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Abstract. In the given article notions of infinite order and norm decompo-
sitions of a C*-algebra with respect to an infinite orthogonal set of projections
are introduced and investigated in the case of general C∗-algebras. It is proved
that a C∗-algebra has an infinite order decomposition with respect to an in-
finite orthogonal set of projections if and only if this C∗-algebra is monotone
complete. Also it is introduced and investigated a notion of norm decomposi-
tion of a C*-algebra with respect to an infinite orthogonal set of projections
and have been found a condition under this notion when the C∗-algebra is
simple.
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Introduction

In the given article notions of infinite order and norm decompositions of a
C*-algebra with respect to an infinite orthogonal set of projections are intro-
duced and investigated in

the case of general C∗-algebras. It is known that for any projection p of a
C∗-algebra A the next equality is valid A = pAp ⊕ pA(1 − p) ⊕ (1 − p)Ap ⊕
(1 − p)A(1 − p), where ⊕ is a direct sum of spaces. In the given article we
have introduced infinite analogs of this decomposition. For this propose we
introduced two notions. First, an infinite order decomposition of a C∗-algebra
with respect to an infinite orthogonal set {pi} of projections. A C∗-algebra
A with an infinite orthogonal set {pi} of projections admits an infinite order
decomposition

∑⊕
ξ,η pξApη, if for any set a ∈ A there exists such number K ∈ R

that ‖∑n
k,l=1 pkapl‖ ≤ K for any n ∈ N and {pk}n

k=1 ⊆ {pi}.
Second, an infinite norm decomposition of a unital C∗-algebra with respect to

an infinite orthogonal set {pi} of projections. Let A be a C∗-algebra and {pξ} a
family of pairwise equivalent projections of algebra A. If A = C1 +

∑o
ξη pξApη
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then the C∗-algebra C1 +
∑o

ξη pξApη is called an infinite norm decomposi-

tion of the C∗-algebra A, where
∑o

ξη pξApη = {{aξη} : for any ξ, η, aξη ∈
pξApη, ‖

∑
k=1...ξ−1(akξ + aξk) + aξξ‖ → 0, at ξ → ∞},

It is proved that a C∗-algebra has an infinite order decomposition with re-
spect to an infinite orthogonal set of pairwise equivalent projections if and only
if this C∗-algebra is monotone complete. Also it is introduced and investigated
a notion of norm decomposition of a C*-algebra with respect to an infinite or-
thogonal set of projections and have been found a condition under this notion
when the C∗-algebra is simple.

1. Infinite order decompositions of C∗-algebras

Let A be a C∗-algebra of self-adjoint linear operators on Hilbert space H ,
w(S) the weak-∗ closure of S ⊆ B(H). Let {pξ} be an infinite orthogonal set

of projections with the least upper bound 1 in A. By
∑⊕

ξ,η pξApη we denote
the set

{{aξ,η} : aξ,η ∈ pξApη for any ξ, η, and there exists such number

K ∈ R that‖
n∑

k,l=1

akl‖ ≤ K for any n ∈ N and {akl}n
kl=1 ⊆ {aξ,η},

which we shall call infinite order decomposition of A with respect to an infinite
orthogonal set of projections.

It is obvious that with the pointwise algebraic operations and the norm
‖{aξ,η}‖ = sup{‖∑n

kl=1{akl}‖ : n ∈ N, {akl}n
kl=1 ⊆ {aξ,η}} the set

∑⊕
ξ,η pξApη

is a Banach space.
The order of

∑⊕
ξ,η pξApη is defined as follows: let {aξη}, {bξη} ∈ ∑⊕

ξ,η pξApη,

if for any n ∈ N and for any {akl}n
kl=1 ⊂ {aξη} and {bkl}n

kl=1 ⊂ {bξη}
∑n

k,l=1 akl ≤∑n
k,l=1 bkl then we admit that {aξη} ≤ {bξη}.

∑⊕
ξ,η pξApη is an order unit space

with this ordering. Let a be an element of A. Then {pξapη}ξ,η ∈ ∑⊕
ξ,η pξApη.

Since sup pξ = 1 then the algebra A can be embedded in
∑⊕

ξ,η pξApη as an
order unit subspace.

