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Abstract

In this paper, we investigate the existence of fixed points in Menger
probabilistic metric spaces of hyperbolic type. We establish a new fixed
point theorem for non-self mappings defined on nonempty, closed and
compact subsets of complete Menger PM-spaces of hyperbolic type. The
main result is obtained under a nonlinear contractive condition involving
@ and % functions and provides a new contribution to the study of
nonlinear contractions in Menger PM-spaces of hyperbolic type.
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1 Introduction

The Banach Contraction Principle [1] remains one of the cornerstones of non-
linear analysis and fixed point theory. Thanks to its wide range of applica-
tions, numerous extensions and generalizations have been developed in differ-
ent mathematical settings. Among the most influential generalizations is the
nonlinear contraction principle introduced by Boyd and Wong [2], in which a
nonlinear control function replaces the classical linear contraction constant.
An important development in fixed point theory focused on cases where the
mapping being studied is not necessarily a self-mapping of a closed subset. In
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this direction, Assad and Kirk [3] first investigated non-self mappings in com-
plete metrically convex spaces (X, d). They proved that if f : K — X satisfies
the Banach Contraction principle, then the boundary condition f(0K) C K
guarantees the existence of a fixed point of f. Their result initiated an active
line of research, leading to numerous extensions and generalizations in both
classic and generalized metric spaces.

To model uncertainty and nondeterministic phenomena, Menger [4] intro-
duced the concept of probabilistic metric spaces, replacing the deterministic
distance between two points with a distribution function. Later, Schweizer
and Sklar [5] established the fundamental theory of Menger probabilistic met-
ric spaces, including their topology, convergence structure, continuity of map-
pings, and completeness properties. Since then, probabilistic metric spaces
have become an important framework for extending classical fixed point re-
sults. Sehgal and Bharucha-Reid [6] obtained the first fixed point theorem in
this setting as a probabilistic version of Banach’s contraction principle.

On the other hand, Takahashi [7] introduced convex structures in metric
spaces. This concept was later extended to Menger probabilistic metric spaces
by Hadzi¢ [8], who introduced convex structures and obtained fixed point re-
sults in this more general setting. Jesi¢ et al. [9] later defined strictly convex
structures in Menger PM-spaces and established several fixed point and com-
mon fixed point theorems under various contractive assumptions.

Subsequently, several authors generalized nonlinear contraction principles
to probabilistic metric spaces. In particular, Ciri¢ [10] developed probabilistic
analogues of Boyd-Wong [2] type contractions, while Fang [11] introduced
a broader class of nonlinear contractive conditions governed by a function ¢,
leading to significant extensions of fixed point theory in probabilistic and fuzzy
metric spaces.

Nikoli¢ et al. ([12],[13]) extended fixed point theory in Menger probabilistic
metric spaces by combining nonlinear (p-contractive conditions with strictly
convex structures, especially for self-mappings, common fixed points, and non-
self mappings. Their work shows that classical fixed point results, including
those inspired by Boyd and Wong [2], Fang [11], and Assad and Kirk [3], can
be generalized to spaces with nondeterministic distances and richer geometric
structure.

Motivated by the concept of hyperbolic metric spaces introduced by Kirk
[14] and by fixed point results for nonlinear contractions in Menger proba-
bilistic metric spaces due to Cirié¢ [10], Fang [11], Jesi¢ et al. [9], and Nikolié
et al. [13], we study fixed points of non-self mappings in complete Menger
PM-spaces of hyperbolic type. We prove a fixed point theorem for mappings
g : K — X satisfying a nonlinear contractive condition involving not one, but
two control functions ¢ and 1. The proof relies on the hyperbolic structure of
the space, the notion of probabilistic diameter, and the convergence properties
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of nested subsets whose probabilistic diameter tends to zero. Our result ex-
tends several known fixed point theorems in strictly convex Menger PM-spaces
and provides a probabilistic generalisation of corresponding results in metric
spaces of hyperbolic type.

