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Abstract. Fixed point theory for set-valued maps was initiated by Nadler
[8] and has developed in different directions. In the present paper we extend
the theorem due to D.Klim and D.Wardowski [6]in a more general setting of
complete symmetric spaces. Further, we introduce a more general definition of
contraction of set - valued maps in symmetric spaces. In this setting we prove
a fixed point theorem for generalised contractions under certain restrictive
conditions on the semi-metric.This leads to generalisation of a result of Driss
El Moutawakil [7].
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1. Introduction

Fixed points of multivalued mappings were first studied by S.Kakutani in
1941 in the context of finite dimensional normed spaces.Investigations of the ex-
istence of fixed points of set - valued contractions in metic spaces were initiated
by S.B.Nadler [8] and subsequently by N.A.Asad, W.A.Kirk [1], N.Mizoguchi,
W.Takahashi [5], S.Reich [10], [11], Driss El Moutawakil [7] and D.Klim,
D.Wardowski [6]. In this paper we study fixed points of a larger class of
contractions on symmetric spaces under a restrictive conditions on the semi -
metric.

Let (X, d) be a metric space. Following Nadler [8] and others, we state below
the standard notations and definitions which are relevant in our context.

Let N(X) denote the collection of all nonempty subsets of X, C(X) the
set of all nonempty closed subsets of X, CB(X) denote the collection of all
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non - empty closed and bounded sunsets of X and K(X) denote the collec-
tion of all nonempty compact subsets of X. For A, B ∈ CB(X) let H(A, B)
= max{supb∈Bd(b, A); supa∈Ad(a, B)}. H is called the Hausdorff metric
induced by d. Also for x ∈ X and A ⊆ X d(x, A) = inf {d(x, a) : a ∈ A}.
Definition 1.1. An element x ∈ X is said to be a fixed point of a set- valued
map T : X → N(M), if x ∈ Tx. Denote Fix(T ) = {x ∈ X : x ∈ Tx}.
Definition 1.2. Let T : X → N(M). For α ∈ (0, 1] and x ∈ X, we denote

Ix
α = {y ∈ Tx : αd(x, y) ≤ d(x, Tx)}

Definition 1.3. A map f : X → R is called lower semi-continuous, if for
any sequence {xn}∞n=1 in X and x ∈ X such that xn → x, we have

f(x) ≤ lim inf
n→∞

f(xn).

Definition 1.4. Let X be a non-empty set.A symmetric on a set X is a real
valued function d : X × X → R such that

(i). d(x, y) ≥ 0, ∀x, y ∈ X.
(ii). d(x, y) = 0 ⇔ x = y.
(iii). d(x, y) = d(y, x).

Let d be a symmetric on a set X. Let B(x, ε)={y ∈ X : d(x, y) < ε}. A
topology t(d) on X is given by U ∈ t(d) if and only if for each x ∈ U, B(x, ε) ⊂ U
for some ε > 0 .

A symmetric d is a semi-metric if for each x ∈ X and each∈> 0, B(x, ε) is a
neighborhood of x in the topology t(d).There are several concepts of complete-
ness in this setting. A sequence is a d-Cauchy if it satisfies the usual metric
condition.

Definition 1.5. Let (X, d) be a symmetric (semi-metric) space.

(i). (X, d) is S-Complete if for every d-Cauchy sequence {xn} there exists x
in X with lim d(xn, x) = 0.

(ii). (X, d) is d-Cauchy Complete if for every d-Cauchy sequence {xn} there
exists x in X with lim xn = x with respect to t(d).

(iii). S : X → X is d-Continuous if lim d(xn, x) = 0 implies
lim d(Sxn, Sx) = 0.

(iv). S : X → X is t(d) continuous if lim xn = x with respect to t(d) implies
lim S(xn) = Sx with respect to t(d).

The following two axioms W1 and W2 were given by Wilson [15].

Definition 1.6. Let (X, d) be a symmetric (semi-metric) space.

(W1). Given {xn}, x and y in X, d(xn, x)→ 0 and d(xn, y)→ 0 ⇒ x=y.

