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Abstract

In this paper, we develop a six dimensional compartment model to
investigate the impact of super-spreader during an epidemic. Stability
analysis of the model shows that the disease-free equilibrium is globally
asymptotically stable if a certain threshold quantity, the basic reproduc-
tion number (Ry), is less than unity. On the other hand, If Ry > 1, then
the endemic equilibrium H* is stable, and the disease persists. Sensi-
tivity analysis indicates that the basic reproduction number R is most
sensitive to the population recruitment rate A, the disease transmission
rate 81 and the disease super transmission rate 5.

Keywords: super-spreader; stability; SEIMQR model; sensitivity anal-
ysis

1 Introduction

The spread of infectious diseases is a serious threat to human life and health,
and the number of deaths due to infectious diseases accounts for a quarter of
the total deaths worldwide every year[1l]. When an emerging infections disease
occurs, a vaccine or effective drugs to treat the disease cannot be developed
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in time. This makes it very challenging to control the spread of the disease
in both temporal and spatial dimensions, especially in some low-and middle-
income countries, where medical resources are not fully guaranteed. Therefore,
reducing the rate of disease transmission has become one of the most direct
and effective means of prevention and control.

Reports of super-spreaders first appeared in the 20th century in the case of
?Typhoid Mary” in 1900-1907 [2], when one person caused multiple infections
as well as deaths. In addition, super spreaders have been seen in the trans-
mission of several major infectious diseases (such as, tuberculosis, measles,
Ebola hemorrhagic fever, malaria, SARS-COV, MERS-COV, etc [3-7, 12]).
The presence of super spreaders can rapidly accelerate disease transmission
in a short period of time, leading to mass infections and fatalities. This phe-
nomenon is often linked to high contact rates or highly infectious viral strains
and can help identify more transmissible variants. Studying superspreading
events is essential for understanding the transmission mechanisms of infectious
diseases, providing governments and health authorities with the scientific basis
to develop effective policies and improve outbreak response. In summary, re-
searching super spreaders aids in more effective disease control and mitigates
their societal impact.

Mathematical modelling is a tool that can be used to visually simulate the
impact of super-spreaders on disease, to predict disease trends and to assess
the effectiveness of different prevention and control measures. In order to study
the effect of super-spreaders on the disease, the following two main approaches
have been used: One approach is to introduce a new independent compart-
ment M (t) to represent the disease information level related to super-spreader
[8-10]. Ullah S, Zahir H et al. in [10] added an independent compartment
M (t), and uses common linear incidence % to describe the disease transmis-
sion pattern.

The second approach introduces an expression for the transmission rate
as a function of the transmission distance r. In [11], it is assumed that the
normal probability of infection w(r) is a decreasing function of the propagation
distance r with a cut-off value ry. Fujie R and Odagaki T argue that the
probability of infection of a super-spreader w(r) has the same cut-off value
as the normal probability of infection ry, but it is a constant rather than
decreasing function. In [12], Walker D M et al. consider the rate of infection
of an infected person to be constant, but the phenomenon of ”super-spreading”
cannot be ruled out. Mushanyu, J et al. consider different levels of spreaders
in [13], giving the normal rate \,(¢) and the super-spreading rate A, (¢) and
classifying the super-spreader rate into two types and the propagation rate
function is defined.

In the studies on superspreaders mentioned above, most of the models did
not take into account the use of precautions by exposed and infected people.
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There is currently no model that takes both factors into account, so we plan
to develop a robust mathematical model to study the phenomenon of super-
spreading that includes both exposed and isolated individuals.

The paper is organised as follows: In section 2 constructs the model and
provides the relevant explanations. In section 3 describes the qualitative prop-
erties of the model including the non-negativity of the solutions, boundedness
and the stability of the equilibrium points. In sections 4 and 5 provide the
numerical results of the analysis of the model. Finally, the main results are
summarised in the discussion section.