2 Preliminary Notes

Definition 2.1. [5] A function F : R — [0,1] is called a distance distri-
bution function if it is non-decreasing, left-continuous and satisfies F/(0) = 0
and sup,eg F(t) = 1.

The family of all distance distribution functions will be denoted by DT,
The mazimal element of DT is the distribution function €q(t) defined by:

0, t<0,
eo(t) =
1, t>0.

Definition 2.2. [5] A binary operation T : [0, 1] x [0, 1] — [0, 1] is called a
continuous t-norm if it satisfies the following conditions:

(i) T(a,1) = a for every a € [0,1];

(ii) T(a,b) =T(b,a) for all a,b € [0,1];
(i1i) T(T(a,b),c) =T(a,T(b,c)) for all a,b,c € [0,1];
(iv) T(a,b) < T(c,d) whenever a < ¢ and b < d;

(v) T is continuous.

Typical examples of continuous t-norms are Ty, (a, b) = min{a, b}, Tp(a,b) =
ab, Tr(a,b) = max{0,a + b — 1}.

Definition 2.3. [5] A Menger probabilistic metric space (briefly, Menger
PM-space) is a triple (X, F,T), where X is a nonempty set, T is a continuous
t-norm and F x X — D, F(z,y) = F,,, such that for all z,y,z € X and
s,t >0 the following conditions hold:

(1) Fpy(t) =¢eo(t) if and only if v = y;
(it) Fuy(t) = Fya(t);

(iii) F,.(t+s) > T(Fw,y(t), FW(S)).
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Remark 1. [6] Every metric space induces a Menger PM-space. In-
deed, let (X,d) be a metric space and let T = Tj. Define: F,,(t) =
€0 (t—d(:v, y)),w, y € X, t > 0. Then (X, F,Ty) is a Menger PM-space induced
by the metric d.

A natural topology on a Menger PM-space is the (e, A)-topology introduced
by Schweizer and Sklar [5]. For a point p € X, its family of neighbourhoods is
given by:

N, ={Ny(e,\) : e >0,A € (0,1)},
where
{¢e X : F,,(e) >1— A}
The resulting (e, A)-topology is Hausdorff.

Definition 2.4. [5] Let (X, F,T) be a Menger PM-space and let x,, be a
sequence in X.

(i) The sequence x, is said to converge to x € X if for every ¢ > 0 and
A€ (0,1) there exists N € N such that F,, (¢) >1—X\,n> N.

(ii) The sequence x, is called a Cauchy sequence if for every ¢ > 0 and
A€ (0,1) there exists N € N such that F, ., (€) >1— X n,m > N.

(iii) The space (X, F,T) is said to be complete if every Cauchy sequence con-
verges to a point of X.

(iv) A mapping f — X is continuous at xg € X if and only if x, — vo =

f(@n) = f (o).

Definition 2.5. [5] Let (X, F,T) be a Menger PM-space and let A C X.
The closure of A is the union of the set itself with all the limits of sequences
from A, and is denoted by A.

Definition 2.6. [5] Let (X, F,T) be a Menger PM-space and let A C X.
The set A is said to be compact if every sequence in A contains a subsequence
that converges to a point of A.

The notion of probabilistic boundedness was introduced by Egbert [15] and
plays an important role in the study of probabilistic metric spaces.

Definition 2.7. [15] Let (X, F,T) be a Menger PM-space and let A C X.
The function

da(t) =sup inf F,,(e), t>0,
e<t TYEA ’

1s called the probabilistic diameter of the set A.
The diameter of A is defined by

da =supda(t).
>0
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If there exists A € (0,1) such that 4 = 1 — A, then A is said to be proba-
bilistically semi-bounded. If 64 = 1, then A is called probabilistically bounded.

Remark 2. [9] Every bounded subset of a metric space is probabilistically
bounded when the metric space is regarded as the induced Menger PM-space.
Thus, probabilistic boundedness extends the classical notion of metric bound-
edness to the probabilistic setting.