(W2). Given {xn},{yn} and an x in X, d(xn, x)→ 0 and d(xn, yn) → 0 ⇒x=y.
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Definition 1.7. Let (X, d) be a symmetric space and a nonempty subset A
of X. Then following Driss El Moutawakil [7], we define

(1). A is d-closed iff A
d

= A where

A
d

= {x ∈ X : d(x, A) = 0}.
(2). A is d-bounded iff δd(A) < ∞where δd(A) = sup {d(x, y) : x, y ∈ A}.

Let (X, d) be a d- bounded symmetric space. Let C(X) be the set of all
nonempty closed subsets of (X, d). Consider the function D : 2X × 2X → R+

defined by

D(A, B) = max{supb∈Bd(b, A);supa∈Ad(a, B)} for all A, B ∈ CB(X).

Remark 1.1. It is easy to see that (C(X), D) is a symmetric space.

Now we enumerate various generalizations of Banach Contraction Principle
for multi-valued maps.

Theorem 1.1. (Nadler [8]) Let (X, d) be a complete metric space and T :
X → CB(X). Assume that

∃k ∈ [0, 1)∀H(Tx, Ty) ≤ kd(x, y).(1)

Then T has a fixed point.

Next, S.Reich established the following theorem.

Theorem 1.2. (Reich [11]) Let (X, d) be a complete metric space and T :
X → K(X). Assume that there exists a map Ψ : (0,∞) → (0, 1) such that

∀t∈(0,∞){ lim
r→t+

supΨ(r) < 1},
and

∀x, y∈X, x �=y{H(Tx, Ty) ≤ Ψ(d(x, y))d(x, y)}.
Then T has a fixed point.

Mizoguchi, Takahashi [5] proved the following theorem which is a further
generalisation of Nadler’s theorem.

Theorem 1.3. (Mizoguchi, Takahashi [5])Let (X, d) be a complete metric
space and let T : X → CB(X). Assume that there exists a map Ψ : (0,∞)
→ (0, 1) such that:

∀t∈[0,∞){ lim
r→t+

supΨ(r) < 1},
and

∀x,y∈X,x �=y{H(Tx, Ty) ≤ Ψ(d(x, y))d(x, y)}.
Then T has a fixed point.

Further generalisation of theorem 1.3 is the following theorem.
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Theorem 1.4. (D.Klim, D.Wardowski [6]) Let (X, d) be a complete metric
space and T : X → C(X). Assume that the following conditions hold:

( i). the map f : X → R defined by f(x) = d(x, Tx), x ∈ X, is lower semi -
continuous;

( ii). there exist b ∈ (0, 1) and Ψ : [0,∞) → [0, b) such that

and for all t ∈ [0,∞) {limr→t+ sup Ψ(r) < b}
for all x ∈ X there exists y ∈ Ix

b ,

{d(y, Ty) ≤ Ψ(d(x, y))d(x, y)}.
Then T has a fixed point.

Driss El Moutawakil [7] gave following generalisation of Nadler’s [8] result.

Theorem 1.5. (Driss El Moutawakil [7]) Let (X, d) be a d- bounded and S-
complete symmetric space which satisfies W2, and T : X → C(X) be a multi-
valued mapping and k ∈ [0, 1) such that

D(Tx, Ty) ≤ kd(x, y), ∀x, y ∈ X.

Then T has a fixed point.

We assume the following condition on the semi - metric.

Definition 1.8. Let (X, d) be a complete symmetric space satisfying the fol-
lowing condition:

( W3). For any sequence {xn}∞n=1 in X,

lim
n,m→∞

d(xn, xm) = 0 ⇐⇒ lim
n,m→∞

d(xn, xn+1) = 0.

Remark 1.2. It can easily seen that in every discrete metric space W3 is valid.
We give another example in a symmetric space in which W3 holds.

Example 1.1. Let (X, d) be a symmetric space and let X(1) denote set of all
sequences in X. For any fixed natural number n defined dn on X(1) as

dn(x, y) = Maxi≥1{di(xi, yi)}
where

di(xi, yi) =

{
d(xi, yi) , if, 1 ≤ i ≤ n

ρ(xi, yi) , if, i > n.

Here ρ denotes the discrete metric on X. Then it can be easily checked that
W3 holds in (X1, dn). Also if d is not bounded then dn is unbounded.

