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Abstract

This paper studies some properties of the merit functions in sequen-
tial quadratic programming(SQP) method and gives some sufficient and
necessary conditions about the presented local error. And it lead to one
kind of relationship between iterative points and optimal solution or
K-T point.

Mathematics Subject Classification: 90C30, 49M37

Keywords: SQP subproblem; Value function; Error bound; Convergence

1 Introduction

We consider the constrained optimization problem (CP ):

min{f(x) : x ∈ S},

where f : Rn → R is a continuously differentiable function,

S = {x ∈ Rn|ci(x) ≤ 0, i = 1, 2, · · · , m},

where ci : Rn → R (i = 1, 2, · · · , m) are continuously differentiable convex
functions, which imply that S is a closed convex set.

The essential idea of SQP method for solving problem (CP ) is at current
iterate xk by a quadratic programming subproblem and to use the minimizer
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of this subproblem to define a new iterate xk+1, and these iterate points are
approximate solutions of the problem (CP ).

Suppose x ∈ S is a approximate solution of the problem (CP ), in ordinary,
during the iterative process of SQP method, the next approximate solution
is gotten by solving the following subproblem at the current iterative point
x ∈ S.
(SP (x,B(x)))

φ(x, B(x)) = max
y∈S(x)

{〈∇f(x), x − y〉 − 1

2
〈B(x)(y − x), y − x〉},

where

S(x) = {y ∈ Rn|ci(x) + 〈∇ci(x), y − x〉 ≤ 0, i = 1, 2, · · ·m},

∇f and ∇ci are respectively gradients of f and ci, B(x) is a symmetric positive
definite matrix. Here φ(x, B(x)) is called merit function.

In this paper, we assume that
(A1) each local optimal solution of problem (CP ) is a Kuhn-Tucker
point of the problem.

For the matrix B(x), we assume that
(A2) there are positive numbers λmin and λmax such that

λmin ≤ ‖B(x)‖ ≤ λmax, ∀x ∈ S.

Throughout the paper, we always assume (A1) and (A2) hold, and hence we
do not explicitly mention them in the rest of paper.

The strict convex problem (SP (x,B(x))) has a unique optimal solution
which is expressed as y∗(x,B(x)), or simply y∗.

If we consider only the active constraints at a point x, we can define another
similar subproblem
(ŜP (x,B(x)))

φ̂(x, B(x)) = max
y∈Ŝ(x)

{〈∇f(x), x − y〉 − 1

2
〈B(x)(y − x), y − x〉},

where

Ŝ(x) = {y ∈ Rn|〈∇ci(x), y − x〉 ≤ 0, i ∈ IS(x)},
IS(x) = {i | ci(x) = 0, i = 1, 2, · · ·m}.

We denote the unique solution of problem (ŜP (x,B(x))) by ŷ∗(x,B(x)),
or simply ŷ∗. By convexity of ci and the fact that IS(x) ⊆ {1, 2, · · · , m}, for
every x ∈ S, we have

S ⊆ S(x) ⊆ Ŝ(x),
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and hence for any x ∈ S and Δ > 0,

φ(x, B(x)) ≤ φ̂(x,B(x)).

For the purpose of proposing an algorithm, using the SQP subproblem
(SP (x,B(x))) may be more convenient as it can avoid a zigzag progress and
more likely satisfies the feasibility request. But subproblem (ŜP (x,B(x))) is
also often used and its merit function φ̂(x, B(x)) has come nice properties. So,
we study both merit functions in the paper.

SQP method has good not only convergence and robust but also numeri-
cal result, see, [1-4]. However, the aim of this paper is not to propose more
algorithms or computing skills for SQP methods. Our main purpose here is to
study the SQP subproblems from a theoretical point of view. To speak more
specifically, we fist study some properties of the merit functions (including
the two above-mentioned merit functions) of general SQP methods. Further,
under the conditions f(·) is convex, we use φ(x, B(x)) to provide a local er-
ror bound for the distance from a feasible solution to the optimal solution
set. Finally, as applications of the error bound, convergence of the sequence
{xk, Bk(xk)} (where xk ∈ S, Bk(xk) is the positive definite matrix of the sub-
problem (SP (x,Bk(x))) at xk) is analyzed. Using the error bound obtained,
we obtain a sufficient condition which guarantees a feasible solution sequence
converges to a optimal solution and a necessary condition under a feasible
solution sequence converges to K − T point.

Error bound is an interesting topic that attracted much attention. So far
many good results have been obtained. For example, Gowda and Pang[5],
and Ferris and Pang[6] established several forms of global error bounds for
monotone affine variational inequality problems and strongly monotone vari-
ational inequality problems. Wu, Florian and Marcotte[7], Yamashita and
Fukushima[8], and Yamashita and Taji[9] got global S-type error bounds and
global error bounds in Rn for variational inequality problems. In [10] and [11],
we also obtained some error bounds for general variational inequality prob-
lem and extended linear complementarity problem. However, so far we have
not seen any error bound result about SQP methods, which stimulated our
interests in conducting this research.