Theorem 2.8. [15] Let (X, F,T) be a Menger PM-space and let A and B
be nonempty subsets of X such that A C B. Then 4 > Jp.

Theorem 2.9. [15] Let (X,F,T) be a Menger PM-space and let A be a
nonempty subset of X. Then the probabilistic diameter of A coincides with the
probabilistic diameter of its closure, i.e., 04 = d7.

Lemma 2.10. [19] Let (X, F,T) be a Menger PM-space and let A C X.
Then A is probabilistically bounded if and only if for every A € (0,1) there
exists t > 0 such that F, ,(t) > 1— A\, for all x,y € A.

Theorem 2.11. [16] Every compact subset of a Menger PM-space is prob-
abilistically bounded.

Theorem 2.12. [20] Let (X, F,T) be a Menger PM-space and let { A, }nen
be a decreasing sequence of nonempty closed subsets of X. If we have that
da, — €0, as n — 00, then there is only one point x € ()7, A,.

Lemma 2.13. [20] Let (X, F,T) be a Menger PM-space and let {A,}nen
be a decreasing sequence of nonempty closed subsets of X. Then the sequence
{A,} has probabilistic diameter zero if and only if 4, — €9, as n — 0.

Definition 2.14. ([9],[17]) A Menger PM-space (X, F,T) is said to be met-
rically convezx if for every pair of distinct points p,q € X and every A € (0,1),
there exists a unique point r € X satisfying:

Bl =B (155). B0 =5 (). 0

for allt > 0.

For A € [0,1], define ry = ¢ for A = 0,7\ = p, for A = 1, and r\, = r, for
A € (0,1) where r is the unique point satisfying (1), for every ¢t > 0. The set
seglp, q] = {rx: A € [0,1]} is called the metric segment joining p and g.

Definition 2.15. [8] A metrically convexr Menger PM-space (X, F,T) is
said to be of hyperbolic type if for every p,q € X there exists a unique metric
segment seg[p,q| and, for every uw € X, every r € segp, ql, that satisfies (1),

and every t > 0:
" ’ A ’ o 1 - )\ ’
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Lemma 2.16. [9] Let (X, F,T) be a Menger PM-space of hyperbolic type.
Assume that Vp,q,u € X, VA € (0,1), Vt > 0, and Vr € seg|p, q|, we have that:

Fo,(t) > min{F, ,(t), F.q4(t)}. (3)
If there exists a point x € X such that:
Fop(t) = min{F, (1), Fig(8)}, (4)
for allt >0, then r € {p,q}.

The following definition and results play an important role in the study of
nonlinear contractive mappings in Menger PM-spaces.

Definition 2.17. Let ® be the class of all functions ¢ : [0,00) — [0, 00)
satisfying:

(i) @ is continuous and nondecreasing,
(ii) p(t) <t, for everyt > 0.

Lemma 2.18. [18] Let ¢ € ®, as defined in Definition 2.17. Then, for
every t > 0, the sequence of iterates go”(t)neN converges to zero.

Lemma 2.19. [19] Let (X, F,T) be a Menger PM-space and let ¢ € ®.
Suppose that for some x,y € X, we have Fx,y(go(t)) > Fpu(t),t > 0. Then

T =y.
Theorem 2.20. [12] Let (X, F,T) be a complete Menger PM-space of hy-

perbolic type that satisfies (3). Let C be a nonempty, closed and probabilistically
bounded subset of X, and let f — X be a non-self mapping satisfying:

Fra,r(0(8) = Foy (1), 2,y € C,t >0, (5)
where ¥ : (0,00) — (0,00) satisfies:

V.t >0, 3,7 >t, suchthat lim ¢"(r)=0.

n—o0

If f(0C) C C, then f has a unique fized point in C'.