Suppose the C∗-algebra A is monotone complete. Let {aξη} be such element

of
∑⊕

ξ,η pξApη that {aξη} ≥ 0. For any n and for any finite set {aξkηl
}n

k,l=1 ⊆
{aξη} the element aα := {aξkηl

}n
k,l=1, where α := (n, ξ1, . . . , ξn, η1, . . . , ηn), is an

element of the algebra A and the set of elements aα is a bounded monotone
increased net (aα) in A. In this case there exists such number K that ‖aα‖ ≤ K
for any a. It is easy to prove that aα ↑ {aξη}. Hence, since A is monotone
complete, then {aξη} ∈ A. Therefore A has an infinite order decomposition,

constructed by the set {pξ}, that is A =
∑⊕

ξ,η pξApη. Hence
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Proposition 1. Let A be a monotone complete C∗-algebra and {pξ} an infinite
orthogonal set of projections in A whose least upper bound is 1 in A. Then
A =

∑⊕
ξ,η pξApη

In the case of arbitrary C∗-algebra A by proposition 1 we have w(A) =∑⊕
ξ,η pξw(A)pη and there exists an order in

∑⊕
ξ,η pξApη. Associative multipli-

cation can be identified with the map

· :< {aξ,η}, {bξ,η} >→ {
∑

i

aξibiη}, {aξη}, {bξη} ∈
⊕∑

ξ,η

pξApη (∗)

on the Banach space
∑⊕

ξ,η pξApη, where
∑

i aξibiη is a ∗-weak limit in w(A) of

the net (
∑n

i=1 aξibiη) of finite sums.

Theorem 2. Let A be a C∗-algebra and {pξ} an infinite orthogonal set of pro-

jections in A whose least upper bound is 1 in A. If
∑⊕

ξ,η pξApη is monotone

complete then the set
∑⊕

ξ,η pξApη is a C∗-algebra about naturally introduced as-
sociative multiplication and the norm, defined above. Conversely if projections
of the set {pξ} are pairwise equivalent and the set

∑⊕
ξ,η pξApη is a C∗-algebra

then
∑⊕

ξ,η pξApη is monotone complete.

Proof. Suppose that
∑⊕

ξ,η pξApη is monotone complete. Let {aξη} ∈ ∑⊕
ξ,η pξApη.

Then {aξη}2 = {∑i aξiaiη}. Since aξiaiξ ≥ 0, then
∑

i aξiaiξ is a least upper
bound of the bounded monotone increased net (

∑n
i=1 aξiaiξ) of finite sums.

Therefore
∑

i aξiaiξ ∈ pξApξ. We have
∑

i

(aξiaiη + aηiaiξ) =
∑

i

(aξi + aηi)(aiξ + aiη) −
∑

i

aξiaiξ −
∑

i

aηiaiη.

As it was proven above the elements
∑

i(aξi +aiη)
2,

∑
i aξiaiξ,

∑
i aηiaiη belong

to (pξ + pη)A(pξ + pη). Hence,
∑

i(aξiaiη + aηiaiξ) ∈ (pξ + pη)A(pξ + pη). Note
that [

∑
i(aξiaiη +aηiaiξ)]pη =

∑
i aξiaiη and [

∑
i(aξiaiη +aηiaiξ)]pξ =

∑
i aηiaiξ.

Therefore
∑

i aξiaiη ∈ pξApη and
∑

i aηiaiξ ∈ pηApξ. Since ξ, η are arbitrary

indexes and {∑i aξiaiη} ∈ w∗(A) we have {∑i aξiaiη} ∈ ∑⊕
ξη pξApη. Hence

by equality (*) we have {aξη}{bξη} ∈ ∑⊕
ξη pξApη. Therefore

∑⊕
ξη pξApη is a

C∗-algebra.
Now, suppose

∑⊕
ξη pξApη is a C∗-algebra and let (aα) be a monotone in-

creased bounded net of elements of
∑⊕

ξη pξApη with a least upper bound

a ∈ w∗(A) (
∑⊕

ξη pξApη ⊆ w∗(A)). Then it can be picked out from (aα) a

subsequence (an) such that sup an = a. Let for any ξ and η xξη be such
element that pξ = xξηx

∗
ξη, pη = x∗

ξηxξη.
Fix index ν. Let bn = pν(an+1 − an)pν for all n. Then, let cνn = bnxνn.

