

(−1)nqnhχ(n)ξnnk

= 2
∞∑

n=1

(−1)nqnhχ(n)ξnnk − 2
∞∑

n=1

(−1)npqnphχ(np)ξnp(np)k(10)

= 2

∞∑
n=1

(−1)nqnhχ(n)ξnnk − 2

∞∑
n=1

(−1)n(qp)nhχ(n)χ(p)(ξp)nnkpk

= 2
∞∑

n=1

(−1)nqnhχ(n)ξnnk − 2χ(p)pk
∞∑

n=1

(−1)n(qp)nhχ(n)(ξp)nnk.

The second equality follows from the fact < x >k= nk

ωk(n)
.

By Definition 4 and Theorem 13 in [1], we note that

E
(h)
k,χ,ξ(q) = l

(h)
E,ξ,q(−k, χ) =

∞∑
n=1

2(−1)nqnhχ(n)ξnnk.(11)

Therefore, we obtain the following theorem.

Theorem 1. Let s ∈ Zp and ξ ∈ Tp. Define

l
(h)
E,ξ,p,q(s, χ) = 2

∞∑
n=1

(n,p)=1

(−1)nqnhχ(n)ξn

< n >s
.

For k ∈ Z+, we have

l
(h)
E,ξ,p,q(−k, χωk) = E

(h)
k,χ,ξ(q) − pkχ(p)E

(h)
k,χ,ξp(q

p).

Note that Theorem 1 is a partial answer for the question of Cangul-Ozden-
Simsek, which is suggested in [1].

From (8), we have∫
pX

χ(x)ξxqhxxkdμ−1(x) = pkχ(p)E
(h)
k,χ,ξp(q

p).(12)

Hence, from the definition of the p-adic fermionic invariant integral on Zp, we
can easily derive the following formula∫

X∗
χ(x)ξxqhxxkdμ−1(x) = E

(h)
k,χ,ξ(q) − pkχ(p)E

(h)
k,χ,ξp(qp),(13)

where k ∈ Z+.
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For s ∈ Zp, we note that

l
(h)
E,ξ,p,q(s, χ) =

∫
X∗

< x >−s χ(x)ξxqhxdμ−1(x).(14)

Indeed,

l
(h)
E,ξ,p,q(−k, χωk) = E

(h)
k,χ,ξ(q) − pkχ(p)E

(h)
k,χ,ξp(q

p),(15)

where k ∈ Z+.
Now we will give the Kummer’s type congruence.

For | < x >p −1|p < p−
1

p−1 with x ∈ X∗, we obtain

< x >pn≡ 1 (mod pn).

From (14), we can derive

l
(h)
E,ξ,p,q(−k, χωk) =

∫
X∗

< x >k χ(x)ξxqhxdμ−1(x).(16)

Let k ≡ k′ (mod pn(p − 1)). Then we have

< x >k=< x >k′+pn(p−1)l≡< x >k′
(mod pn),(17)

where l ∈ Z+ = N ∪ {0}. By (16) and (17), we easily see that

l
(h)
E,ξ,p,q(−k, χωk) =

∫
X∗

< x >k′
χ(x)ξxqhxdμ−1(x).(18)

From (15) and (18), we note that

E
(h)
k,χ,ξ(q) − pkχ(p)E

(h)
k,χ,ξp(q

p) = E
(h)
k′,χ,ξ(q) − pk′

χ(p)E
(h)
k′,χ,ξp(q

p) (mod pn).

Therefore, we obtain the following theorem.

Theorem 2. (Kummer type’s congruence) For k ≡ k′ (mod pn(p − 1)), we
have

E
(h)
k,χ,ξ(q) − pkχ(p)E

(h)
k,χ,ξp(qp) = E

(h)
k′,χ,ξ(q) − pk′

χ(p)E
(h)
k′,χ,ξp(q

p) (mod pn).
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