Theorem 2.21. [13] Let (X, F,Ty) be a Menger PM-space of hyperbolic
type that satisfies (3). Let K be a nonempty, closed and probabilistically
bounded subset of X, and let f,g : K — X be two non-self mappings sat-

1sfying:

Fra).s(#(1) 2 min{Fgm,g(y) (1): Fytw).s@) (), Fy).5) (8)s Fyw).r ) (28)s Foy).s ) (275)}
(6)

for all x;y € K and every t > 0, where ¢ € ®. Assume furthermore that:
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(i) OK C g(K) and f(K)NK C g(K);
(i1) g(x) € OK implies f(x) € K;
(11i) g(K) is closed in X.

Then f and g possess a coincidence point in K. Moreover, if f and g are
coincidentally commuting, then they admit a unique common fixed point.

3 Main Results

We are now ready to formulate our main theorem, which combines and extends
all the above fixed point results to Menger PM-spaces of hyperbolic type.

Theorem 3.1. Let (X, F,Ty) be a complete Menger PM-space of hyperbolic
type, satisfying (3). Let K be a nonempty, closed and probabilistic bounded
subset of X, and let g : K — X satisfy the condition:

(w),g(y)(g’(t)) > min {Fm,y(t)a Fa g (1), Fyg) (2), Fag(y) (t+()), Fy g(a) (t+ Qﬂ((t)»} ;
7
for all x,y € K and every t > 0, where ¢ € ®, and ¢ : [0,00) — [0,00) is a
continuous function such that ¥(0) = 0 and (5) holds.
If f(OK) C K, then g has a unique fixed point.

Proof. First of all, applying the triangle inequality in Definition 2.3 to the two
last terms of condition (7) we get: Fy g (t-+1(2)) > min { Fy g(0)(t), Fy(a),q0) (¥ (1))},

and Fy o) (¢ + (1)) > min {F o) (£), Fya) g) (¥ (1)) } -
Thus condition (7), becomes:

Fya).g (9(t)) > min { F, (1), Fog(a) (1), Fy o) (1) Fywy oy (@)} (8)

Now, we choose an arbitrary point zq € K and define y; = g(z¢). If y; € K,
we set 1 = y;. Otherwise, if y; ¢ K, then, we choose x; € IK N seglxo, y1].
Proceeding inductively, we construct {x,}, {y.} € K such that:

Yn+1 = g(xn),
Tn+1 = Yn+1, if Yn+1 € Ka Or Tpy1 € oK N Seg[xna yn—l—l]a if Yn+1 ¢ K.

Let A ={x, : @, = Yo, n € N} and let A, = {z,4; : i € NU{0}}.
Since A,, C K for every n € N and K is probabilistically bounded, it follows
from Theorems 2.8 and 2.9 that A, is also probabilistically bounded. Next,
we proceed to estimate the probabilistic diameter of A,,.

Let i,j € NU {0} be arbitrary and let us first evaluate F;, ... (¢(1)) ,
for t > 0 for each possible case.
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Case 1. Let x4, iy € Ay Since Tpiy = Ynti = 9(Tngio1) and 45 =
Yntj = G(2nyj—1), from (8), (5) and Definition 2.7 we obtain:

F$n+i7xn+j (QD(t)) = Fg($n+i71),g($n+g’71)(Qp(t))

> min Fxn+i717wn+j71 (t)> Fxn+i7179(xn+i71)(t)’
chnﬂflvg(xnﬂfl)(t)’ Fg(wnﬂ—l)vg(wnﬂq)(w(t))

> min Fﬂcnﬂ—l,l‘nﬂ‘ﬂ (t)> Fxn+iflvxn+i (t)’
o F:cn+j—1,zn+j (t>’ F$n+i@”+f <t>
> 64,4(0). ©)

