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1. Introduction

In this paper we consider the functional

J (u) =

∫
Ω

3∑
α=1

|∇uα|p + f
(
u1, u2, u3,

∣∣∇u1
∣∣ , ∣∣∇u2

∣∣ , ∣∣∇u3
∣∣) dx (1.1)

where Ω ⊂ R3 is an open bounded and Lebesgue measurable subset with

regular boundary and

f (~x,~v) = (|~x− ~v|2 + 1)
q
2 +

[
(|~x|+ 1)2 + (|~v|+ 1)2] q2 (1.2)

with (~x,~v) = (x1, x2, x3, v1, v2, v3), |~x| =

√
3∑

α=1

(xα)2 , |~v| =

√
3∑

α=1

(vα)2 and

1 ≤ q < p < 3; we proof that the minima of the functional (1.1) are locally

hölder continuous functions.

I think that the study of this functional is interesting because, to the author’s

knowledge, there are not many examples of regularities results for minima of

vector functionals.

There are counter examples, refer to [4], [8] and [11], which tell us that in

general the minima of vector integral functionals are not regular, but as proved

by the famous work of K. Uhlenbeck, refer to [18],in the vector case there are

very restrictive and particular conditions on the form of the functional which

allow to obtain the regularity of the minima of the considered functional, refer

olso to [1], [6], [7], [9], [13], [16] and [17]. Recently some articles have been

presented, refer to [2] and [6], in which the boundedness of the minima of

functionals of type

I (u) =

∫
g (x, u, |∇u|) dx (1.3)

and

H (u) =

∫
Ω

m∑
α=1

|∇uα|p + f (x,∇u) dx (1.4)

is demonstrated using suitable hypotheses on functions g and f , for more

details refer to [6] and [2], refer olso to [3], [4] and [5]. In particular in [2] it

is proved that the minima of the functional (1.4) are locally continuous hölder

functions. The author believes that it is very interesting to study the minima of

the function (1.1) to understand if it is possible to find more general conditions

on the form of the functional than those presented in [2] and [6] that allow to

obtain the regularity of the minima of such functionals. We observe that the

functional (1.1) does not fall within the cases considered in [2] and [6]. The

main result of our article is the following regularity theorem.
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Theorem 1. If u ∈ W 1,p (Ω,R3) is a minimum of the functional (1.1) and

1 ≤ q < p2

3
< 3 then uα ∈ C0,β

loc (Ω) for α = 1, 2, 3.

The previous regularity theorem follows from the results of [10] using the fol-

lowing Caccioppoli inequalities, refer olso to [12] (Proposition 7.1 and Lemma

7.2).

Theorem 2. If u ∈ W 1,p (Ω,R3) is a minimum of the functional (1.1) and

1 ≤ q < p2

3
< 3 then a radius R0 > 0 and two positive real numbers D1 and D2,

dependent only on p and q, exist such that for every x0 ∈ Ω, k ∈ R, %,R ∈ R+

with 0 < % ≤ t < s ≤ R < R0 the following Caccioppoli’s inequalities hold

∫
Aαk,%

|∇uα|p dx ≤ D1

∫
Aαk,R

[
(uα − k)

R− %

]p
dx+D2

[
L3
(
Aαk,R

)]1− p
3

+ε
(1.5)

and

∫
Bαk,%

|∇uα|p dx ≤ D1

∫
Bαk,R

[
(k − uα)

R− %

]p
dx+D2

[
L3
(
Bα
k,s

)]1− p
3

+ε
(1.6)

where Aαk,r = {uα > k}∩Br (x0) and Bα
k,r = {uα < k}∩Br (x0) for α = 1, 2, 3.

2. Proof of the Caccioppoili’s inequalities

Let u ∈ W 1,p (Ω,R3) be a minimum of the functional (1.1), let us consider

R0 > 0 and x0 ∈ Σ ⊂⊂ Ω ⊂ R3, with Σ compact, 0 < % ≤ t < s ≤ R <

min
{
R0, 1,

1
2
dist (x0, ∂Σ)

}
and η ∈ C∞c (Bs (x0)) such that 0 ≤ η ≤ 1, ϕ = 1 in

Bt (x0) and |∇η| ≤ 2
s−t , let us define

ϕ = ηγ

 (u1 − k)+

0

0

 (2.1)
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with γ > 1, k ∈ R and (u1 − k)+ = max {u1 − k, 0}, then since u ∈ W 1,p (Ω,R3)

is a minimum of the functional (1.1), it follows

0 =
∫

Bs(x0)

|∇u1|p−2∇u1∇ϕ1 dx

+q
∫

Bs(x0)

