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Abstract. In this paper, we introduce the notion of (f, g)−Boyd-Wong
contraction, and prove coincidence point and common fixed-point theorems for
such contractions and f, g, which is a generalization of fixed-point theorems
of Boyd-Wong [Proc. Amer. Math. Soc., 20(1969), 458-464], Al-Thagafi and
Shahzad (Theorem 2.1) [Nonlinear Analysis, 64(2006), 2778 - 2786] and many
various known results existing in the literature. In our discussion, we use
alternating Picard iterative algorithms.
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1. Introduction and Preliminaries

Let K be a nonempty subset of a metric space E, and f and g and T three
selfmaps of K, and C(f, g, T ) the set of coincidence points of f and g and T
(i.e. C(f, g, T ) = {x ∈ K; fx = Tx = gx}), and F (T ) the set of fixed points
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of T (F (T ) = {x ∈ K; x = Tx}). We shall denote the closed ball of K by K,
the boundary of K by ∂K and all positive integer by N.

The usefulness of Banach’s contraction mapping principle lies in the fact
that the underlying space is quite general (complete metric) while the conclu-
sion is strong, including even error estimates. On the other hand, there have
been numerous extensions of a milder form of Banach’s principle which con-
clude only that the fixed point is unique and Picard iterates of the mapping
always converge to this fixed point. Boyd and Wong[3] obtained the following
result which is extensions of Banach’s contraction mapping principle. In their
theorem it is assumed that ϕ : [0,∞) → [0,∞) is upper semicontinuous from
the right (that is, rn → r ≥ 0 implies lim sup

n→∞
ϕ(rn) ≤ ϕ(r)).

Theorem BW[3] Let (E, d) be a complete metric space and suppose f : E →
E satisfies

d(f(x), f(y)) ≤ ϕ(d(x, y)) for each x, y ∈ E,

where ϕ : [0,∞) → [0,∞) is upper semicontinuous from the right and satisfies
0 ≤ ϕ(t) < t for t > 0. Then f has a unique fixed point x∗, and {fn(x)}
converges to x∗ for each x ∈ E.

In 2003, Kirk [7] obtained a result which is an asymptotic version of the
above fixed point theorem by Boyd and Wong.
Theorem K[7] Let (E, d) be a complete metric space and T : E → E be an
asymptotic contraction for which all functions ϕn are continuous. Namely,
T : E → E satisfies

d(T nx, T ny) ≤ ϕn(d(x, y)) for each x, y ∈ E,

where ϕn : [0,∞) → [0,∞) and ϕn → ϕ uniformly on the range of d. Assume
also that some orbit (T n(x0))

∞
n=1 is bounded. Then T has a unique fixed point

z ∈ E, and moreover the Picard sequence T n(x) converges to z for each x ∈ E.
The proof given by Kirk is nonconstructive method, it uses ultrapower tech-

niques and thus it depends on the Axiom of Choice. In 2004, Jachymski and
Jóźwik[4] extended this result and moreover, we give a constructive proof of it.
Recently, Arandelović[2] presented a new short and simple proof of Kirk’s theo-
rem. For more generalized versions for Banach’s contraction mapping principle
and Boyd-Wong contraction, see Kirk [6, 10, 11, 12].

Now we introduce the following concept. The selfmap T on K is called
(f, g)−Boyd-Wong contraction if, there exists ϕ : R

+ → [0, +∞) is upper
semi-continuous from the right and 0 ≤ ϕ(t) < t for t > 0 such that

d(Tx, Ty) ≤ ϕ(d(fx, gy)), ∀x, y ∈ K. (1.1)

When ϕ(t) = βt for some β ∈ (0, 1) then T is called (f, g)−contraction. If, in
addition, f = g = I, an identity operator, then T is a contraction as usual.

The map pair (T, f) is called (1) commuting if Tfx = fTx for all x ∈ K;
(2) compatible [5] if lim

n→∞
d(Tfxn, fTxn) = 0 whenever {xn} is a sequence

such that lim
n→∞

Txn = lim
n→∞

fxn = t for some t in K;
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(3) weakly compatible [1] if they commute at their coincidence points, i.e.,if
fTx = Tfx whenever fx = Tx.

Suppose that E is compact metric space and both T and f are continu-
ous, then (f, T ) compatible equivalent to (f, T ) weakly compatible [5, Theo-
rem2.2,Corollary 2.3].