The merit functions φ(x, B(x)) and φ̂(x, B(x)) studied in this paper are
different from the regular gap function discussed in [7,8,12,13], even though
the latter is also a kind of merit function. Our merit functions φ(x, B(x)) and
φ̂(x, B(x)) are defined by maximizing a concave quadratic function over the
polyhedral set which is obtained by linearizing the constraint functions ci(·)
at the given point x ∈ S.

The remaining part of this paper is organized as follows. Section 2 intro-
duces concepts and symbols used in the paper. Section 3 gives some basic
properties of merit functions. In section 4, under the conditions that f(·) is
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convex, we present a local error bound for the distance from a feasible solution
to the optimal solution set. Finally, In section 5, we present the applications
of these error bounds in convergence of a feasible sequence.

2 Definitions and Symbols

We denote by Ŝ and S∗ the K − T points and optimal solutions to problem
(CP ), respectively.

Let A be a nonempty subset of Rn, its polar cone is defined as

A0 = {y ∈ Rn|〈y, x〉 ≤ 0, ∀x ∈ A}.
The tangent cone of A at x ∈ clA is given by

TA(x) = {d ∈ Rn|∃λk ↓ 0, dk → d, x + λkd
k ∈ A, ∀k}.

The normal cone of A at x ∈ clA is defined as NA(x) = TA(x)0. If A is a
convex set, then the normal cone of A at x is

NA(x) =

{ {y ∈ Rn|〈y, z − x〉 ≤ 0, ∀z ∈ A}, x ∈ A;
∅, x /∈ A.

The projection of a point x ∈ Rn onto A is defined as

P (x|A) = argmin{‖y − x‖|y ∈ A},
and the distance from x ∈ Rn to A is given by

dist(x,A) = ‖x − P (x|A)‖.
Let x̂ be a K −T point of problem (CP ), that is, there exist λi(x̂) ≥ 0(i =

1, 2, · · · , m), such that

∇f(x̂) +
m∑

i=1

λi(x̂)∇ci(x̂) = 0, (2.1)

λi(x̂)ci(x̂) = 0, i = 1, 2, · · · , m. (2.2)

We call that a mapping F : Rn → Rn is Lipschitz continuous at point
x̂ ∈ S, if there exists a positive L such that for any x ∈ S,

‖F (x) − F (x̂)‖ ≤ L‖x − x̂‖,
or simply F is L−continuous at x̂.

A mapping F : Rn → Rn is monotone on S, if 〈F (y) − F (x), y − x〉 ≥ 0
for any x, y ∈ S. Obviously, if ∇f(·) is monotone if and only if f(·) is convex.
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3 Properties of the Merit Functions

In this section we study some basic properties of the merit functions φ(x, B(x))
and φ̂(x, B(x)). First we observe a general SQP subproblem
(SPI(x,B(x)))

φI(x,B(x)) = max
y∈SI (x)

{〈∇f(x), x− y〉 − 1

2
〈B(x)(y − x), y − x〉}, (3.1)

where
SI(x) = {y ∈ Rn|ci(x) + 〈∇ci(x), y − x〉 ≤ 0, i ∈ I},

and I is an index set satisfying

IS(x) ⊆ I ⊆ {1, 2, · · · , m}.

The unique solution of the above subproblem is expressed as y∗
I (x,B(x)), or

simply y∗
I . Obviously, when I = {1, 2, · · · , m}, the subproblem (SPI(x,B(x)))

is just (SP (x,B(x))), and when I = IS(x), the subproblem (SPI(x,B(x)))
becomes (ŜP (x,B(x))). Therefore, if φI(x,B(x)) has some properties for a
general index set I, so do φ(x, B(x)) and φ̂(x, B(x)).

By the definition of subproblem (SPI(x,B(x))), we know that for every
x ∈ S and positive definite matrix B(x), φI(x,B(x)) ≥ 0. As SI(x) is the
polyhedral set, the Abadie constraint qualification holds at every point of
SI(x). So, we have

Lemma 3.1. For any x ∈ S and positive definite matrix B(x), a point yI ∈
SI(x) is the unique solution y∗

I of subproblem (SPI(x,B(x))) if and only if
there exist K − T multipliers λ∗

iI ≥ 0(i ∈ I) such that

∇f(x) + B(x)(yI − x) +
∑
i∈I

λ∗
iI∇ci(x) = 0, (3.2)

