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Abstract

In this paper we study the regularity of the local minima of the following integral
functional

7 (1, 9) :/Z;wa @) + G (z,u(z), Vu (2)) dz (0.1)
Q a=1

where  is a open subset of R” and u € WP (Q,R™) with n > 2, m > 1 and
1 < p < n. In particular, not convexity (quasi-convexity, policonvexity or rank one
convexity) hypothesis will be made on the density G, neither structure hypothesis
nor radial nor diagonal.
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1. INTRODUCTION

In this paper we study the regularity of the local minima of the following
integral functional

T, Q) = /Zwua (@) + G (2,0 (z), Vu(2)) do (1.1)

where () is a open subset of R” and u € W' (Q, R™) with n > 2, m > 1 and
1<p<n.
Moreover the following hypotheses hold

H.1.1: G: Q x R™ x R™™ — R is a Caratheodory function such that
G(2,0,0) € Lj,. ()
and
G (@,51,€1) — G (2,52, &) < (@) (1&] + €] + 1) +b (@) (Isu] + [sa] + 1)
for L™ almost every z € (2 and for every sy, so € R™ and £;,&, € R™™,

where 0 < ¢1 < p, 0 < g2 < p*, a € L7' () is a not negative function,

loc

be L7? (Q) is a not negative function, o; > pf’ql, o9 > pf’T@,
1
@, 1 _»
p o1 n
and 1
© 1 _p

p* o2 n
The main result of this article is the following regularity theorem:

Theorem 1. If u € WP (Q,R™) is a minimizer of (1.1) and H.1.1 holds then
ue CYY(Q,R™).

Theorem1 generalizes the author’s results presented in [28, 32 and 33],these
results arise from previous articles by Cupini, Focardi, Leonetti and Mascolo
[8] and by the author and M. Randolfi [25]. Theorem 1 has no hypothesis either
of structure or form, or of regularity or convexity on the density G. Finally, the
proof of Theorem 1 is particularly simple, in fact the previous Theorem 1 de-

rives from the following Cacciopoli inequalities using the techniques introduced
by E. De Giorgi in [13].

Theorem 2. Ifu € W (Q,R™) is a minimizer of (1.1) and H.1.1 holds then,
for every 3 C Q compact, two positive constants Coae, Coac2 (depending only
on X, p and n) and a radius Ry > 0 exist such that for every 0 < o < R < Ry
for every xo € X and for every k € R it follows

/ [Vu " dz < (gi—azl)p / (u® — k)? dz + Ceacp ‘A%,R‘l_%ﬂ
Aa

«
Ak,R
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and
CCacl / 1-L+e
Vu P de < ———; k—u®)’ dx + Coucn | By N
[ v de < Gt [ =) do+ Cona | Bl
Bg,g BI?,R
where Af, = {u® >k} N B, () and By, = {u® <k} N B, (x) with a =
1,...,m.

Theorem 1 is interesting for a few reasons. We know that in the vector case
there are many counter examples, refer to [14, 19, 21, 23], and in general the
minima are not everywhere regular, refeer to [16, 37]. Moreover, starting from
the end of the 1970s, using suitable hypotheses of convexity and regularity on
the density ® for the minima of integral functionals depending only on the
modulus of the gradient, some regularity theorems have been proved, refer to
(1, 2, 4-7, 15, 17, 18, 20, 21, 34, 42-44]. Our results can therefore be framed
within a vast area of research called everywhere regulairy that was born with
the fundamental works of Uhlenbeck [44], Tolksdorf [42, 43] and Acerbi - Fusco

[1].
2. PRELIMINARY RESULTS

Before giving the proofs of Theorem 1 and Theorem 2, for completeness we
introduce a list of results that we will use during the proof.