Case 2. Let x,4; € A, and 45 ¢ A,. Thus, T = Ynyi = 9(Tpyiz1),

Tpgj € 8€8[Tpij—1, Ynys) NOK, and Ty i1 = Ynij—1 = 9(Tnpj—2), from (3) we
obtain:

an+i7xn+j (@(t)) > mln {Fxn+i:xn+j71 ((p(t>)7 Fxn+i:yn+j ((Ip(t))} °

Now we consider the two possibilities.
Case 2.1. Using (8), (5) and Definition 2.7 we get:

an-ﬁ—iyxn-}—j ((p( )) > Fxn-H Tn+j— l(go(t))
= F9($n+i—1)79(ﬂcn+j—2)(Qo(t))

2 mln {Fxn+i—l7xn+]’ (t)

S

(T

\_/

Tpn4i— 19(-73n+z 1)<t)
F (wn+i—1)7g(wn+]’—2)<w(t>)

Tn4i—1,Tn+i (t) )
Tn+isTn+j—1 (t)
> 64,5(t): (10)

mn+j—2vg(xn+j

> mln {an+i—l7zn+]’ (t)7
- )

S

Tn+j—2:Tn+j—1 (t ?

Case 2.2. Using (8) and (5) we get:

an+iyxn+j ((p( )) > Fxn-‘—z yn+3 ((p(t))
= Fg(xn+¢,1),g(zn+j71)(Sp(t))

> min Fl‘n+i717xn+j71 (t)> Fwn+z‘—1,9(wn+i—1)<t)7
Fxn+jflag(xn+j71)(t)’ Fg(xn+i71),g(xn+j71)(¢(t))

Z min { an+¢,1,xn+j,1 (t)7 Fxn+’i717x’ﬂ+’i (t)7 } (1 1)

Fflfn+j—17yn+j (t)’ F$n+'i7yn+j (t)

First of all, Lemma 2.19 implies that F, ., ,. . (f) cannot be the minimal
element. Moreover, by applying Definition 2.17, (8), and (5) to the third term
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of (11), we have:

Fxn+j—17yn+j (t) > F9($n+j72)79($n+j—1)(QO(t))

> min Fxn+j—27$n+j—l (t)’ Fxn+j727g(xn+j72)(t)7
Fxn+j—179($n+j—l)(t>’ Fy($n+j—2)7g($n+j—1) (w@))

> min {Fxnﬂ'—mfﬂnﬂ—l (), Fopis 2 misa (t)’}
B F$n+j—1»yn+j (t>’ F:cn+j_1,yn+]- <t>

= Fupjanisa (). (12)
Thus, for (11), based on Definition 2.7, we can conclude that:

Fxn+i7xn+]’ ((p(t>> Z mln {Fxn+i—1amn+j—1 (t)7 Fxn+i—17xn+i (t)7 Fxn+j—2733n+j—1 (t>}

Case 3. Let xpyi, Tpyy ¢ A, Then, z,4; € seg[zpyi1, Ynti] N OK, 2y, €

Seg[xn+jflayn+j] NOK, Tpiic1 = Ynti1 = 9(Tpti2), and Tnt+j—1 = Yntj—1 =
9(2p4j—2). Hence, from (3) we have that:

FIn+¢,xn+j (@(t)) > min {Fxn+i717xn+]’71 ((p(t))v Fxn+i71,yn+j (90<t>)7 Fyn+i,1‘n+jfl (@(U)? Fyn+i:yn+j (@(t))}

(14)
Now we consider each possibility one by one.
Case 3.1. I Fy, i 20y, (0() > Fopi oy 2ny,o0 (0(1)), then we get once more
the same results as in Case 1.