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|)ϕ1 dx

+q
∫

Bs(x0)

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−2

2

√
3∑

α=1
(uα)2+1√

3∑
α=1

(uα)2

u1ϕ1 dx

+q
∫

Bs(x0)

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|) ∇u1·∇ϕ1

|∇u1| dx

+q
∫

Bs(x0)

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−2
2

√
3∑

α=1
(|∇uα|)2+1√

3∑
α=1

(|∇uα|)2
∇u1 · ∇ϕ1 dx

(2.2)

and

0 =
∫
Ak,s

ηγ |∇u1|p−2∇u1 · ∇u1 + γ |∇u1|p−2∇u1∇η ηγ−1 (u1 − k) dx

+q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|) ηγ (u1 − k) dx

+q
∫

Ak,s

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−2
2

√
3∑

α=1
(uα)2+1√

3∑
α=1

(uα)2
u1ηγ

(
u1 − k

)
dx

+q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|) ∇u
1·(ηγ∇u1+γ∇η ηγ−1 (u1−k))

|∇u1| dx

+q
∫

Ak,s

ηγ

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−2
2

√
3∑

α=1
(|∇uα|)2+1√

3∑
α=1

(|∇uα|)2

∣∣∇u1∣∣2 dx

+γq
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−2

2

√
3∑

α=1
(|∇uα|)2+1√

3∑
α=1

(|∇uα|)2

·

· (∇u1 · ∇η) ηγ−1 (u1 − k) dx
(2.3)
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Let us define

Z =

∫
Ak,s

ηγ



√√√√ 3∑
α=1

(uα)
2

+ 1

2

+


√√√√ 3∑
α=1

(|∇uα|)2 + 1

2

q−2
2

√
3∑

α=1
(|∇uα|)2 + 1√
3∑

α=1
(|∇uα|)2

∣∣∇u1∣∣2 dx
(2.4)

then

Z ≥
∫
Ak,s

ηγ

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−2

2

|∇u1|2 dx

≥
∫
Ak,s

ηγ

(√ 3∑
α=1

(|∇uα|)2 + 1

)2

q−2

2

|∇u1|2 dx

≥
∫
Ak,s

ηγ (|∇u1|+ 1)
q−2 |∇u1|2 dx

≥
∫
Ak,s

ηγ |∇u1|q dx

(2.5)

Usinig (2.3) and (2.5) we get

0 ≤ q
∫
Ak,s

ηγ |∇u1|q dx+
∫
Ak,s

ηγ |∇u1|p dx ≤ qZ +
∫
Ak,s

ηγ |∇u1|p dx

= −q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|) ηγ (u1 − k) dx

−q
∫

Ak,s

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−2
2

√
3∑

α=1
(uα)2+1√

3∑
α=1

(uα)2
u1ηγ

(
u1 − k

)
dx

−q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

(u1 − |∇u1|) ∇u
1·(ηγ∇u1+γ∇η ηγ−1 (u1−k))

|∇u1| dx

−γ
∫
Ak,s

|∇u1|p−2∇u1 · ∇η ηγ−1 (u1 − k) dx

−γq
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−2

2

√
3∑

α=1
(|∇uα|)2+1√

3∑
α=1

(|∇uα|)2

·

· (∇u1 · ∇η) ηγ−1 (u1 − k) dx
(2.6)
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then

0 ≤ q
∫
Ak,s

ηγ |∇u1|q dx+
∫
Ak,s

ηγ |∇u1|p dx

≤ q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−2
2

|u1 − |∇u1|| ηγ (u1 − k) dx

+q
∫

Ak,s

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−2
2

√
3∑

α=1
(uα)2+1√

3∑
α=1

(uα)2

∣∣u1∣∣ ηγ (u1 − k) dx
+q

∫
Ak,s

[
3∑

α=1
(uα − |∇uα|)2 + 1

] q−2
2 ∣∣u1 − ∣∣∇u1∣∣∣∣ [∣∣∇u1∣∣ · ηγ + γ |∇η| ηγ−1

(
u1 − k

)]
dx

+γ
∫
Ak,s

|∇u1|p−1 |∇η| ηγ−1 (u1 − k) dx

+γq
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−2

2

√
3∑

α=1
(|∇uα|)2+1√

3∑
α=1

(|∇uα|)2

·

· (|∇u1| · |∇η|) ηγ−1 (u1 − k) dx
(2.7)

and

0 ≤ q
∫
Ak,s

ηγ |∇u1|q dx+
∫
Ak,s

ηγ |∇u1|p dx

≤ q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

ηγ (u1 − k) dx

+q
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−1

2

ηγ (u1 − k) dx

+q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

[|∇u1| · ηγ + γ |∇η| ηγ−1 (u1 − k)] dx

+γ
∫
Ak,s

|∇u1|p−1 |∇η| ηγ−1 (u1 − k) dx

+γq
∫

Ak,s

(√ 3∑
α=1

(uα)
2

+ 1

)2

+

(√
3∑

α=1
(|∇uα|)2 + 1

)2

q−1
2

· |∇η| ηγ−1
(
u1 − k

)
dx

(2.8)