2.1. Lemmata.

Lemma 1 (Young Inequality). Let € > 0, a,b > 0 and 1 < p,q < +o0 with
% + % =1 then it follows

P be
ab < 2y Z (2.1)
P erg

Lemma 2 (Holder Inequality). Assume 1 < p,q < 400 with % + é =1 then
if ue LP(Q) and v € LP (Q) it follows

1 1
/|uv| iz < /yu|p do /W dz (2.2)
Q Q Q

Lemma 3. Let Z (t) be a nonnegative and bounded function on the set [o, R);

if for every o <t < s < R we get
Z(t) <0Z(s)+ A + = +C (2.3)
s :
- (s—t)  (s—1t)

where A, B,C >0, A>pu>0and 0 <60 <1 then it follows

A B
Z(Q>§C<97)‘)<<R_Q))\+(R_Q>M+C> (24)
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where C (6, ) > 0 is a real constant depending only on 6 and X.
Refer to [12, 24].

2.2. Polyconvex, Quasi-Convex and Rank-one Convex functions.

Definition 1. A function f : R™ — RU {400} is said to be rank one convex
if

fOA+ (1 =X B) <Af(A)+ (11— f(B)
for every X € [0,1], A,B € R with rank {A — B} <1.
Definition 2. A Borel measurable function and locally integrable function f :
R™ — R is said to be quasiconver if

f(A |D|/f (A+ V) dex

for every bounded domain D C R"™, for every A € R™ and for every ¢ €
W,y > (D; R™).

Definition 3. A function f : R™ — R U {400} is said to be polyconvex if
there exists a function g : R™™™ — R U {+oco} convex such that

f(A)=g(T(A)
where T : RY™ — RT(w™) s sych that
T(A) = (A, adjs (A), ..., adjuprm (A))

where adjs (A) stands for the matrixz of all s X s minors of the matrix A € R,
2< s <nmAm=min{n,m} and

T(n,m):Za(s)

n!m!
(sH2(m—s)!(n—s)! "
In particular we recall the following theorem.
Theorem 3. (1) Let f:R™ — R then

f convex = f polyconver = f quasiconver = f rank one convez.

where o (s) =

(2) If m =1 orn =1 then all thess notions are equivalent.
(3) If f € C*(R"™) then rank one convexity is equivalent to Legendre-
Hadamard condition

z; Z 8,42 aAJ A) NN proprg = 0

for every N\ € R™, p € R", A = (AL)1<icmi<acn € R™™
(4) If f : R™ — R is convex, polyconvex, quasiconvex or rank one convex
then f s locally Lipschitz.
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Refer to [12, 24].

2.3. Sobolev Spaces.

Theorem 4 (Sobolev Inequality). Let Q be an open subset of RN if u €
Wol’p (Q) with 1 < p < N there exists a real positive constant Csy, depending
only on p and N, such that

HUHLp*(Q) < Csn HVUHLP(Q) (2.5)

N
where p* = N—_’;.

Theorem 5. (Rellich-Sobolev Immersion Theorem) Let 2 be an open bounded
subset of RN with lipschitz boundary then if u € WP (Q) with 1 < p < N
there exists a real positive constant Crsq, depending only on p, N and €2, such
that

[ull Lo @) < Crsia l[ullyrrq) (2.6)

N
where p* = N—_";?.

Refer to [3, 12, 24, 40, 41].

For completeness we remember that if Q is an open subset of RY and u
is a Lebesgue measurable function then LP (€2) is the set of the class of the
Lebesgue measurable function such that [ |ul’ dx < +o0o and WP (Q) is the

Q
set of the function u € LP (2) such that its weak derivate d;u € L? (Q2). The

spaces L? () and W' () are Banach spaces with the respective norms
1

P

ooy = { [ 1ul” d 27)
Q
and
N
oy = Ty + 3 100 28)
=1

We say that the function u : € RY — R" belong to WP (Q,R") if u® €
WP (Q) for every a = 1,...,n, where u® is the o component of the vector-
valued function u; we end by remembering that W1 (Q, R™) is a Banach space
with the norm

||u||W1,p(Q,1R") - Z ”uaHWLP(Q) (2.9)
a=1

Definition 4. Let Q C RY be a bounded open set and v : Q@ — R, we say that
v € WLP(Q) belongs to the De Giorgi class DG* (Q,p, \, A, X, €, Ro, ko) with
p>1,A>0, A\, >0, x>0,e6>0, Ry >0 and kg > 0 of

)\ _ P
/ [Vol” da < o / (v— k)P dz+ A (XP + EPRVE) | A g TN
Ak,o A

kR

(2.10)
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for all k > ko > 0 and for all pair of balls B, (x9) C Br(x9) CC Q with
0< o< R<Ryand Axs = Bs (x9) N {v > k} with s > 0.