λ∗
iI [ci(x) + 〈∇ci(x), yI − x〉] = 0, ∀i ∈ I, (3.3)

where for simplicity we use λ∗
iI to denote K − T multipliers λ∗

iI
(x,B(x)) asso-

ciated with the unique optimal solution to subproblem (SPI(x,B(x))).
For subproblem (ŜP (x,B(x))), Lemma 3.1 is that

Lemma 3.2. For any x ∈ S and positive definite matrix B(x), a point y ∈
ŜI(x) is the unique solution y∗

I of subproblem (ŜP (x,B(x))) if and only if there
exist K − T multipliers λ∗

i ≥ 0(i ∈ IS(x)) such that

∇f(x) + B(x)(y − x) +
∑

i∈IS(x)

λ∗
i∇ci(x) = 0, (3.4)

λ∗
i [〈∇ci(x), y − x〉] = 0, ∀i ∈ IS(x), (3.5)
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where for simplicity we use λ∗
i to denote K − T multipliers λ∗

i (x,B(x)) asso-
ciated with the unique optimal solution to problem (ŜP (x,B(x))).
Theorem 3.1. For any x ∈ S and positive definite matrix B(x), we have

φI(x,B(x)) ≥ 1

2
〈B(x)(y∗

I − x), y∗
I − x〉.

Proof. By the definition of φI(x,B(x)),

φI(x,B(x)) = 〈∇f(x), x − y∗
I 〉 −

1

2
〈B(x)(y∗

I − x), y∗
I − x〉.

Then multiplying the two sides of (3.2) by x−y∗
I and using the second equality

of (3.3), we have

φI(x,B(x)) − 1
2
〈B(x)(y∗

I − x), y∗
I − x〉

= 〈∇f(x), x − y∗
I 〉 − 〈B(x)(y∗

I − x), y∗
I − x〉

=
∑
i∈I

λ∗
iI〈∇ci(x), y∗

I − x〉
= − ∑

i∈I
λ∗

iIci(x) ≥ 0.

Corollary 3.1. In subproblem (ŜP (x,B(x))), for any x ∈ S and positive
definite matrix B(x),

φ̂(x, B(x)) =
1

2
〈B(x)(y∗ − x), y∗ − x〉.

Theorem 3.2 For any x ∈ S and positive definite matrix B(x), we have

φI(x,B(x)) ≥ 1

2
λmin · ‖y∗

I − x‖2.

Proof. The conclusion is obtained by the basic assumption for B(x) and The-
orem 3.1.

As IS(x) ⊆ I ⊆ {1, 2, · · · , m}, by Lemma 3.1 and the definition of K − T
point, we obtain the next theorem.

Theorem 3.3 The following three conclusions are equivalent.
1) x is a K − T point of problem (CP ).
2) x ∈ S and φI(x,B(x)) = 0 for every positive definite matrix B(x).
3) x ∈ S and x = y∗

I(x,B(x)) for every positive definite matrix B(x).
From conclusions 1) and 2) of Theorem 3.3 and the non-negativity of

φI(x,B(x)), it is immediate to have
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Corollary 3.2 Suppose problem (CP ) has K − T points. Then x∗ is a K − T
point of problem (CP ) if and only if for any positive definite matrix B(x), x∗

is an optimal solution of problem

min{φI(x,B(x))|x ∈ S}.
In this case, φI(x

∗, B(x∗)) = 0, x∗ = y∗
I (x

∗, B(x∗)).

4 Error Bound

In this section, we shall give an error bound when f(·) is monotone. In such
case the problem (CP ) is a convex programming problem. In our derivation, we
need to use the equivalent condition for weak sharp minima given by Burke and
Ferris [14] for convex programming problem. We first introduce the concept
of weak sharp minima and an equivalent condition for problem (CP ) to have
this property. We say that S∗ is a set of weak sharp minima, if there exists
a positive constant α which depends on only f, S and S∗, such that for any
x ∈ S and x∗ ∈ S∗,

f(x) ≥ f(x∗) + α · dist(x, S∗). (4.1)

Burk and Ferris showed in [14] that

Lemma 4.1 Suppose in problem (CP ), f(·) is convex on S. then S∗ is a set
of weak sharp minima if and only if for every x∗ ∈ S∗,

(WS) −∇f(x∗) ∈ int
⋂

x∈S∗
[TS(x)∩NS∗(x)]0.

Lemma 4.2 For any x ∈ S, positive definite matrix B(x), and any z ∈ S(x),
we have

〈∇f(x) + B(x)(y∗ − x), z − y∗〉 ≥ 0,

where y∗ is the optimal solution of subproblem (SP (x,B(x))).
Proof. For any z ∈ S(x), we have

ci(x) + 〈∇ci(x), z − x〉 ≤ 0, i = 1, 2, · · · , m.