Very recently, Al-Thagafi and Shahzad[1] obtained the following result which
is a hybrid mapping version of Banach’s contraction mapping principle.
Theorem AS(Al-Thagafi and Shahzad[1, Theorem 2.1]) Let D be a subset of
a metric space X, I and T selfmaps of D, and T (D) ⊂ I(D). Suppose that I
and T are weakly compatible, T is an I−contraction, and T (D) is complete.
Then F (I, T ) is a singleton.

The aim of this paper is to prove results prove developing and complementing
the above mentioned results. In our discussion, we use alternating Picard iter-
ative algorithms to obtain coincidence point and common fixed-point theorems
for (f, g)−Boyd-Wong contraction, which is a generalization of fixed-point the-
orems of [3, 1], and also is development and complementarity of many various
known results existing in the literature such as[7, 8, 2, 4].

2. Coincidence and common fixed point theorems

Theorem 2.1 Let K be a subset of a metric space (E, d), and T, f, g :

K → K three mappings which satisfies T (K) ⊂ f(K)
⋂

g(K), and T be a

(f, g)−Boyd-Wong contraction. Suppose that either T (K) or f(K) or g(K) is
complete, then

(i) there exists z, u, v ∈ K such that fu = Tu = z = Tv = gv, that is,
u ∈ C(T, f) and v ∈ C(T, g);

If, in addition, (T, f) and (T, g) are weakly compatible, then
(ii) F (T )

⋂
F (f)

⋂
F (g) is singleton.

Proof. Take x0 ∈ K. As T (K) ⊂ f(K)
⋂

g(K), we can choose a sequence {xn}
in K such that Tx2n = fx2n+1 and Tx2n+1 = gx2n+2 for all n ≥ 0. It follows
from Eq.(2.1) that

d(Tx2n+1, Tx2n) ≤ϕ(d(fx2n+1, gx2n)) = ϕ(d(Tx2n, Tx2n−1))

≤d(Tx2n, Tx2n−1).

Similarly, we also have that

d(Tx2n−1, Tx2n) ≤ϕ(d(fx2n−1, gx2n)) = ϕ(d(Tx2n−2, Tx2n−1))

≤d(Tx2n−2, Tx2n−1).

Therefore, for all n ≥ 0,

d(Txn+1, Txn) ≤ d(Txn−1, Txn) ≤ d(Tx1, Tx0).

Then the sequence {d(Txn, Txn+1)} is monotone decreasing and bounded blow.
So, there exists r ≥ 0 such that lim

n→∞
d(Txn+1, Txn) = r. We claim that r = 0.

Assumed that r > 0, then taking n → ∞ on two sides of the inequality
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d(Txn+1, Txn) ≤ ϕ(d(Txn, Txn−1)), we have r ≤ ϕ(r) < r, a contradiction.
Thus

lim
n→∞

d(Txn+1, Txn) = r = 0. (2.2)

Next we show that {Txn} is Cauchy sequence. Suppose not, then there
exists ε > 0, for any N ∈ N, ∃mk ≥ nk ≥ N such that

d(Txmk
, Txnk

) ≥ ε. (2.3)

Furthermore, assume that mk is the smallest number greater than nk for which
Eq. (2.3) holds, that is, d(Txmk−1, Txnk

) < ε. Using Eq. (2.2), we get

ε ≤ d(Txmk
, Txnk

) ≤d(Txmk
, Txmk−1) + d(Txmk−1, Txnk

)

<d(Txmk
, Txmk−1) + ε → ε(k → ∞).

Hence lim
k→∞

d(Txmk
, Txnk

) = ε.

On the other hand, noticing the definition of {Txn},
Case (a) If mk is even and nk is odd, then

d(Txmk
, Txnk

) ≤d(Txmk
, Txmk+1) + d(Txmk+1, Txnk+1)

+ d(Txnk+1, Txnk
)

≤d(Txmk
, Txmk+1) + ϕ(d(fxmk+1, gxnk+1))

+ d(Txnk+1, Txnk
)

≤d(Txmk
, Txmk+1) + ϕ(d(Txmk

, Txnk
))

+ d(Txnk+1, Txnk
).

