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Abstract

The boundedness, essential norm and compactness of Stevié-Sharma
operators from the the analytic Besov space B; into Bloch-type spaces
are investigated in this paper.
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1 Introduction

Let D be the open unit disk in the complex plane C, H(ID) the space of all
analytic functions on D and S(D) the family of all analytic self-maps of D.
Denote by N the set of positive integers.

The Bloch-type space, which is denoted by B,,, consists of all f € H(DD)
such that || f|| = sup,ep p(2)|f/(2)] < oo, where p is a weight, namely a strictly
positive continuous function on . We also assume that p is radial: p(z) =
1(|z|) for each z € D. Under the norm || f||g, = |f(0)] + || f]|, B, becomes a
Banach space.

The analytic Besov space B; consists of all f € H(ID) which can be written
as f(z) = Y.°7  a,0y,(2) for some sequences {a, ey C ' and {\, }pen C D,

n=1
where 0,(2) = {= for z,w € D.
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For f € Bj, the norm is defined by

17l =t { fj sl 1) = fjau}

The space B; was extensively studied in [1], where it was shown that if one

defines appropriately the notion of a “Mobius invariant space”, then Bj is the

smallest one. Therefore, B is also called the minimal Mébius invariant space.
In [4, 5], Stevié et al. introduced the following Stevié-Sharma operator:

T niof (2) = ¥1(2) f(0(2) + 4a(2) [ (0(2)), [ € H(D),

where 11,19 € H(D) and ¢ € S(D). Recently, the research of Stevié-Sharma
operator between analytic function spaces has aroused the interest of experts
(see, for instance, [2, 3, 8] and also related references therein).

In this paper, we investigate the boundedness, compactness and essential
norm of Stevié-Sharma operator from B; space into Bloch-type spaces. Recall
that the essential norm of a bounded linear operator T': X — Y is the distance
from T to the compact operators K : X — Y, namely

17

e.x—y = inf {HT — K||xoy : Kis Compact}.

Here X and Y are Banach spaces. Notice that ||T||c x—y = 0 if and only if
T:X — Y is compact.

Throughout this paper, for nonnegative quantities X and Y, we use the
abbreviation X <Y orY 2 X if there exists a positive constant C' independent
of X and Y such that X < CY. Moreover, we write X =~ Y if X <Y < X.

2 Main Results

To prove the main results, we state several lemmas firstly.

Lemma 2.1. [6] Let k € N, then for any f € By, we have

1flloe S Ifll5 and (1= 1) fP )] < 115,

For any w € D and j € N, set

(1 —fw[?)’
(1—wz)’

fiw(2) = z € D. (1)

It is known that f;,, € By, and for each j € N, || fjwllz S 1. Moreover, f;.,

converges to zero uniformly on compact subsets of D as |w| — 1.
Similar to the proof of [2, Lemma 2|, we have the following lemma.
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Lemma 2.2. For any 0 # w € D and i,k € {0, 1,2}, there exist constants
¢ij,J €1{1,2,3} such that the function

3 _ké.
Giw(2) = Zci,jfj,w(z) €By and gf'ﬁ(w = (1 I_U ’uZ)TZ)k’
j=1

where 0, is Kronecker delta.

Now we characterize the boundedness of Stevi¢-Sharma operator 1oy, v, o :
By — B,,. To simplify notation of this paper, we set

Ao(2) =n(2),  Au(z) = i(2)@'(2) +1a(2),  Az(2) = ¥a(2)¢'(2).

Theorem 2.3. Let 11,9, € HD), ¢ € S(D) and p be a radial weight.
Then the following statements are equivalent.

(i) The operator Ty, y,., : B1 — B, is bounded.