Definition 5. Let Q C RY be a bounded open set and v : Q — R, we say that
v E I/Vllocp (Q) belongs to the De Giorgi class DG~ (2, p, A\, A, X, €, Ro, ko) with
p>1, A>0, A\, >0, x>0 and kg > 0 if

A p
/ Vol? do < B / (k —v)? dz + A (XP + |k[" RV | Byg| ¥+
-0
Br,o Bg,r

(2.11)
for all k < —ko < 0 and for all pair of balls B, (x¢) C Bgr(x9) CC Q with
0< o< R<Ryand Bys = Bs (z9) N {v < k} with s > 0.

Definition 6. We set DG (Q,p, \, \i, X, €, Ro, ko) = DG™ (2, p, A\, Ay, X, €, Ro, k)N
DG~ (Qap7 )‘7 >\*7 X5 €&, R07 k(])

Theorem 6. Let v € DG (Q,p, A\, A\, x, €, Ro, ko) and 7 € (0,1), then there
exists a constant C' > 1 depending only upon the data and not-dependent on
v and xg € 2 such that for every pair of balls B, (z9) C B, (x¢) CC Q with
0< o< Ry

D=

Ne C 1
[0l ) < X v / WP de| b (212)
F Bl (1—r)% |1Bo (o)

By (z0)

moreover, there exists & € (0, 1) depending only upon the data and not-dependent
on v and xq € € such that

osc(v, B, () < C'max {/\*QA;’E; (}%)é osc(v, B (arg))} (2.13)

where osc(v, By (z9)) = €58 SUPp, (4, (V) — €55 infp () (v). Therefore v €
0,é0 ) A ~. Ne
Cp () with &y = min {a, 7}.
For more details on De Giorgi’s classes and for the proof of the Theorem 8
refer to [22, 24] (see also [13, 38, 39] for the De Giorgi-Moser-Nash Theorem).

3. THE PROOF OF THEOREM 2

Let us consider y € 2 then we fix Ry = ; min {; dist (092, y)}, where

N/@nN?
wy = |B1(0)], and we define ¥ = {x € Q: |z —y| < Ro}. We fix xy € X,
Ry = 1dist (08, 20), 0 < 0 <t < s < R < Ry, B, (x0) = {: |z — x| < 2}
and we choose n € C° (B; (x¢)) such that n = 1 on B (x9), 0 < n <1 on
B, (w9) and |Vn| < 2% on B, (). Let us define

= —n'w
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where w € WP (2, R") with
w! = max (ul — k:,O) 2w =0,a=2,...,n
Let us observe that ¢ = 0 LN-a.e. in Q\ ({n > 0} N {u' > k}) thus
Vu+ Ve = Vu (3.1)

LN-ae. in Q\ ({n >0} N{u* > k}). Since u is a local minimizer of the func-
tional (1.1) then we get

J(u,X) < J(u+p,%) (3.2)
it is
I3 [Vur? + G (z,u, Vu) dz
»o=l (3.3)
< [ 3 [Vur + Ve " + G (z,u+ ¢, Vu+ Vo) dx
> a=1
and