Multiplying the two sides of (3.2) by z − y∗ and using (3.3) and above
inequality, we obtain

〈∇f(x) + B(x)(y∗ − x), z − y∗〉
=

m∑
i=1

λ∗
i 〈∇ci(x), y∗ − z〉

=
m∑

i=1
λ∗

i [〈∇ci(x), y∗ − x〉 + 〈∇ci(x), x − z〉]
≥ m∑

i=1
λ∗

i [〈∇ci(x), y∗ − x〉 + ci(x)]

= 0.
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We now give an error bound for problem (CP ) in any neighborhood of S∗

by using the condition (WS). For this purpose we first define

U(S∗, ρ) = {x ∈ S|dist(x, S∗) ≤ ρ}.
Below we always assume that S∗ �= ∅.
Theorem 4.1 Suppose in problem (CP ), f(·) is convex on S and the condition
(WS) holds. Then there exist positive constants α and γ such that for every
ρ > 0, we can find a positive constants γ1, and when x ∈ U(S∗, ρ), we have

α · dist(x, S∗) ≤ γ1 · φ(x, B(x))
1
2 + γ · φ(x, B(x)). (4.2)

Proof. We use y∗ for y∗(x,B(x)). In Lemma 4.2, we let z = P (x|S∗). Then
for any x ∈ S and positive definite matrix B(x),

〈∇f(x), P (x|S∗) − y∗〉 ≥ 〈B(x)(y∗ − x), y∗ − P (x|S∗)〉. (4.3)

By Lemma 4.1 and the condition (WS), we know that (4.1) holds. From the
definition of φ, the convexity of f , (4.3) and (4.1), for any x ∈ S and positive
definite matrix B(x), we obtain

φ(x, B(x)) = 〈∇f(x), x − y∗〉 − 1
2
〈B(x)(y∗ − x), y∗ − x〉

≥ 〈∇f(x), x − P (x|S∗)〉 + 〈∇f(x), P (x|S∗) − y∗〉−
1
2
λmax‖y∗ − x‖2

≥ f(x) − f(P (x|S∗)) + 〈B(x)(y∗ − x), y∗ − P (x|S∗)〉
−1

2
λmax‖y∗ − x‖2

≥ α · dist(x, S∗) − λmax‖y∗ − x‖ · ‖y∗ − P (x|S∗)‖
−1

2
λmax‖y∗ − x‖2

≥ α · dist(x, S∗) − λmax‖y∗ − x‖dist(x, S∗) − 3
2
λmax‖y∗ − x‖2.

When x ∈ U(S∗, ρ) and positive definite matrix B(x), from the last in-
equality above and Theorem 3.1, we obtain

α · dist(x, S∗) ≤ λmax‖y∗ − x‖ · dist(x, S∗) + 3
2
λmax‖y∗ − x‖2 + φ(x, B(x))

≤ ρ · λmax(
2

λmin
)

1
2 φ(x, B(x))

1
2 + [3λmax

λmin
+ 2] · φ(x, B(x))

= γ1 · φ(x, B(x))
1
2 + γ · φ(x, B(x)),

where γ1 = ρ · λmax(
2

λmin
)

1
2 , γ = 3λmax

λmin
+ 2.

5 Convergence

We assume that {xk, Bk(xk)} is feasible point sequence, i.e., xk ∈ S and Bk(xk)
is the positive definite matrix of subproblem (SP (x,Bk(x))) at the point xk.
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In this section, we shall use this error bounds derived in the last section
to analyze the convergence of feasible point sequence {xk, Bk(xk)}. For this
purpose, we need the following condition

lim
k→∞

φ(xk, Bk(xk)) = 0. (5.1)

Theorem 5.1 Suppose that f(x) is convex on S and the condition (WS) holds.
If (5.1) is true, then

lim
k→∞

dist(xk, S
∗) = 0

Proof. By Theorem 4.1, we know that the conclusion holds.
While Theorem 5.1 give sufficient conditions, the theorem below gives a

necessary condition for convergence.

Theorem 5.2 Suppose that at a K − T point x∗ of problem (CP ), ∇f(·) and
∇ci(·)(1 ≤ i ≤ m) are L1−continuous and L2−continuous, respectively. If

lim
k→∞

xk = x∗, (5.2)

then (5.1) hold.
Proof. Express y∗(xk, Bk(xk)) as y∗

k. From (4.3), we know that

‖y∗
k − xk‖2 ≤ η(x∗)

λmin
‖y∗

k − xk‖ · ‖xk − x∗‖ + ‖∇f(xk)−∇f(x∗)‖·‖xk−x∗‖
λmin

≤ η(x∗)
λmin

‖y∗
k − xk‖ · ‖xk − x∗‖ + L1

‖xk−x∗‖2

λmin
.

(5.3)

By (5.2) and (5.3), we obtain that ‖y∗
k − xk‖ → 0 when k → ∞, and hence by

the definition of φ(xk, Bk(xk)), (5.1) holds.
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