(ii) For each i € {0,1,2},

SUP (| Ty, s, fit1,0llB, <00 and  sup p(z)|A;i(2)] < oo,
weD zeD

where fii1., 15 defined in (1).
(iii) For each i € {0,1,2},

1) Ai(2)]
U= le)Py

Proof. (1)=(ii). Assume that Ty, 4, , : B1 — B, is bounded. For each w € D
and ¢ € {0, 1,2}, we have sup,cp || fit1.0ll5 S 1. Hence,

(2)

SUP || Ty, o 0 fit 1,0l 1B, S N Tp1 w00l B8, SUP || fitrwll 5 < 00
weD webD

Taking fo(z) = 1 € By, by the boundedness of Ty, y, ., : B1 — B, we get

sup u(2)| Ao(2)] = 500 ()| Ty o o) (] < [Tl < o0 (3)

Applying the operator Ty, 4, , to fi(2) = 2z € By, we obtain

sugu(z)le@)so(z) + A (2)] < sugu(z)l(Tm,w,@fl)/(z)l <N T o f1ll8, < 00,
zE zEe

which along with (3), the fact that |¢(z)| < 1 and the triangle inequality yields

sup p1(2)|A1(2)| < 0.
z€D
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By using the function f5(z) = 2% € By, in the same manner we obtain

sup p(2)]Az(z)| < oc.
z€D

(ii)=-(iii). Note that we only need to show that for i € {1,2}, (2) holds. By
Lemma 2.2, for each i € {1,2} and ¢(w) # 0, there exist constants ¢; 1, ¢; 2, ¢i 3
such that

—k

k p(w) G
Gisp(w chfy e(w)(2) € By and 95,«2(1”)(2) - (1 = Jp(w)[?)k’

where k € {0,1,2}. Then we have

Z |c”| sup ”TM P2, wfj p(w ”Bu > sup ||T¢1 Yo,0Yi,0( w)”Bu

()] A3 () ()
S G T S

From (4) and (ii), for each i € {1,2}, we have

o MO ) Aw)] ()] Aw)
BT 0CIPY it T lp@IPY oo, (T [o(w)P)
S ZS%% HT’t/Jl b2, lpfj p(w) ||B,, + sup M( )|A2(w)| < Q.

(iii)=-(i). Suppose that (iii) holds. For any f € B;, by Lemma 2.1 we have
2
1 T ) (2)] < Y w2 A O(0(2))]
i=0

< Hf\@%%. (5)

Moreover,
(T 2.0 F)O)] < (101 (0)[[f ((0))] + [£2(0) ] f*(1£(0))]
Wiz( )| )
<
Thus Ty, 4y, : B1 — By, is bounded. The proof is completed. O

Next, we give some estimations of the essential norm of Stevié-Sharma
operator acting from B; space to Bloch-type spaces.
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Theorem 2.4. Let 11,19 € H(D), ¢ € S(D) and p be a radial weight such
that Ty, .o = B1 — By, is bounded. Then

Ty oMl -, = max{p;}i_g =~ max{n}i,,
where
: : 1(2)|Ai(2)]
pi = msup [| Ty, o o fisrwlls,, 7= limsup ———=—=o5.
w|—1 prne g e(2)l—1 (1= lp(2)[?)!

Proof. 1t is evident that for each i € {0,1,2}, sup,ep || fit1wllz, < 1 and
fi+1.w converges to zero uniformly on compact subsets of D as |w| — 1. For

any compact operator K from B into B,, by using [7, Lemma 2] we have
limyy|—1 [| K fis1,0]|8, = 0. Therefore, for each i € {0, 1,2},

| T no — Kl By, 2 Hmsup | Ty, gy o fiv1wlls, — limsup [|[K fiv1wlls, = pi-

|w|—1 |w|—1

Hence,
||T¢17¢27<PH6131—>BH = inf ||T¢17w27§0 - K||B1—>BH Z max{pi}?:O' (6)
K

Let {z;} be a sequence in D such that |p(z;)] — 1 as j — oo. Since
Ty s * B1 — By, is bounded, using (4) for any compact operator K : By —
B, and [ € {1,2}, we obtain

s P AG e ()1
1Ty 4520 — K[, 2 limsup :
e R AT (= Te)PY

Thus we have

p(2)| Au(z)]

Ty ipoiolle.BioB, 2 limsup —————= =7
ITorvzellemis, o)1 (1= ]e(2)]?)! 7
and consequently
1T o lle.Br 8, 2 max{m}i,. (7)