2 Model construction

Since the outbreak of SARS, the phenomenon of super transmission has
become common in the process of disease transmission. Super carriers have
a greater impact on susceptible individuals than general infected individuals.
So it is necessary to divide infected individuals into general infected indi-
viduals and super infected individuals. As an extension of the basic model
SEIQR, it is necessary to add a super propagator compartment M to obtain
the SEIMQR model.

Then, the total population size at time t is N(t) = S(t)+E(t)+1(t)+M(t)+
Q(t)+ R(t). We assume that the spread of the disease follows linear incidence,
and that susceptible individuals can be infected by infected individuals as well
as by super-spreaders. Then we have the model

(dS
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for subsequent calculations make ¢; = ky + ks +d;eo = w+ v+ v +d;e3 =
w+o+v+de,=v+p+d.

In the model, all parameters are non-negative, where the recruitment rate
of the susceptible population is A; the contact rate of the susceptible popu-
lation with the infected population is f; the contact rate of the susceptible
population with the super infected population is (; the proportions of ex-
posed individuals transmitted to the infected and super infected populations
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are the proportions ki, ko, respectively; the proportions of infected and super
infected individuals entering the quarantined population are w, u, respectively;
the disease mortality rate of the population is v; the recovery rate of the super
infected population is ¢§; the recovery rate of the quarantined population is
p; the natural mortality rate of the population is d; the recovery rate of the
infected population is 7. Then initial conditions are defined as follows,

S(0) >0, E(0) >0, I(0) >0, M(0) >0, Q0) >0, RO)>0. (2.2)

3 Mathematical analysis

3.1 Non-negativity and Boundedness of solutions

In this section, we prove that every solution of system (2.1) is non-negative
and uniformly bounded with initial conditions (2.2).

Theorem 3.1. Every solution of model (2.1) with initial values (2.2) remains
positive in RS as t > 0.

Proof. From the model system(2.1), we obtain

dsS
E|S:O,E20,120,M20,Q20,R20 =A>0,
dFE
E’SEO,E:O,IEO,MEO,QEO,REO = (B + B2 M)S > 0,
d/
E’SEO,EEO,I:O,MZO,QEOREO =k E >0,
A (3.1)
E!szo,Ezo,Izo,Mzo,on.Rzo = kol > 0,
d@
E’SEO,EZO,IEO,MEO,Q:O,Rzo = wl+puM >0,
dR

E’520,E20,120,M20,Q20,R:0 =~ +0M + pQ > 0.

Since the above rate is always non-negative on the boundary of a non-
negative surface of RY, this means that the direction of the vector field is
always pointing inwards. Therefore, from the non-negative cone, all solution
trajectories will remain in the positive region and will not cross the boundary.
This proves the correctness of the theorem.

Theorem 3.2. Every solution of model (2.1) initiating in RS is uniformly
bounded in the region

A, = {(S,E,[,M,Q,R) e R} :O§S+E—|—I+M—I—Q+R§%+e}f0rsome
e>0.
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Proof. According to N = S+ E+ 1+ M+ Q+ R, then the time derivative

N
Oli—t:A—dN—y(IJrMHg)gA—dN,
dN
— +dN <A
= dt+ <A,
A A

For t - +00,0 < N < %. Therefore, the solution trajectory initiating

inside the region A, confined within the region and if it starts from outside
A, then it enters into the region after a finite time and approaches towards %.
Hence the theorem.

3.2 Existence of equilibrium

In order to study the properties of the relevant dynamics of model (2.1),
it is first necessary to determine the existence of the model equilibrium point.
The disease-free equilibrium corresponds to the extinct state of the disease,
while the local equilibrium corresponds to the state in which the disease will
eventually persist in the population for a period of time. As mentioned earlier,
model (2.1) has disease-free equilibrium (DFE), Hy = (%, 0,0,0,0,0). Lineariz-
ing model (2.1) at the DFE and using the next generation matrix method, we
find the basic reproduction number Ry, is given by

A(Bikie3 + Bakner)