Lemma 2.19, and finally Definition 2.7, we get the following:

Fxn+z’yn+]((p(t>> > Fl’n«kifl:ynJﬁj ((p<t)) = Fg($n+i—2),g(1’n+]’—l)(w(t)>

Z mln Fwn+i—2amn+j—l (t)7 Fxn+i—27g(mn+i—2) (t)7
F$n+j71’9(xn+j—1)(t)7 Fg(zn+if2)yg(1'n+j71)(w(t))

Z min Fwn+z’—2,rn+j—1 (t)v an+i—2,$n+i—1 (t),
F, F,

Tntj—1:Yn+j (t)’ Tnti—1:Yntj <t)

Z IIliIl {Fwn+i—2,rn+j—1 (t>7 F$n+i—2,$n+i—1 (t), F"En+j—17yn+j (t)}
2 5An—2 (t) (15)

Case 3.8. If o0y (0(1) > Fyizns,—1 (0(t)), then we follow the same
reasoning and get the same results as in Case 2.2.
Case 8.4. If Fy oo (0(t)) > Fy oy yr; (0(1)), then by following the same
reasoning as in Case 2.2 we get the same results.

Finally, after evaluating every possible case, we conclude that F,, ... (¢(t)) >

da,_,(t), for any arbitrary i, 7 € NU {0}. Hence, by Definition 2.7,
5An (@(t)) Z 5An_2 (t)7 Vit > 0. (16)
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We now show that the family A, has probabilistic diameter zero. Let
m € N. Then A,, C K is probabilistically bounded. Therefore, by Lemma
2.10, for A € (0,1) there exists ¢, > 0 such that F,,(tp) > 1 — A, for all
z,y € Ay,. Consequently, d¢, (to) > 1 — .

By Lemma 2.18, there exists nyg € N such that ¢ (¢y) < ¢t. Choose an even
integer ¢ > ng and let n = 2¢ + m. Then, applying (16) repeatedly, we obtain:

07, () = 0a,(t) = 04, (¢" (to)) = 0a,(¢"(t0)) = 6,5, (t0) = 04, (to) = 1 —( A
17)

Therefore, the family A,, has probabilistic diameter zero and Theorem 2.12
implies that there exists a unique point z € (), A,.

We will show that z,, — z. Indeed, let ¢ > 0 and X € (0,1) be arbitrary.
Since the family {A, } has probabilistic diameter zero, there exists ny € N such
that F,,(¢) > 1— A\, for all u,v € A,,. Since z € A,,, there exists a sequence
{zx} C A, such that z; — 2.

Hence, for k > ng, we have:

Foo.(e)>1—-A\ (18)
On the other hand, since also x € A,,, it follows that:
Fy z(e)>1— A (19)
Using the Menger triangle inequality in Definition 2.3, for n > ngy, we get:
Fy, »(2¢) > min{F,, ., (€), Fy, -(e)} > 1 — A (20)

Therefore, x,, — z, when n — oo.

We now show that z is a fixed point of g, i.e. g(z) = z.

Let {z,,} € {z,} be such that {z, } C A. Consequently, we have that
lim,, 0 ©,, = 2. By applying (8) and (5), we get:

Fwnk7g(2)(90(t)) = Fg(xnkfl),g(Z)(SD(t))
Z min {Fxnk_1,z<t)7 Fwnkfl,g(znkfl)ef)? Fz,g(z) (t>’ Fg(xnk,l),g(z) (w(t))}

> min { Fuy, o (8), Fryy i, (0 Fogo (D Fran (0} (21)
By taking the limit of (21), when n — oo for t > 0 we get:

FZ,Q(Z)(QO(t» 2 min {FZ,Z (t)v FZ,Z(t)7 Fz,g(z) (t)a Fz,g(z)(t>} 2 min {17 Fz,g(z)}
(22)
Using Lemma 2.19, the last inequality implies that g(z) = z.
Finally, let us prove that z is a unique fixed point. Suppose to the contrary
that w € K is such that g(w) = w. Then, from (8) and (5), it follows that:

Fruw(#(t)) = Fyia) 90w (9(8)) 2 min { £ (), F o) (1), Fug) (1), Fyee),g0) (W () }
> min { F, (1), Fo 2 (t), Fuuw(t), Fow(t)} > min {F,,(¢),1}  (23)

Here, Lemma 2.19 implies that z = w. O
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