2. Main Results

Theorem 2.1. Let (X, d) be a S-complete symmetric space which satisfies
the condition W3 and T : X → C(X) satisfies the following conditions.

( i). the map f : X → R defined by f(x) = d(x, Tx), x ∈ X, is lower semi -
continuous.



Fixed point theorems for set valued maps 843

( ii). there exist b ∈ (0, 1) and Ψ : [0,∞) → [0, b) such that
for all t ∈ [0,∞) {limr→t+supΨ(r) < b}

( iii). for all x ∈ X and α ∈ (0, 1) there exists y ∈ Ix
α, {d(y, Ty) ≤ Ψ(d(x, y))d(x, y)}.

Then T has a fixed point.

Proof. On the contrary if T has no fixed point then d(x, Tx) > 0 for each
x ∈ X. Now the condition (iii) of the theorem implies that for each α ∈ (0, 1)
and for each x ∈ X there exists y ∈ Tx. If y = x then x ∈ Tx, which is
a contradiction. Hence for each α ∈ (0, 1) and for each x ∈ X there exists
y ∈ Tx where {y �= x; αd(x, y) ≤ d(x, Tx)}. In particular, for α = b the
above condition and the condition (ii) and (iii) are satisfied. Now let x1 ∈ X
be arbitrary point. Since (X, d) is complete and Tx1 is closed, there exists
x2 ∈ Tx1 such that d(x1, x2) = d(x1, Tx1). Hence

bd(x1, x2) < d(x1, Tx1).(2)

By condition (iii) and (ii)

d(x2, Tx2) ≤ Ψ(d(x1, x2))d(x1, x2) and Ψ(d(x1, x2)) < b.(3)

From (2) and (3) we get

d(x1, Tx1) − d(x2, Tx2) >b d(x1, x2) − Ψ(d(x1, x2))d(x1, x2)

= [b − Ψ(d(x1, x2)] d(x1, x2) > 0.

Similarly there exists x3 ∈ Tx2 such that d(x2, x3) = d(x2, Tx2). Consequently

bd(x2, x3) < d(x2, Tx2)(4)

and

d(x3, Tx3) ≤ Ψ(d(x2, x3))d(x2, x3) and Ψ(d(x2, x3)) < b.(5)

From (4) and (5)

d(x2, Tx2) − d(x3, Tx3) >b [d(x2, x3) − Ψ(d(x2, x3)] d(x2, x3)

= [b − Ψ(d(x2, x3)] d(x2, x3) > 0.

Furthermore, from (4) and (3)
d(x2, x3) < 1

b
d(x2, Tx2) < 1

b
Ψ(d(x1, x2))d(x1, x2) < d(x1, x2)

Thus Inductively, for xn, n > 1, there exists xn+1 ∈ Txn, xn+1 �= xn, satisfying
d(xn, xn+1) = d(xn, Txn),

bd(xn, xn+1) < d(xn, Txn)(6)

and

d(xn+1, Txn+1) ≤ Ψ(d(xn, xn+1))d(xn, xn+1) and Ψ(d(xn, xn+1)) < b.(7)



844 H. Chandra and A. Bhatt

By (6) and (7) we get

d(xn, Txn) − d(xn+1, Txn+1) >b d(xn, xn+1) − Ψ(d(xn, xn+1))d(xn, xn+1)

= [b − Ψ(d(xn, xn+1)] d(xn, xn+1) > 0.
(8)

and

d(xn, xn+1) <
d(xn, Txn)

b
. <

Ψ(d(xn−1, xn)))

b
d(xn−1, xn) < d(xn−1, xn)(9)

From (8) and (9) it follows that the sequences {d(xn, Txn)} and {d(xn, xn+1)}
are decreasing and hence convergent. Now, from (ii) there exists q ∈ [0, b) such
that

lim
n→∞

Sup Ψ(d(xn, xn+1)) = q.