Ro = .
d€1€263

Note, positive equilibrium H* = (S*, E*, I*, M*, Q*, R*) is exists and satisfies

(A — (BLI* + By M*)S* — dS* = 0,
(61]* + /BQM*)S* — €1E* = 0,
k\E* — eol* =0,

3.2
]{?QE* — E-:gj\4>‘< = O, ( )
wl* 4+ pM* —e4Q* =0,
(Y * +OIM* + pQ* —dR* =0,
which gives
( __ eol*
E* = i—l,
x _ koeoI*
Y N 2]12123 hea) I
_ [wkiestpukaea] I*
Q* - kieseyq ) (33)
R* = [Yk1ezea+dkoeaes+p(wkies+ukaea)| I*
- dkieseq )
S* — A — £1€92€3
\ d+[(51+7ﬁi’;§§2)][* B1k1es+Bakaca
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From the two expressions of S* in equation (3.2), can get

_ Ak (Bikies + Bikaga) — dkiereaes Ak 1 1

I* = - —).
e162(B1k1es + Prkaes) €12 720)

(3.4)

Now, using the I* in equations (3.3), can obtain the positive values of S*,
E*; M*,Q* and R*, respectively. Thus, the model (2.1) consists of a positive
endemic steady state H* when Ry > 1.

3.3 Stability of the equilibrium point

In this subsection, the steady-state situation of the equilibrium point will
be discussed.

In determining the local stability of the disease free equilibrium point, the
equations of the system (2.1) is linearized by using Jacobian matrix(J). The
trace-determinant technique as presented by [15], is used to determine local
stability of disease-free equilibrium point.

Theorem 3.3. The DFE Hy is locally asymptotically stable if Ry < 1, and is
unstable if Ry > 1.

Proof. The Jacobian matrix of model (2.1) at Hy is as follow

—d 0 —% —%A 0 0
0 —e 22 24 9 o
0 k —& 0 0 0

H.)) =
J(Hy) 0 ky 0 —e 0 0
0 0 w wo —e4 O
0 0 v ) p  —d

According to the linearized of the Jacobian matrix J(Hy), the trace and
determinant are calculated as follows:
1)Trace of the Jacobian matrix J(Hy), the TrJ(Hy) is given by

TrJ(Hy) =—2d—e1 —e9 —e3 —e4 < 0.
2)By computing the determinant DetJ(Hy) and the result is given by
DGtJ(Ho) = —d(A51k1€364 — d€1€2€354 + A52k282€4),

simplified, become

A(Brkres + Bokacs)
d€1€283

When Ry < 1, the DetJ(Hy) > 0, the DFE is locally asymptotically stable
by the trace determinant technique. Hence the theorem.

DetJ(Hy) = d2€1€2€3€4(1 — ) = d?c1e9e3e4(1 — Ry).
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Theorem 3.4. The DFE Hy is globally asymptotically stable if Rg < 1, oth-
erwise, it’s unstable when Ry > 1.

Proof. Constructing a suitable Lyapunov function L : R — R, defined
S, S

B1.50 I+ B250
E9 €3

suppose that: S(t) < Sy, then take the derivative of L(t) along the solution
path of model (2.1), and get

as

L(t) = E + M, (3.5)

dL(t S S
-q?ggw%+@M&—qE+ime—@n+%°@ﬂ—%M)
2 3
_ 5150161E N 5250k2E eE
€9 €3
= ElE (ﬁlSOkl + B2SO]€2 — 1) = €1E (Ro - 1) .
£1&2 £1€3

(3.6)

So, when Ry < 1, %}Et) <0, %Et) = (0 ifand only if ¥ = I = M = 0. Therefore,
the {(S, E,I.M,Q, R) € A} maximal invariant set is {Hy}. By the LaSalle’s
invariant set principle, the DFE Hj is globally asymptotically stable if Ry < 1.
This concludes the proof of the Theorem 3.4.