Then cνn ∈ pνApn for any n. Let {cξη}, {dξη} be such elements of
∑⊕

ξη pξApη,

that {cνn} ⊆ {cξη}, {x∗
νn} ⊆ {dξη} and all components of {cξη} \ {cνn} and



258 F. N. Arzikulov

{dξη} \ {x∗
νn} are zeros. Then {cξη}{dξη} ∈ ∑⊕

ξη pξApη whose one component

is
∑∞

n=1 bnxνnx∗
νn ∈ pνApν and the rest components are zeros. Then we have∑∞

n=1 bnxνnx∗
νn =

∑∞
n=1 bnpν =

∑∞
n=1 bn. Hence since

∑∞
n=1 bnxξnx

∗
νn ∈ pνApν

then
∑∞

n=1 bn ∈ pνApν .
Let α and β be fixed indexes. Let bn = pα(an+1 − an)pβ for all n. Then,

let cαn = bnxβn. Then cαn ∈ pαApn for any n. Let {cξη}, {dξη} be such

elements of
∑⊕

ξη pξApη, that {cαn} ⊆ {cξη}, {x∗
βn} ⊆ {dξη} and all components

of {cξη} \ {cαn} and {dξη} \ {x∗
βn} are zeros. Then {cξη}{dξη} ∈ ∑⊕

ξη pξApη

whose one component is
∑∞

n=1 bnxβnx∗
βn ∈ pαApβ and the rest components

are zeros. Then we have
∑∞

n=1 bnxβnx∗
βn =

∑∞
n=1 bnpβ =

∑∞
n=1 bn. Hence

since
∑∞

n=1 bnxβnx∗
βn ∈ pαApβ then

∑∞
n=1 bn ∈ pαApβ. We have

∑∞
n=1 bn =∑∞

n=1 pα(an+1 − an)pβ = pα(
∑∞

n=1 an+1 − an)pβ = pα(sup an)pβ. The family

{pα(sup an)pβ}α,β satisfies the conditions of the definition of
∑⊕

ξη pξApη.

Since α and β are arbitrary indexes we have sup an ∈ ∑⊕
ξη pξApη. Therefore∑⊕

ξη pξApη is a monotone complete C∗- algebra.

Now, we give a simple example of infinite order decomposition. Let n be
an infinite cardinal number, Ξ a set of indexes of cardinality n. Let {eij} be
a set of matrix units such that eij is a matrix, whose (i, i)-s component is
1 and the rest components are zeros. Let {mξ}ξ∈Ξ be a set of n × n matri-
ces. By

∑
ξ∈Ξ mξ we denote the matrix whose components are sums of the

corresponding components of matrices of the set {mξ}ξ∈Ξ. Let

Mn(C) = {
∑

ij∈Ξ

λijeij : for any idexes ij λij ∈ C,

there exists such number K ∈ R that for any n ∈ N

and for any {ekl}n
kl=1 ⊆ {eij}‖

n∑

kl=1

λklekl‖ ≤ K},

where ‖ ‖ is a matrix norm. It is easy to see that Mn(C) is a vector space.
This definition of Mn(C) is equivalent to the next condition.

Mn(C) = {
∑

ij∈Ξ

λijeij : for any idexes ij λij ∈ C, and there exists such

number K ∈ R that for any {xi} ∈ l2(Ξ)
∑

j∈Ξ

|
∑

i∈Ξ

λijxi|2 ≤ K2
∑

i∈Ξ

|xi|2},

where l2(Ξ) is a Hilbert space on C. The associative multiplication of elements
in Mn(C) can be defined as follows: if x =

∑
ij∈Ξ λijeij, y =

∑
ij∈Ξ μijeij

are elements of Mn(C) then xy =
∑

ij∈Ξ

∑
ξ∈Ξ λiξμξjeij . On this operation

Mn(C) is an associative algebra and Mn(C) = B(l2(Ξ)), where B(l2(Ξ)) is
the associative algebra of bounded linear operators on the Hilbert space l2(Ξ).
Then Mn(C) is a von Neumann algebra of infinite n× n matrices on C who is
defined by its own infinite order decomposition.
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Remark. If the first part of the conditions of theorem 2 hold then the
associative operation (∗) coincides with {pξapη}{pξbpη} → {pξabpη} for all a,
b ∈ A in the C∗-algebra A.

Also, we note that the algebra C1+Mo
n(C) (see below) satisfies the condition

A =
⊕∑

ξη

pξApη.

In this case for any maximal orthogonal set {pξη} of minimal projections of A∑⊕
ξη pξApη coincides with Mn(C).

2. Norm decomposition of C∗-algebras

Let n be an infinite cardinal number, Ξ a set of indexes of cardinality n. Let
{eij} be a set of matrix units such that eij is a matrix, whose (i, i)-s component
is 1 and the rest components are zeros. Let

Mo
n(C) = {

∑

ij∈Ξ

λijeij : for any idexes ij λij ∈ C,

‖
∑

k=1...i−1

(λikeik + λkieki) + λiieii‖ → 0, at i → ∞}.

Then Mo
n(C) is subspace of the algebra Mn(C) and moreover the following fact

concerning this set takes place.

Theorem 3. C1 + Mo
n(C) is a simple C∗-algebra.

By [1] this theorem follows from the following lemma.