Therefore, for any b0 ∈ (q, b), there exists n0 ∈ N such that

Ψ[d(xn, xn+1)] < b0 for all n > n0.(10)

Consequently, from (8) we get

d(xn, Txn) − d(xn+1, Txn+1) ≥ αd(xn, xn+1).(11)

where α = b − b0 and n > n0. Moreover by (7), (8) and (10), for n > n0

d(xn+1, Txn+1) ≤ Ψ(d(xn, xn+1)) d(xn, xn+1)

≤ Ψ(d(xn, xn+1))

b
d(xn, Txn)

≤ ....... ≤ Ψ(d(xn, xn+1)), ................Ψ(d(x1, x2))

bn
d(x1, Tx1)

Ψ(d(xn, xn+1)), ................Ψ(d(xn0+1, xn0+2)

bn−n0

× Ψ(d(xn0 , xn0+1)), ................Ψ(d(x1, x2)) d(x1, Tx1)

bn0

< (
b0

b
)n−n0

Ψ(d(xn0, xn0+1)), ................Ψ(d(x1, x2)) d(x1, Tx1)

bn0
.

Since b0 < b, so limn→∞( b0
b
)n−n0 = 0. This implies that

lim
n→∞

d(xn, Txn) = 0.(12)

But d(xn, xn+1) = d(xn, Txn) for each n. Therefore limn→∞ d(xn, xn+1) = 0.
By W3 we get limn,m→∞ d(xn, xm) = 0. Thus {xn}∞n=1 is a Cauchy sequence.
Hence there exists x0∈ X that xn → x0. Now by (i) we obtain

0 ≤ d(x0, Tx0) ≤ lim
n→∞

d(xn, Txn) = 0.

Since (X,d) is complete and Tx0 is a non-empty closed subset of X, it follows
that x0 ∈ Tx0. This contradicts that T has no fixed point.
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Corollary 2.1. Let (X, d) be a complete symmetric space and T : X →
K(X). Assume that the following conditions hold:

( i). the map f : X → R defined by f(x) = d(x, Tx), x ∈ X, is lower semi -
continuous.

( ii). there exists b ∈ (0, 1) and Ψ : [0,∞) → [0, b) such that

and for all t ∈ [0,∞) {limr→t+supΨ(r) < 1}
for all x ∈ X there exists y ∈ Ix

1 , {d(y, Ty) ≤ Ψ(d(x, y))d(x, y)}.
Then T has a fixed point.

Proof. It is easy to see that the result follows from the above theorem.

We give the following generalisation of the concept of a contraction map in
the multi - valued framework.

Definition 2.1. Let (X, d) be a complete symmetric space.A map T : X →
C(X) is said to be generalised contraction if there exists a k ∈ [0, 1) such that

D(Tx, Ty) ≤ kd(x, y), ∀x ∈ Xand ∀ y ∈ Tx.

Remark 2.1. It is easy to say that every standard contraction satisfies the
above condition.

The next theorem is a generalisation of Driss El Moutawakil [7] result.In this
theorem the T denote a generalised contraction. We note that our definition
is more inclusive than the standard definition.

Theorem 2.2. Let (X, d) be a S-complete symmetric space which satisfies W2

and W3 such that

( i). the map f : X → R defined by f(x) = d(x, Tx), x ∈ X, is lower semi -
continuous;

( ii). T : X → C(X) be a generalised contraction.

Then T has a fixed point.

Proof. Let k denote the Lipchitz constant take any arbitrary point x1 ∈ X and
let α ∈ (k, 1). Since Tx1 is non - empty closed set, there exists an x2 ∈ Tx1

such that d(x1, x2) = d(x1, Tx1). In view of (1.5) we get

d(x2, Tx2) ≤ D(Tx1, Tx2) ≤ kd(x1, x2) < αd(x1, x2).

Again there exist x3 ∈ Tx2, such that d(x2, x3) = d(x2, Tx2) and

d(x3, Tx3) < αd(x2, x3).

Continuing in this manner, we get a sequence {xn}∞n=1 in X satisfying xn+1 ∈
Txn and d(xn, xn+1) = d(xn, Txn). and

d(xn, Txn) < αd(xn−1, xn) < αn−1d(x1, x2).
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This implies that limn→∞ d(xn, Txn) = 0. Now by condition W3 it follows that
{xn}∞n=1 is a Cauchy sequence. Consequently, there exists x0∈ X that xn → x0

and by (i) we obtain 0 ≤ d(x0, Tx0) ≤ limn→∞ d(xn, Txn) = 0. The closedness
of Tx0 and completeness of (X,d) imply x0 ∈ Tx0.Thus x0 is a fixed point of
T .
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