Theorem 3.5. When Ry > 1, the endemic equilibrium H* of the model (2.1)
18 locally asymptotically stable provided that the following conditions hold si-
multaneously

Al > O,AQ > O,AlAQ > A3,A4 > 0,A1A2A3 — A%A4 > A%

Proof. The Jacobian matrix of model (2.1) at H* = (S*, E*, I*, M*, Q*, R*)
is as follow

—d — P I* — B M* 0 —p1S* =515 0 0

Bil* + B M* —e1 BiST pS” 0 0

¥\ 0 ]{31 —&9 0 0 0
J(H ) o 0 k’Q 0 —E3 0 0
0 0 w v —e4 0
0 0 v ) p —d

Using the determinant expansion of algebra to obtain the characteristic
polynomial of the matrix, can get

A+ B +BM +d 0BS5S
—piI* — B M* Aer —p1S* =[5

0 —k'l A+ €9 0
0 —kg 0 A+ €3

g(A) = A+ d)(A+eq)

= A+ d)(A+e4)g92(N).
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The g2(A) can be expressed as follows

Ater —B1S*  —B2S* 0 B1S* P25
gg(/\)z ()\+61]*+52M*+d) —k1 A+ eo 0 +(51]*+ﬂ2M*) k1 A+ eo 0 .
—ko 0 A+es ko 0 A+es

The corresponding characteristic polynomial equation of Jy« is given by

92()\> = )\4 + A1>\3 + AQ)\z -+ Ag)\ + A4, (37)
the four parameters in equation (3.7) are as follows:

Ay =piI" + oM™ +d+e1 + 2 + €3,
Ay = (B1I" + oM™ 4+ d)(e1 + €2 +€3) + €162 + €283 + €163 — (k1 515" + k2 325™),
As =e1e9e3 — (€3 + d)B1k1S™ — (2 + d)BokaS™ + (d + 11 + BoM™) (€162 + €263 + €1€3),

Ay = (B1I" + BoM™)eqe0e3 + d(515253 — (e3B1k1 5™ — 82/52]625*))

Hence, according to the Routh-Hurwitz criterion, the necessary and suffi-
cient conditions for H* to be locally asymptotically stable are A; > 0, Ay >
0, A1A2 > Ag,A4 > O, and A1A2A3 — A%AZL > A%

The above is an analysis of the local stability of the endemic equilibrium
point, and the following content is a discussion of the global stability of the
endemic equilibrium point. We consider the global asymptotically stability of
the model (2.1) in the absence of equation @, R, as it is independent on the
rest of the equation of the model (2.1). We first give endemic equilibrium in
the following at a steady-state at A, for system (2.1)

A = (B I* + By M*)S* + dS*,
e1B* = (611" + B M*)S*,
eol* = ky B,

esM* = ko E*.

(3.8)

The expression shown in (3.8) will be used later in the proof of the globally
asymptotically stable of endemic equilibrium point.

Theorem 3.6. The endemic equilibrium H* of the model (2.1) is globally
asymptotically stable when Ry > 1.

Proof. Constructing a suitable Lyapunov function V : RY — R, defined
as

V(t)_S—S*—S*ln%JrE—E*—E*lnEJFBl] 5 (1—1*—1*1111)

E* ki E* I*

* ko E*

M
M — M* — M*1 —)
HM*

(3.9)
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The time differentiation of equation (3.9) gives

= (- B A Dy R

The expressions on the right hand side of equation (3.10) are obtained using
the equations from the model (2.1) as follows

(1- g)s': (1- i) (A= (i1 +BM)s — as)

S S
- (1 _ %) ((ﬁll* + ﬁzM*)S* +dS* — (,811 + BzM)S — dS)
<prs(1- % - SS§ - Ii) + B S (1 - % - SS% + M%)
(3.11)
(- 2)e=(a- ’j;) (811 +5M) S — 1)
= (=) (51 +5a0)s — (1" + oM7) 52 .
=5 (1= g+ 5o~ oreg) |
R o)
BI*S* T BIFS T
g (L) = G (0 ) (B = =)
e =
(s B LB
BQngf* (1 B J\]@*)M, _ 52]555 (1 _ Aj\i) (sz . 53M>
(A B g

