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Abstract

In this paper, the Jensen’s inequality for harmonically convex func-
tions is established. Some refinements of Hermite-Hadamard inequality
for harmonically convex functions are also obtained.
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1 Introduction

If f: I — Ris a convex function on the interval I, then for any a,b € I with
a # b we have the following double inequality

a+b 1 b fla)+ f(b)
< < -7 - 7
f< 2 >_b—a/af(t)dt_ 2 (1)
This remarkable result is well known in the literature as the Hermite-Hadamard

inequality.

An account on the history of this inequality can be found in [15]. Surveys on
various generalizations and developments can be found in [9] and [16]. Other
improvements and extensions of the inequality can be found in the recent
papers [1-14]. In [11], Farissi established a new generalization of the Hermite-
Hadamard inequality as follows:
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Theorem 1.1 ([11]) Assume that f : I — R is a convex function on I.
Then for all X € [0, 1], we have

1O <ay < o [ e < ooy < ZOEI0 )
where

l()\) :Af<>\b+(§—)\)a> +(1_)\)f<(1+)\)b42—(1—)\)a)’
and

1
L) = 5(f(Ab + (1= N)a) + Af(a) + (1= N)f(b)).
In [14], Iscan gave definition of harmonically convexity as follows:

Definition 1.2 ([14]) Let I C R\{0} be a real interval. A function f : I —
R is said to be harmonically convex, if

Hara—ay) SHW+1-0f@) 3)

forallz,y € I andt € [0,1]. If the inequality in (3) is reversed, then f is said
to be harmonically concave.

The following Hermite-Hadamard inequality for harmonically convex functions

holds.

Theorem 1.3 ([14]) Let f : I C R\{0} — R be a harmonically convex
function and a,b € I with a <b. If f € L(a,b) then we have

2aby _ ab i) _ fla)+ f(b)
< dr < ) 4
f<a+b>_b—a/a 2z TS 2 (4)
Asin Theorem 1.1, we propose the following question: if f is a harmonically
convex function on [a, b], do there exist two real numbers [, L such that

2ab ab [ f(x) f(a) + f(b)
f(cH—b)SlS b—a/a x2 dISLSf?

The aim of this paper is to give an affirmative answer to this question. The
Jensen’s inequality for harmonically convex functions is also obtained.
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2 Lemmas

Lemma 2.1 Let [a,b] € R\{0} be a real interval. Let f be an integrable
function on [a,b]. Then we have

ab b f(x) ! ab 1 ab
b—a/ o d@"—/ f(MM,)dtZ/O f(er(l_t)b)dt. (5)

ab
(1—t)a+tb

and x =

Proof. We use the change of variables x =
the two identities, respectively.

ta+(1 )b to prove

Lemma 2.2 Let [a,b] C R\{0} be a real interval. If a function f:I — R
is harmonically convez on [a,b], then fog is convez on [, 1], where g(z) = 1.

Proof. Since f is a harmonically convex function on [a, b], for all x,y € [a, b],

we have
f<t:c+zcly—) <tf(y) + (1 —1)f(x).

t)y
So
f(wi_t)) <) + (1= (@)
that is . . ) 1
fog(t§ +(1 —t)g) < tfog(;) +(1 —t)fog(g)_
From i % € [%, é], we have completed the proof.

Lemma 2.3 (Jensen’s Inequality) Let [a,b] C R\{0} be a real interval. If a
function f: I — R is harmonically convez on [a,b], then we have the following
imequality

f( ) <3 0f(e). (6)

where x; € [a,b], \; >0 and X7 \; = 1.

Proof. Since f is a harmonically convex function on [a, b], then fog is convex

on [3, 1], where g(z) = 1. Applying Jensen’s inequality for f o g(z) on [¢, 1],

we obtain
fog(Z ) f(Z ) Z ( A>:Z)‘if<xi)‘
i=0 i= 09[,-Z i=0 Ti i=1

By 1 € [, 2], we have completed the proof.
Remark 1. Choosing y; = £ € [a, b] to replace z; in Lemma 2.3 gives

f<a*b> <Y f() )

Azyz i=1
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3 Refinements of Hermite-Hadamard inequal-
ity for harmonically convex functions

These are the main results of the paper.