Define K, f(z) = f.(2) = f(rz), 0 <r < 1. Then K, : B — B; is a
compact operator with ||K,.|| < 1. Moreover, it is easily seen that f, — f
uniformly on compact subsets of D as r — 1. Let {r;} C (0,1) be a sequence
such that r; — 1 as j — oo. Hence, for any j € N, Ty, 4, , K, : By — B, is
compact, and so

||T¢17¢27¢||6,B’1—>Bu < hm sup ||T¢177JJ27<P - T¢1,¢27<PKT]' ||B1—>BM'

J]—00
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Therefore, we only need to show that
10 U | T — T, 5125, S min { max{} 2o, max{ )2, ).
J]—00

For any f € By such that ||f||z, <1, we have

(T pae = Ty oo By ) 1B,
=Ty om0 f — Ty o fr;)(0)] + Slelgﬂ(z)|(Tw1,wwf — Ty o fr;) (2)]

S = F) (@O +[(f = frj)'(sa(()))ﬁzlelgu(@l(f — Jr)(p(2)) Ao (2)]

[ J/
EO ~~

+\ (S;TE 'u<z) Z ’(f - frj)(l)((P(Z))Al(z)’
s @) Y10 = £, (DA o

where N € N such that r; > 1 for all 7 > N. Moreover, for any nonnegative
integer s, (f — fr, ) 0 umformly on compact subsets of D as j — oo.
Theorem 2.3 now 1mphes

limsup Fy = limsup Ey = 0. (10)

Jj—o0 Jj—00
From [7, Lemma 3] it follows that
lim Ey S lim sup |(f — f;)(2)| =0, (11)

j—>OO j [e.9] z€D

where we used the condition (2). Finally, we estimate Fj.

E3<Z sup (=) fV (¢ (2)) !+Z sup  pu(2)[r fO (ryp(2)) Ai(2)].

1 |e@)I>rN y 1 |e@)I>ry )
E Gi
(12)
For each [ € {1,2}, from Lemma 2.1, (4) and (5) it follows that
_ (1= [P 1f D (p(2))] 1(2)| Au(2)] (=) |
Fp= sup 1 3V
P o (2)] (1= le(x)]?)
Sl sup Ty 09000 |18,
le(2)[>rn
< Z sup HTIIH a2, SOfH-lw”B (13)

=0 lw|>rN
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On the other hand,

p(2)|Ai(2)]
Fr=sup (1= ()" 1Y) 5
() > (1= le(z) )
p(2)|Au(2)|
SIAlee sup e
' lp(z)|>rN (1 - |<10<Z)|2)l
Taking the limits as N — oo in (13) and (14), we obtain
2
limsup F} < ) lim Sup Ty 2,0 Fi 1,018, S max{pi}ig,

J—roo j=0 |wl=

and

limsup F; < max{n}7,.
j—00

Similarly, we have

limsup G; < max{p;}7, and limsupG; < max{n}i,.

Jj—00 Jj—o0
Therefore, by (9)—(12) and (15)—(17), we get

hm Sup [| Ty 0 — T%ﬂﬂz#ﬂKTj HBl—’Bu

J]—00

=limsup sup |[[(Ty;po0 = D100 Kr) f 5,
j—oo | fllg <1

<min { max{p;}}_,, max{r}}_, }.

That is, (8) holds. The proof is completed.

25

(14)

[]

From Theorem 2.4, we immediately obtain the following corollary, which

characterizes the compactness of Ty, 4, : B1 — B),.

Corollary 2.5. Let 1,99 € H(D), ¢ € S(D) and u be a radial weight
such that Ty, y, o : B1 — By is bounded. Then the following statements are

equivalent.
(i) The operator Ty, y,., = B1 — B, is compact.
(ii) For each i € {0,1,2},

lim sup || Ty, . fi+1,0]l8, = 0.
|w|—1

(iii) For eachl € {1,2},

oy LA

——— = (.
lo(z)|—1 (1= le(2)?)!
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