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Abstract

In this paper we consider a special case of vectorial integral functional and we

proof that its minima are local Holder contiuous functions.
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1. INTRODUCTION

In this paper we consider the functional

3
J(u) = /Z|Vua]p+f (u',u?, u?, [ Vu!
Q a=1

, |Vu2

Vu?|) da (1.1)

?

where @ C R3 is an open bounded and Lebesgue measurable subset with
regular boundary and

f(@0) = (17 = + D2+ [(17]+ D)+ (7] + 1)) (12)
3 2 3 2
with (fa 17) = (xl’x27x37,017027v3)7 |f| = Z (xoz) ) |17| = Z (Ua) and

a=1
1 < g < p < 3; we proof that the minima of the functional (1.1) are locally

hoélder continuous functions.

a=1

I think that the study of this functional is interesting because, to the author’s
knowledge, there are not many examples of regularities results for minima of
vector functionals.

There are counter examples, refer to [4], [8] and [11], which tell us that in
general the minima of vector integral functionals are not regular, but as proved
by the famous work of K. Uhlenbeck, refer to [18],in the vector case there are
very restrictive and particular conditions on the form of the functional which
allow to obtain the regularity of the minima of the considered functional, refer
olso to [1], [6], [7], [9], [13], [16] and [17]. Recently some articles have been
presented, refer to [2] and [6], in which the boundedness of the minima of
functionals of type

I(u)= /g(a:,u, |Vu|) de (1.3)

and

H (u) :/Z|Vu°‘|p+f(x,Vu) dx (1.4)
Q a=1

is demonstrated using suitable hypotheses on functions g and f, for more
details refer to [6] and [2], refer olso to [3], [4] and [5]. In particular in [2] it
is proved that the minima of the functional (1.4) are locally continuous hdlder
functions. The author believes that it is very interesting to study the minima of
the function (1.1) to understand if it is possible to find more general conditions
on the form of the functional than those presented in [2] and [6] that allow to
obtain the regularity of the minima of such functionals. We observe that the
functional (1.1) does not fall within the cases considered in [2] and [6]. The

main result of our article is the following regularity theorem.
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Theorem 1. If u € WP (Q,R3) is a minimum of the functional (1.1) and
1<¢g< %2 <3 then u® € C’loof(Q) fora=1,2,3.

The previous regularity theorem follows from the results of [10] using the fol-
lowing Caccioppoli inequalities, refer olso to [12] (Proposition 7.1 and Lemma

7.2).

Theorem 2. If u € W' (Q,R?) is a minimum of the functional (1.1) and
1<qg< %2 < 3 then a radius Ry > 0 and two positive real numbers Dy and Do,
dependent only on p and q, exist such that for every xq € Q, k € R, o, R € RT
with 0 < p <t < s < R < Ry the following Caccioppoli’s inequalities hold

/ VulP di < D, / {%rdwm (A )] (L)

and

_ )P P
/|W"‘|” d:céDl/ {%} dr+ Dy (£ (BE)] 5 (1.6)
B

a
Bk,R

where AY . = {u® > k}N B, (z9) and By, = {u® < k} N B, (v0) for a =1,2,3.
2. PROOF OF THE CACCIOPPOILI’S INEQUALITIES

Let u € WP (Q,R?) be a minimum of the functional (1.1), let us consider
Ry >0and 29 € ¥ CcC Q C R?, with ¥ compact, 0 < p <t <s < R<
min { Ry, 1, 3dist (zo,0%) }and n € C° (B, (z9)) such that 0 < np <1, o =1in
By (z0) and |Vn| < 22, let us define

t?

po=n"1 0 (2.1)
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withy > 1,k € Rand (u' — k), = max {u' — k,0}, then since u € W' (Q,R?)
is a minimum of the functional (1.1), it follows

0= [ |Vu'["*Vu'Ve!dz
Bs(zo)
q—2

+q [ { (u® — |[Vu®])? +1]
Bg(mg) Lo

2 27 = 3 9
3 3 ) ,/agl(ua) +1
+q Z + 14/ 2 (Vur])” +1 !
B(J,‘() a= a=1
3 -
v [z u [ Vu]) +
B(:Bo a=1

= ulo! d
> e
2
} (ul = |Vul])

Vul -Vl

war| - 4%
AN 3 A R G
+q [ ST () +1| + S (|Vue)” +1 Jezl Vil Veldr
Bs(mo) a=1 a=1
and

3
> (vue)?