Substituting equation (3.11) to (3.14) into equation (3.10) and after simplifi-
cations, we get
S* I'E  ISE*

Vzﬁlfs(?’—?‘m‘z*sw

) 000" (55~ 3~ pgp)
(3.15)

Here, we using the properties of arithmetic geometric averages, we have
S* I'E ISE* S* M*E  MSFE*

<0 3—— — —
S IE* I*S*E S  ME* M*S*E

<0. (3.16)
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From equations (3.15) and (3.16), it is clear that, Lyapunov asymptotic
stability theorem satisfied as dﬁ—ff) < 0 is strictly a Lyapunov function which
implies that, the endemic equilibrium point H* is globally asymptotically sta-
ble contained in the region A.. From a biological perspective, this means that
the disease is stable and will persist in the population for a long time.

Therefore, %—‘; is a Lyapunov function converging in the positive region

A such that S — S*F — E*, I - I*,M — M*,(Q — Q* and R — R* as
t — oo. Hence, this concludes the proof of Theorem 3.6.

4 Sensitivity analysis

Considering the importance of the basic regeneration number in the trans-
mission dynamics of infectious diseases. It is important to study how the
parameters in the model affect Ry. Sensitivity analysis was performed for
Ry according to the method described in [16].

Definition 4.1. The normalized forward sensitivity index of a variable Ry to

a parameter o is defined as
TRO = aRO X i
7 do R[)

We summarize the computed sensitivity indices of R to several important
model parameters in Table 1 and present them in Figure 1.

Table 1: Sensitivity indexes of R
Parameter  Value  Sensitivity index Source of the data

A 0.01138 1 [17]
ot 0.2944 0.499493 [18]
5o 0.45 0.500507 [19]
ky 0.117 0.00582248 Assume
ko 0.1 0.0785657 Assume
w 0.2944 -0.365374 Assume
v = -0.0827387 [20]
1 0.45 -0.429224 Assume
) 3—10 -0.0317943 [20]
v 0.0214  -0.0469711 [21]
d 0.02 -1.12829 [22]

For example, we calculate T?QO = 0.500507, it indicates if (5 is increased
by 10% then the basic reproduction number Ry also increased by 5.00507%.
Further, TZfO = —0.429224, signifies that 10% increment in p will decrease Ry
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Figure 1: Sensitivity plot for the basic reproduction number R,

by 4.29224%. Table 1 also shows that A, 81, B2, u and d have strong correlation
with the basic reproduction number Rg. In practice, control measures should
therefore focus on reducing the disease transmission rate (3.

5 Numerical simulations
5.1 The influence of the parameters contained in Ry on
the spread of infectious diseases

According to the expression of the basic reproduction number, we analyze
the change of Ry when some parameters change.

RD
n Y 1
) 10 09 0.9
9 08 % 08
8 07 07
7 2
06 06
6
=05 =05
s 15
04 04
.
X N 03 10 03
2 02 02
1 01 s 01
o 0 S
0 1 02

B1vs B i 52VS ,um O

Figure 2: Contour plots of R affected by parameters 5y vs B2, 82 Vs p, w vs p.