Case (b) If nk is even and mk is odd, then, similarly,

d(Txnk
, Txmk

) ≤d(Txnk
, Txnk+1) + d(Txnk+1, Txmk+1)

+ d(Txmk+1, Txmk
)

≤d(Txnk
, Txnk+1) + ϕ(d(fxnk+1, gxmk+1))

+ d(Txmk+1, Txmk
)

≤d(Txnk
, Txnk+1) + ϕ(d(Txnk

, Txmk
))

+ d(Txmk+1, Txmk
).

Case (c) If both nk and mk are odd, then, noting the property of the function
ϕ and d(Txmk−1, Txnk

) < ε,

d(Txmk
, Txnk

) ≤d(Txmk
, Txnk+1) + d(Txnk+1, Txnk

)

≤ϕ(d(fxmk
, gxnk+1)) + d(Txnk+1, Txnk

)

≤ϕ(d(Txmk−1, Txnk
)) + d(Txnk+1, Txnk

)

≤ϕ(ε) + d(Txnk+1, Txnk
).
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Case (d) If both nk and mk are even, then, similar to case (c),

d(Txnk
, Txmk

) ≤d(Txnk
, Txnk+1) + d(Txnk+1, Txmk

)

≤d(Txnk
, Txnk+1) + ϕ(d(fxnk+1, gxmk

))

≤d(Txnk
, Txnk+1) + ϕ(d(Txnk

, Txmk−1))

≤d(Txnk+1, Txnk
) + ϕ(ε).

For above four cases, taking k → ∞ along with Eq. (2.2), we all have

ε ≤ ϕ(ε) < ε.

Which is a contradiction, then ε = 0. And moreover, the sequence {Txn} is
Cauchy sequence. By the definition of {Txn}, then the sequence {fx2n+1} and
{gx2n+2} are Cauchy sequences also.

Since either T (K) or f(K) or g(K) is complete, suppose f(K) is complete.
Then fx2n+1 → z ∈ K, and by the definition of {Txn}, we obtain that

gx2n, fx2n+1, Txn → z ∈ T (K) ⊂ f(K)
⋂

g(K).

Hence there exists u, v ∈ K such that fu = z = gv. It follows from Eq.(2.1)
and upper semi-continuity of the function ϕ(x) on R

+ that as n → ∞,

d(Tx2n+1Tu) ≤ ϕ(d(fx2n+1, gu)) = ϕ(d(fx2n+1, z)) → 0.

Thus Txn → Tu = z = fu. Similarly, we also can show that Tv = z = gv.
(i) is proved.

Finally we prove (ii). As (T, f) and (T, g) are weakly compatible and gv =
Tv = z = Tu = fu, then

gz = gTv = Tgv = Tz = Tfu = fTu = fz.

We claim that z is a common fixed point of T, f, g. Suppose z 
= Tz, then

d(z, T z) = d(Tu, Tz) ≤ ϕ(d(fu, gz)) = dϕ(d(z, T z)) < d(z, T z)

Which is a contradiction. Therefore z ∈ F (T )
⋂

F (f)
⋂

F (g). If there exists
another point v ∈ K such that v = Tv = gv = fv, then

d(z, v) = d(Tz, Tv) ≤ ϕ(d(fz, gv)) = ϕ(d(z, v)) < d(z, v).

Hence z = v. The proof is complete.

Theorem 2.1 contains the main results of Boyd and Wong[3] as a special
case(when f = g is identity operator I). Let ϕ(t) = βt for some β ∈ (0, 1), we
very easily obtain the following results.

Corollary 2.2 Let K be a subset of a metric space (E, d), and T, f, g :
K → K three mappings. Assumed that T is a (f, g)-contractive mapping with

contractive coefficient β ∈ (0, 1) and T (K) ⊂ f(K)∩g(K). Suppose that either

T (K) or f(K) or g(K) is complete, then
(i) there exists z, u, v ∈ K such that fu = Tu = z = Tv = gv;
If, in addition, (T, f) and (T, g) are weakly compatible, then
(ii) F (T ) ∩ F (f) ∩ F (g) is singleton.
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Corollary 2.2 contains the Banach Contraction Principle as a special case(f =
g = I). It generalizes Al-Thagafi and Shahzad [1, Theorem 2.1 ]. It also ex-
tends Shahzad [9, Lemma 2.1] and Pant[8, Theorem 1].
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