Now, using Young Inequality, it follows

∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

ηγ (u1 − k) dx

≤
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q
2

ηγ dx+
∫
Ak,s

ηγ (u1 − k)
q
dx,

(2.9)
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∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−1

2

ηγ (u1 − k) dx

≤
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q
2

ηγ dx

+
∫
Ak,s

ηγ (u1 − k)
q
dx,

(2.10)

∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

[|∇u1| · ηγ + γ |∇η| ηγ−1 (u1 − k)] dx

≤
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

|∇u1| · ηγ dx

+γ
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q−1
2

|∇η| ηγ−1 (u1 − k) dx

≤
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q
2

ηγ dx+
∫
Ak,s

|∇u1|q ηγ dx

+γ
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q
2

ηγ−1 dx+ γ
∫
Ak,s

[|∇η| (u1 − k)]
q
dx,

(2.11)

∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q−1

2

· |∇η| ηγ−1 (u1 − k) dx

≤
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q
2

· ηγ−1 dx

+
∫
Ak,s

[|∇η| ηγ−1 (u1 − k)]
q
dx

(2.12)

and, sine supp
(
|∇u1|p−1 |∇η| ηγ−1 (u1 − k)

)
⊂ Ak,s\Ak,t, we have

∫
Ak,s

|∇u1|p−1 |∇η| ηγ−1 (u1 − k) dx

=
∫

Ak,sAk,t

|∇u1|p−1 |∇η| ηγ−1 (u1 − k) dx

≤
∫

Ak,sAk,t

|∇u1|p η(γ−1)( p
p−1) dx+

∫
Ak,sAk,t

[|∇η| (u1 − k)]
p
dx

(2.13)
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Using the previous relations (2.8), (2.9), (2.10), (2.11), (2.12) and (2.13) we

get

∫
Ak,s

ηγ |∇u1|p dx

≤ 2q
∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] q
2

ηγ dx+ 2q
∫
Ak,s

ηγ (u1 − k)
q
dx

+q
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q
2

ηγ dx

+q
∫

Ak,s

∣∣∇u1∣∣q ηγ dx+ qγ
∫

Ak,s

[
3∑

α=1
(uα − |∇uα|)2 + 1

] q
2

ηγ−1 dx+ qγ
∫

Ak,s

[
|∇η|

(
u1 − k

)]q
dx

+γ
∫

Ak,sAk,t

|∇u1|p η(γ−1)( p
p−1) dx+ γ

∫
Ak,sAk,t

[|∇η| (u1 − k)]
p
dx

+γq
∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

q
2

· ηγ−1 dx

+γq
∫
Ak,s

[|∇η| ηγ−1 (u1 − k)]
q
dx

(2.14)

Choose γ = p, remembering the properties of η and using Hölder Inequality it

follows

∫
Ak,s

ηγ |∇u1|p dx

≤ (2 + γ) q

[ ∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] p
2

dx

] q
p

[L3 (Ak,s)]
1− q

p + 2q
∫
Ak,s

ηγ (u1 − k)
q
dx

+q (1 + γ)

 ∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

p
2

dx


q
p

[L3 (Ak,s)]
1− q

p

+q

[ ∫
Ak,s

|∇u1|p ηp dx

] q
p

[L3 (Ak,s)]
1− q

p + qγ
∫
Ak,s

[|∇η| (u1 − k)]
q
dx

+γ
∫

Ak,sAk,t

|∇u1|p ηp dx+ γ
∫

Ak,sAk,t

[|∇η| (u1 − k)]
p
dx+ γq

∫
Ak,s

[|∇η| (u1 − k)]
q
dx

(2.15)
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Since ∫
Ak,s

[
3∑

α=1

(uα − |∇uα|)2 + 1

] p
2

dx

≤ 6
p
2

∫
Ak,s

[
|u|2 + |∇u|2 + 1

] p
2 dx

≤ 62p

[ ∫
Ak,s

|u|p dx+
∫
Ak,s

|∇u|p dx+ L3 (Ak,s)