I3 [Vu? dz + [ |Vu']” + G (z,u, Vu) dx
> >
<

a=2
0 (3.4)
[ IVu? de + [ |Vul + Vo' |" + G (z,u + ¢, Vu + V) dx
Y a=2 by
From (3.4) proceeding as in [28, 32 and 33|, using H.1, we deduce
[ [Vul)’ dx
Ey,
o - ul—k P
<27 [ A=) Vel de + 422070 <(5_t>2 dz (3.5)
Ek,s Ek,s_Ek,t
+ [ a(x)([Vu+ V| +|Vul + )" +b(2) (Ju+ |+ |u] + 1)* dz
EL

k,s

Now let’s estimate the following term

/ 0 (@) (IVu+ Vol + [Vl + D% +b(2) (ju+ o] + [u] + 1) da

1
Ek,s
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since ¢; < p and ¢» < p*, using Holder’s inequality, we obtain

[ a(@)([Vu+ Vel + |[Vul + 1" +b(x) (Ju+ ¢| + [u| +1)® da

k,s
< f a(x) (Ve +2|Vul + D))" +b(z) (Jp| + 2 |ul + 1) dx
Eli,s
<| J (a@)7@ da [ (IVe] +2|Vu] + 1) da (3.6)
Ei,s Eli,s
| b@)7= da [ (gl +2ul + 17 da
El:is El:i,s

. * . .. . .
moreover, since p_qu < oiand p*p_(p < 03, then using Holder’s inequality we
get

[ a(x)(|[Vu+ Vel + |Vul + D" +b(z) (Ju+ ¢| + Ju| + 1)* da

Ej o
_p_\ 5F
o1(p=a))—p o1(p—a1)
< ‘Eé,s‘ o1(p—aq1) f (Cl(l‘))al dr
Ej s
a
P
[ (V| +2|Vu| +1)? dx
2
- P —ap
+ £3
o2(p" —a2)—p" o2(p*—q2)
+ ‘E%s‘ oo (P* —a2) f (b(l’))aQ dr (37)
| B,
a2
P
[ (ol + 2 ul + 1) do
By s
a1
P

o1(p=a1)=p
<| J (vl +2|Vul + 1) dz (\E,ﬁys} i ||aHLa1(E,;S))

1
Ek,s

s |S

oo (p*—aq2)—p*
+| [ Vel +2|Vul + 1) da (\Eé,s\m llbllmw,z,s))

1
Ek,s
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and

[ a(x)(|[Vu+ Vel + [Vul + D" +b(z) (Ju+ ¢| + Ju| + 1)* da

s

o1(p—a1)—p
[+ 20917 do | (18 al sy )
B ’
a1
T e
o avelr2vu v de | (1B Bl )

1
Ek,s

where ©; = 1— ”1‘““’ and ©y = 1— m Since V| < pnP~1|Vn| (u! — &)+
nP [Vu'| on Ej we get

a1
p
1 |©
(E[ (Vel+217ul + 17 df”) (GRS

k,s

< (1Bl Hall o 5 )

a1 a1
p P
20t ( T R v L Ty S L | el d:c) + 20t ( [ |Vul? dm) + 20171 |E,1,s|q71
E E} |

1
k,s

20 (188 ol sy )
Y Y ( [ PP @= D | UnlP (u! fk)ernp? |Vu' [ dx) + ( [ |Vul? dm) + ‘E‘,h!%
Bi.s

eP—a1 1
Ey s

IA

2q1‘1<|E;§,s|"’1Hau o1 (1 )
< . L 1(Ek,s) +pp2q171 (‘Eli,s}el ”

~_
™
2
~
=3
S
3
=
)
|
<
=
B
—
<
|
T
SN—
=
QU
8

= ol (7 )

a1
P
401 <|Eé,s|®1 HaHLal (Eli )) 8% f np2 |Vu1|p dzr + ( f [Vul? dx) + |Eéys|q71
° Ei,s

ks

2411 <|E,iys|@1 lall

) i f

) Loi(e} ) 4 9a1—1 (‘Br|@1 ||a||L<71(BT))5qpl (f PQP ) Jrnp |Vu ‘P d$>
1
k‘

eP—q1

a1
P
Lont (yE;,Syel fall o, (51 )) (f IVl dx) ok
k,s E]i7,;