Moo

I
—

(u' —[Vul])p'd

)_l

(2.2)

Ak,s

0= [ o |Vu[P > Vul - Va! + |V P2 Vul Vit (u! = k) da
3

b |5 - e en] T
+qu [(

)7 (ut = k) do
1% 2
(ua)2+1) +< (|an)2+1>] =
& 2
b | = v
Ag,s La=1

g o (e o

T e
10

I
v |
V]

— uln? (ul - k) dx
Y E e

(nWVu1+'yVn Y1 (ulfk))
[Vul|

(u! — [Vul])

1(IVUO‘I )

dx

3

I e

e

ﬂ

(IVue])®+1

P Vu1| dx
q7 3
3 3 _1(|Vuo‘|)
+vq [ > (u ) ( S (|Vue|)® > fea
Aks o=t a=1 3 (19ue)?
u' - V) Tt (ut = k)

(2.3)
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Let us define

a=1

3 3 \/ il (IVue])?
Z= /m ( Z(ua)2+1) +( > (IVue))® + ) = \vul\ da
Uagl |Vua|

2 27 %5
3 3
Z> [ m{( z(ua)2+1> +< z<|vua|)2+1> IVul|]? do
A,s a=1 a=1
k ; %
3
> [ {2 (Ve +1 Vul|* da
Ak,s a=1
> [ (|Vul| + 1) |Vl | da
Ak,s
> [ g |Vut|* dx
Ak,s
(2.5)

Usinig (2.3) and (2.5) we get

0<q [ n|Vu|"de+ [ 07 |Vu) do <qZ+ [ n|Vu!|’ da

A’%S Ak:,s Ak:,s
3 =
=—q [ {Z u® — |Vu])® + 1] (u' — |Vul]) g (u' — k) dz
Ak s a=1

Mw

Q
—

N

q

—qf [( P )2+1)2+< i(IVU"\ )] '%ua)z utn? (u' —k)

—qf[ (u° —1an1>2+1} (ut — gty ST ) gy

[Vu'!|
Ak s

—y [ |Vu! P~ 2y L=t (u — k) do

Ak,s

—vq [

Aks

—2

3 2 i 3 2 2 aél(|Vua|)2+1
S+ 1) 4 (/2 (Vue])® + —
a=1 a=1 z:: (‘vua|)2

A(Vul V) 7t (u! — k) dx

)

(2.6)
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then

0<gq [ p|Vu|"dz+ [ 77 |Vul) da
Akg Ak,s
q—2

2

3
<q f {Z u® —’VUQDQ+1] lul — |Vul||n (u! — k) dz

3 2 3 i (u)?+
e[ ()

3 5
+q [ [Z (u® — [Vu®))? + 1} ‘ul - ‘VulH HVuly T+ |Vl Tt (ut = k)] da
a=1

Ap.s
+y [ VATV T (ut = k) dee
Ak,s
q—2
Y 5 AN YD oY (e
+yq [ o)+ A+ 2 (Vue]) +1 s
A a=1 a=1 > (|Vue)?
a=1
(V] -V Tt (ut — k) de
(2.7)
and
0<gq [ p|Vu|"de+ [ 97 |Vul|’ da
Akg Ak,s
g—1
3 9 2
<q {2 u — [Vue)) +1} 0 (ul— k) do
Aks a=1

q—1

i f ( 5 (ue >+< i<|vw|>2+1> 7~ k) da

Ak,s a=1 a=1
) -
i f [z u — Vo)) + } IVl o7+ [V 7L (ul = K] d
Aks a=1
oy [ VAP Tt (6t - k) de
Ak,s

Ag. a=1
(2.8)
Now, using Young Inequality, it follows
: o
[ (ue — [ Vue])® + 1] n (u' — k) dzx
Ak Lo=1 . (2.9)

3 3
< 1Y (u —|Vu0‘|)2+1} nde+ [ 7 (u! —k)? da,

Ak s a=1 Ak,s
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[( aZ::l (ua)2 + 1) + ( aZ:(\VuaDQ + 1) n (u! — k) dx

SA ( ;l(ua)z—i-l) +< S (|[Vue])? + 1 ] nY dx
(

a=1

Ak,s
(2.10)
3 2
[z (u — [Vue])? + 1} VL] - o7 + [Vl 7=t (ul = k)] da
Ak,s a=1
3 2=t
< J [zwa—\wwm} V| da
Aks o=1
; i
T [z (w — |Vu])? + 1] 1Vl 7t (ul — k) da
Ak,s a=1

3 3
< f {Z(ua—|Vu°‘|)2+1} nde+ [ |Vu'|"n"dz

Ak,s
q

a=1
3 2
oy [zwa—wr)m] - da 4y [ [Vl (@ = k) de,
. Ak:,s
(2.11)

A yS
(2.12)
and, sine Supp<|Vu1\p71 V| =t (ut — k)) C Ap.s\ Ak, we have
J NGt (! k) da
Ak,s
= Va7 V| 7t (ul = k) da
e (2.13)
< J Vet de [ (V) ! R d
Ap sAgt