] (2.16)

and

∫
Ak,s

(√ 3∑
α=1

(uα)2 + 1

)2

+

(√
3∑

α=1

(|∇uα|)2 + 1

)2

p
2

dx

≤ 4
p
2

∫
Ak,s

[
|u|2 + |∇u|2 + 1

] p
2 dx

≤ 62p

[ ∫
Ak,s

|u|p dx+
∫
Ak,s

|∇u|p dx+ L3 (Ak,s)

] (2.17)

then we get∫
Ak,s

ηγ |∇u1|p dx

≤ 62q (2 + p) (2q)

[ ∫
Ak,s

|u|p dx+
∫

Ak,s

|∇u|p dx+ L3 (Ak,s)

] q
p [
L3 (Ak,s)

]1− q
p + 2q

∫
Ak,s

ηp
(
u1 − k

)q
dx

+q

[ ∫
Ak,s

|∇u1|p ηp dx

] q
p

[L3 (Ak,s)]
1− q

p + qp
∫
Ak,s

[|∇η| (u1 − k)]
q
dx

+p
∫

Ak,sAk,t

|∇u1|p ηp dx+ p
∫

Ak,sAk,t

[|∇η| (u1 − k)]
p
dx+ pq

∫
Ak,s

[|∇η| (u1 − k)]
q
dx

(2.18)

But ∫
Ak,s

∣∣∇u1
∣∣p ηp dx


q
p

≤

 ∫
Ak,s

|u|p dx+

∫
Ak,s

|∇u|p dx+ L3 (Ak,s)


q
p

(2.19)

and, by Young Inequality,∫
Ak,s

ηp
(
u1 − k

)q
dx ≤

∫
Ak,s

ηp
(
u1 − k

)p
+ ηp dx (2.20)

and ∫
Ak,s

[
|∇η|

(
u1 − k

)]q
dx ≤

∫
Ak,s

[
|∇η|

(
u1 − k

)]p
+ 1 dx (2.21)



300 Tiziano Granucci

then, using (2.18), (2.19), (2.20) and (2.21), it follows∫
Ak,s

ηp |∇u1|p dx

≤ 62q (2 + p) (3q)

[ ∫
Ak,s

|u|p dx+
∫

Ak,s

|∇u|p dx+ L3
(
Ak,s

)] qp [
L3
(
Ak,s

)]1− q
p + 2q

∫
Ak,s

ηp
(
u1 − k

)p
+ ηp dx

+2qp
∫
Ak,s

[|∇η| (u1 − k)]
p

+ 1 dx

+p
∫

Ak,sAk,t

|∇u1|p ηp dx+ p
∫

Ak,sAk,t

[|∇η| (u1 − k)]
p
dx

(2.22)

then, remembering the properties of η, with simple increases we have∫
Ak,t

|∇u1|p dx ≤ p
∫

Ak,sAk,t

|∇u1|p dx+ 6pq2p
∫
Ak,s

[
(u1−k)
s−t

]p
dx

+CΩ [L3 (Ak,s)]
1− q

p

(2.23)

where

CΩ = 62q (2 + p) (4q)

∫
Ω

|u|p dx+

∫
Ω

|∇u|p dx+ L3 (Ω)


q
p

(2.24)

From (2.23) it follows∫
Ak,t

|∇u1|p dx ≤ p
p+1

∫
Ak,sAk,t

|∇u1|p dx+ 6pq2p

p+1

∫
Ak,s

[
(u1−k)
s−t

]p
dx

+ CΣ

p+1
[L3 (Ak,s)]

1− q
p

(2.25)

then by applying the lemma 6.1 of [12] we obtain the following Caccioppoli

inequality∫
Ak,%

∣∣∇u1
∣∣p dx ≤ D1

∫
Ak,R

[
(u1 − k)

R− %

]p
dx+D2

[
L3 (Ak,s)

]1− q
p (2.26)

where D1 and D2 are two positive real constants, independent from x0 but

dependent on the initial data q, p, n and Σ. Similarly, it can be shown that

the following Caccioppoli inequality holds∫
Bk,%

∣∣∇u1
∣∣p dx ≤ D1

∫
Bk,R

[
(k − u1)

R− %

]p
dx+D2

[
L3 (Bk,s)

]1− q
p (2.27)

where Bk,% = {u1 < k} ∩ B% (x0). Moreover, from the particular form of the

functional we deduce that the previous inequalities also hold for functions u2

and u3. Since 1 ≤ q < p2

3
< 3 then the theses of the Theorem 2 hold.
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