Theorem 3.1 Let f: I C R\{0} — R be a harmonically convex function
and a,b € I with a <b. If f € L(a,b), then forn € N, \g =0, \y11 =1 and
arbitrary 0 < Ay < Ay < --- N\, < 1, the following inequality holds:

f( 26Lb> S l()\l,,)\n)

a+b
ab b f(x)
ool et
< LA, An)
BVIOYS ()
- 2
where
I(A, - - )\)_zn:()\ —)\)f( 2ab )
b —k:O s * (2= Xe — Aer1)b+ (Ne + Ag1)a

and

n

| S + - ov
LA, ) = Z()‘kﬂ _ )\k>f<(1 /\k)b+/\ka) ;( (1—Xt1) b+)\k+1a).

k=0

Proof. Since f is a harmonically convex function on [a,b], we get

2ab 1 ab f(a)+ f(b)
< —_—— )t < 8
f(a—i—b)_/()f((l—t)a—i—tb) - 2 (®)
Then we use C' = (1_/\:)% and D = m to replace a and b,

respectively, applying (8), for k =0,1,---,n, we get

20D 2ab
f<C+D> N f((Q—)\k—/\k+1)b+()\k+)\k+1)a)

1 D
</ Ha=sve+m)®

_ ab /mmﬁmm f@),
(A1 — Ap)(b—a) (=S va = @’
fC)+f(D)

IN

2

H o) + /(e
. .
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29

Multiplying each term above by corresponding (Ag11 — Ag), and adding the

resulting inequalities, we get

& 2ab
A - A

l;)( k+1 k)f<(2 _ )‘k _ )\k—f—l)b + (/\k + /\k-i—l)a)
< z”: ab /mk:lfz’mm f(;ﬂ) I

=00~ 0 S z

- f((l X ) + f( )
< _ k)b+>\ka 1— Ak+1)b+)\k+1a
< kz:%()\kzﬂ k) 5 :

that is

I A) < ab /bf(x)deL(Al,---,An),

b—ala x?

where [(Ay -+, A\,) and L(Aq,-- -, \,) are defined as in Theorem 3.1.

To prove the remaining two inequalities:

fla) + f(b)
S

2ab
f(a+b> <UL A0) S LA+, M) <

n
we use the fact that f is harmonically convex and observe that > (Ax11—Ag) =

1, znj (Aip1 — A2 =1, i {(1 — )= (1- )\kH)Q} = 1, respectively, then we
k=0 k=0

obtain
1

f( 2ab> _

a+b

1
y n |
ZZZO()\IC—FI — >\k>((2 )\k2>\k+1)é + (>\k+2>\k+1) %)

1
(Akt1 — /\k)f< @A M) 1 (,\k+,\k+1)1>

IN
M=

k=0 2 a 2 b
“ ab
- kz::o<)\k+l — /\k)f< (2—Ak;/\k+1)b+ (,\k+2Ak+1)a>
< 23702 — (0= de( = M)+ (1= Al (a)

1 n
+3 Z Aest — M) st + M) F(B)
k=

n n

k=0

ZZ:O( k1 k)(; k k+1)% +ZZ:0( k1 k)2( kt+ k+1)%

(1= 007 = (1= M) Fla) + 5 SO = XDFO)
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where the first inequality follows from the Jensen’s inequality for f. The proof
is completed.
Remark 2. With notations in Theorem 3.1, then

f( 2ab ) < sup (A1, -, An)

a+b 0<A < <A <1

ab b f(x)
b—a/a 2 du
inf LM, M)

0<A1 <+ <AR<1

fla) + f(b)

5 .

IA

IN

IN

Remark 3. Choosing n =1 in Theorem 3.1 gives

a+b
ab  r* f(x)
S
< LN
_ [+ f0)
= 2 9
where
2ab 2ab
=M g=xarmw) * O (T mar a )
and

F () + M (@) + (L= N)F )
L\ = 5 _
Remark 4. Puttingn =1 and A = % in Theorem 3.1, then

FELY o /() + I (25)

a+b 2
b
< ab/ f<x)dx

b—a x2

1 2ab fla)+ f(b
< )+ T
< 1@ +i0)
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