Ap s At
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Using the previous relations (2.8), (2.9), (2.10), (2.11), (2.12) and (2.13) we
get

[ |V’ da

Ak,s

3 3
<2q [ [ (u® — |Vu®])? + } nde+2q [ 07 (ut —k)" dx

Ak,s Ak,s
27 %
+q [ (,/ +1) +<,/ (|Vue])® + ) 0 dx
Ak,s
+q f ‘Vul‘qnvda:—&—q f (u® — |[Vu®|) —|—1] W tdz+qy [ [|Vnl ( k)]? dx
k a=1 )
by [P ) Gy [ V] - B de
A s Akt A, sAg s
3 ]2
+vq [ (H 241 +< Z (IVue)) > 't dx
Aks =
+yq [ Va7t (Wt = K))* da
Aks

(2.14)
Choose v = p, remembering the properties of 77 and using Holder Inequality it
follows

J V'l dx
Ak,s

P

<(2+7)q [ J {il(ua— IVU‘”I)2+1T dx

q
P

L3 (A )] +2q [ 7 (ut — k)! da
Ak,s

q
p

+q(L+9) | J ( 2331 (u“)2+1) +< 2331(|Vua|)2+1> dr| (L% (Ap)]' 7

Ak,s

SAESY

J \Vu1|p77pdx] (£ (Ae)]' 7 +ay [ (V0] (! = k)] da

Ak,s Ak:,s

+y [ VU de ey [ [Vn] (u =R de g [V (uf = k)] de
A s At Ap s Akt Ag,s

(2.15)
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Since

3 3
{Z (u® — |Vu*)* + 1| da
Aks =
%

Uu]2 + \Vu|2 + 1] 2 dx (2.16)
Ak',s
<62p[f lul” dx + f \Vul? do + L3 (Ays)
A S é
and
2 27 %
[ 3 3 )
> (u > —l—( > (|Vue)) +1> dz
a=1 a=1
4% I [l + [Vuf + 1 }% dx (2.17)
Ag.s
<6% | [ |ulf de+ [ |Vul” de+ L3 (Aks)
Ak,s Ak,s
then we get
J o v da
Ak,s

a
P

< 6% (24 p) (29) [f |ul? dz+ f |Vul? do+ L% (Ars)| [£° (Ak,s)]k%—i—Zq [ 0" (u' — k)" dx

Ak, s
[V P de| 123 (A)] 7 +ap [ (V0] (' — )7 do
Ak,s Ak,s
+p [ VP de+p [ IVl (Wt =K) de+pg [ [[Vn] (vt = k)] da
Ap s Akt Ap s Akt Ag s
(2.18)
But
/ V! P de| < / lul’ dx + / |Vul? dx + L3 (A (2.19)
Ak,s Ak,s Ak,s
and, by Young Inequality,
/ n’ (u' — k) de < / n’ (u' — k)" + 0P do (2.20)
Ak,s

and
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then, using (2.18), (2.19), (2.20) and (2.21), it follows

[P |Vt de
Ak,s

q

P

<6 (24p)Bq) | [ |l de+ [ [Vul? do+ L% (Aks) | [£3 (Ag,s)]
Ak.s Ak,s

+2qp [ (IVn] (u' ~ B) +1de

-3 +2¢ [ 7P (u!—k) +9Pdx
Ak, s

Ak,s
+p [ VUt de+p [ (Ve (u' k) de
A, s Ag,t A, s Ag,t
(2.22)
then, remembering the properties of 7, with simple increases we have
L NP
[ IVuPde <p [ |Vu| dx+6pg2r [ {%} dx
At Ap s Akt Ag,s (2'23)
+Cq [/33 (Ak,s)]lig
where
Cq = 6% (2 +p) (49) / lulf dx + / |Vul? dx + L3 () (2.24)
Q Q
From (2.23) it follows
f |Vul|p dr < -2- f |Vul|p dx + 6pq2P f [(ulk)}p "
Akt e Ak, s Akt Pt Ag,s - (225)
1-4
S 1L (A o))

then by applying the lemma 6.1 of [12] we obtain the following Caccioppoli
inequality

1|P (u' —k)]° 3 1-1
|Vu'|" dzx < D, S| dr D [£0 (4] (2.26)
-0
Ag.o Ak,Rr
where D; and D, are two positive real constants, independent from zy but
dependent on the initial data ¢, p, n and X. Similarly, it can be shown that

the following Caccioppoli inequality holds

/ |Vu'|” do < Dy / {%r dz + D, [L° (Bk,s)]l‘% (2.27)

Br,o

where By, = {u' < k} N B, (x9). Moreover, from the particular form of the

functional we deduce that the previous inequalities also hold for functions 2

and u3. Since 1 < g < %2 < 3 then the theses of the Theorem 2 hold.
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