Lemma 4. Let A be a C∗-subalgebra of the algebra Mn(C), where n is an
infinite cardinal number. Then the following conditions are equivalent

(a) A = C1 + Mo
n(C),

(b) A is the closure on the norm of the inductive limit Ao of the inductive
system

C → M2(C) → M3(C) → M4(C) → . . . , (∗)
where Mn(C) is mapped into the upper left corner of Mn+1(C).

Proof. (a)⇒(b). We assume, that the algebra A is defined by the condition (a).
Let x ∈ Mo

n(C) and x =
∑

ij∈Ξ λijeij . Let ai =
∑

k=1..i−1(λikeik+λkieki)+λiieii

for every i. Then ai ∈ Mi(C), but ai /∈ Mi−1(C) for every i. At the same time,
(ai) ⊂ Mo

n(C) and ‖ai‖ → 0, at i → ∞. Let ym =
∑

i=1...m ai for every m.
Then the sequence (ym) lays in the inductive system (*) and converges to an
element x. Hence x lays in the completion on the norm of the inductive limit
Ao of this inductive system. It is known that 1 ∈ Ao.
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(b)⇒(a). We assume, that the condition (b) holds for the algebra A. Let
x ∈ A and x = 1. We have for every i and j eixej ∈ Ceij , and also x1 =
e1xe1 ∈ C, x2 = x1 + e1xe2 + e2xe1 + e2xe2 ∈ M2(C), . . . ,

xm = xm−1 +
∑

k=1 m−1(ekxem +emxek)+emxem ∈ Mm(C) etc. Let a1 = x1,
a2 = x2 − x1, a3 = x3 − x2, . . . , am = xm − xm−1, . . . . Then we receive a
sequence (am). We notice, that am ∈ Mm(C), but am /∈ Mm−1(C). At the
same time, (am) is a subset of the inductive system (*) and x =

∑∞
m=1 am,

where
∑∞

m=1 am is the norm limit of the sequence (
∑m

k=1 ak) of the finite sums.
Hence, the sequence (am) converges and ‖am‖ → 0, at m → ∞. We note that
in this case there is not any infinite dimensional projection in A other then
the unit.

Hence, the sets determined by the conditions (a) and (b) are coincide.

Let
∑o

ξη pξApη = {{aξη} : for any ξ, η, aξη ∈ pξApη, ‖
∑

k=1...ξ−1(akξ +

aξk) + aξξ‖ → 0, at ξ → ∞},
Definition. Let A be a C∗-algebra and {pξ} a family of pairwise equivalent

projections of algebra A. If A = C1 +
∑o

ξη pξApη then the C∗-algebra C1 +∑o
ξη pξApη is called an infinite norm decomposition of the C∗-algebra A.
The following generalization of the last lemma is also similarly proved.

Lemma 5. Let A be a C∗-algebra and {pξ} an orthogonal countable family of
pairwise equivalent projections of the algebra A. Then the following conditions
are equivalent

(a) A = C1 +
∑o

ξη pξApη,

(b) A is the completion in the norm of the inductive limit Ao of the inductive
system

p1Ap1 →
∑

ξ=1,2

(
∑

η=1,2

pξApη) →
∑

ξ=1,...,3

(
∑

η=1,...,3

pξApη) → . . .

Theorem 6. Let A be a C∗-factor of type I and {pξ} a countable family of
pairwise equivalent finite dimensional projections of algebra A. Then, if A =∑o

ξη pξApη then A is a simple C*-algebra.

Proof. Let J be an ideal of the algebra A. Note that for any ξ pξApξ is finite
dimensional, and ξ pξApξ is a reflexive space. Hence pξApξ is a von Neumann
algebra of type I isomorphic to Mn(C). Let p1, p2 ∈ {pξ}, then piJpi is an
ideal of the algebra piApi, i = 1, 2. If I is another ideal of the algebra A, then,
since pi is a finite dimensional projection, we can easily set that for any i, j
piIpi = piJpi and piJpj = piIpj. We have I ⊆ ∑o

i,j piApj , J ⊆ ∑o
i,j piApj.

Hence I = J . By virtue of the ideals J and I are chosen arbitrarily the algebra
A is simple.

Let A is the closure on the norm of the inductive limit Ao of the inductive
system

C → M1+2(C) → M1+2+3(C) → M1+2+3+4(C) → M1+2+3+4+5(C) →
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. . . ,→ M1+2+···+n(C) → . . . (∗)
where M1+2+···+n(C) is mapped into the upper left corner of M1+2+···+n+(n+1)(C).
Then by theorem 6 A is a simple C*-algebra.
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