(3.8)
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and, using the Embendding Sobolev Theorem, we get

g2
px

* 92
(|l + 2 |ul +1)" dx <‘E,13‘ ||b||L“2(Ezi,s)>

Eis
< (1B 1o )
qu
P
2 [ o dz 292 [ | do+ 29 2| EL |
E}, By s
1 |92
S (ER U
, a2

]

=1 |U|p* de + 2% 72 [ ‘u|p* dx + 230" 72 ‘Elis‘
El E}i,s
a2

< (1% Wl eam ) (27 C Nl + 2% 2 1B4)”

then it follows
[ a(@)(|[Vu+ Vel + |Vul+ D" +b(z) (Ju+ ¢| + Ju| + 1)* da

1
Ek,s

P
< 207 (1B, | o s, ) g p2 o (Tl de
a1

P
B S}
Lom 1 (lEé7s| 1 ||a||L‘71(B'r)> = ln (f |VU|p d!lf) +| |

2
P*

w\H

Q

(1B ™ 10l s ) (27 C lulhpos )+23p—2|B )’

< Dl,geﬁ [ P VU]’ dx | + Do f ) dx
Eli,s Ek s

+D3’57g {E]%,S’(al + D4,5,E ‘Etsl ’

where
Dy =207 (19" lal| o )
Dy .5 =207 pP2P <|E’®1 H@HLU1(E)> g
a
a1 L p a
Dsex =2""allpor sy | ==+ | [ [Vul" dz | +|Z]¥
cp—a1
=
and
q2

Dics = [blloacs) (27 Cn lullyprogs + 2% 2 31)
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Usinig (3.12) and (3.16) we get

[ VUt dx
B,
-1 1P 2p—1 (u'—k)"
<207t [ (1 —nP) |Vul|” de+ 227 1pr [ = dx
Eli,s Eli siEli t

+D1,E€£ f np]Vu |p dx +D2€E f (t 5)
E1 Ics

a1
Fix € = (2 D11 E) ’ it follows

3 [ IV de
E,g,
1
<@l [ (1= )|Vl do+ (22 + Das) [ Uidr (39)
B}, E;

+Dyx |EL|" + Dax|EL,|%

where
201520 (151 [Jal] o )
Dy = Drx
o
Dy = 2" al| 1o, (5, (2D1,2)p%l + /|vu|p de | +|97
and .

Dis = Ml essy (27 Cse lullyrogsy + 272 121) "

It is easy to observe that the constants Dy, D3 s and Dy are independent
of the point zy and that they depend only on the initial data.
Using (3.9), we get

[ |Vul|” du
El

- P

2 ’U,lfk
<2y [V dry (Ziles) ;U g (3.0)
Ek:s o k,s
2D 2D 1 9
1—:21? |E 1+421? |E ‘

Now, using Lemma 3 we get
C
AJ‘ VullP de < chl)pAlf (u' — k)" dx + Cop | Af g
k,R
(3.11)

Since —u is a local minimizer of the following integral functional

%' 4 Cog | AL g

) dx —+ D3€E ‘Eks‘ ! + D4,6,2 }Eli,s|®2
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n

J(v,Q) = /Z (Vo (2)]” + G (z,v (z), Vo (z)) de
where G (z,v (z), Vv (z)) = G (x, —v (z), —Vv (z)) then we get

[ V'l de < @ [ (k=) dot Coa | BEg|™ + Cos | B[

1
B B r

(3.12)
Similarly we can proceed for u® with a = 2,...,m. Since ©,,0; > 1 -2 +¢
then it follows

C e
/ VP do < o / (u* = ) d + (Cop+ Cop) [ ALg|
A}c,g Allc,R

and

C —he
/ V| dx < ﬁ / (k—u*)? dz + (Cea+ Ce ) !Bi,R}l By
By, Bi g

for every a =1, ..., m.

4. PROOF OF THEOREM 1

The proof follows by applying Theorem 2 and Theorem 8.
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