RO

0
o o

WS [

The contour plots of the basic reproduction number Ry with respect to
parameters [ vs [, P2 VS u, w vs u are presented in Figure 2. As can be
seen from Figure 2 that when other parameters related to Ry are fixed, Rq
increases with the increase of 3; and ;. When p increases or [, decreases,
Ry decreases. i and w have similar effects on Ry. This is consistent with the
sensitivity analysis presented in Table 1.
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5.2 Stability of the equilibrium point

Our system (2.1) possess a disease free equilibrium point Hy(0.569, 0,0, 0,0, 0)
for p = 0.02 and other parameters are as specified in Table 1. We find the corre-
sponding eigenvalues of the jacobian matrix Jy, as —0.02, —0.02, —0.0614, —0.1087,
— 0.6145, —0.4409. All the eigenvalues are negative and hence Hj is locally
asymptotically stable. In Figure 3, we plot the solution trajectories of system
(2.1) with initial value (1.3951.0141.0391.0090.091.31) which converges to the

25

susceptible
exposed
infected
super infected
quarantined
recovered

15

Population
=

0.5 /

05 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Time

Figure 3: A numerical solution of model (2.1) with Ry < 1.

infection free steady state Hy. Further, we note that the corresponding basic
reproduction number Rg = 0.4114 < 1. Therefore, disease can be eradicated
for Ry < 1 but it depends on initial size of the population.

Further, we increase the recruitment rate of the susceptible A and set it as
0.1138, p = 0.02 and other parameters are as specified in Table 1. Then
our system (2.1) possess two equilibria: (i) disease free equilibrium point
Hy(0.569,0,0,0,0,0) and (ii) endemic equilibrium H*(1.3832, 0.3634, 0.1057,
0.0693, 1.0142, 1.4818). The corresponding basic reproduction number is cal-
culated as Ry = 4.1137 > 1. The corresponding eigenvalues of the jacobian
matrix J evaluated at Hy and H* are respectively 0.3301, -0.02, -0.02, -0.0614, -
0.4537, -1.0406 and -0.02, -0.0614, -0.7206, -0.4533, —0.0363+0.0607:. Clearly,
Hj is unstable as one of the eigenvalues of Jy, is positive. All the eigenvalues
of Jy+ are negative or have negative real part. Hence, H* is locally asymp-
totically stable. We plot the solution trajectories in Figure 4, with initial
data (1.3951.0141.0391.0090.091.31). The trajectories converges to an endemic
equilibrium point H* Figure 5.
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Figure 4: A numerical solution of model (2.1) with Ry > 1.

6 Discussion

In this article, we study an SEIMQR infectious disease model affected
by super-spreaders, which divides the total population into six compartments:
susceptible S(t), exposed F(t), infected I(t), super-spreaders M (t), quarantine
Q(t) and recovered R(t). The threshold quantity, known as the basic repro-
duction number R, is obtained through the next-generation matrix method.
Numerically, the sensitivity index of the associated parameters are in shown
in Table 1, in order to determine the robustness of Ry. In addition, the lo-
cal asymptotic stability of the disease-free equilibrium point verified by the
trace-determinant technique for Ry < 1; the local asymptotic stability of the
endemic equilibrium point verified by the Routh-Hurwitz discriminant method
for Ry > 1. The global asymptotic stability of equilibrium points is also dis-
cussed by constructing an appropriate Lyapunov function and combining them
with Lasalle’s invariant set principle. Finally, the conditions for the global sta-
bility of the equilibrium point are obtained.

We also performed sensitivity analysis on parameters related to Ry and we
found that parameters A, 31, 82, k1 and ks have positive effects on Ry, while
other parameters w, v, v, i, 9, d all have negative effects on Ry. Among all rel-
evant parameters, A, 31, 02, u and d have a strong correlation with the basic
reproduction number Ry. However, under actual control conditions, we cannot
change the recruitment rate of the susceptible A and natural mortality rate
d through external measures, which leads us to focus on reducing the disease
transmission rates 1, 82 and increasing the isolation rate w, p.
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1 (4.23,0.547,0.9239)

4.02,0.674,0.748)
08 5.081,0.639,0.578)
B
gos
€ £09,0.5846,0.4263)
3 0.4
S
I (3.589,0.319,0.328)
0 H'=(1.3832,0.1057,0.0693)
0.8

0.2
Infected 0 o

2
Susceptible

Figure 5: Numerical trajectories of model (2.1) showing that the endemic
equilibrium H* is globally asymptotically stable.
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