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Abstract

In this paper, we provide an algorithm to convert the third-order nonlinear evo-
lution equations to regular higher-order partial differential equations near movable
singularities. Therefore, the Cauchy-Kowalevski theorem is always applicable. As a
result, we always have a routine conceptual proof of the convergence of the Laurent
series obtained from the Painlevé test.
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1. INTRODUCTION

A partial differential equation is said to have the Painlevé property if all solu-
tions are single-valued near any non-characteristic holomorphic movable sin-
gularity manifolds [13]. The Painlevé property is intimately connected with
integrability [8, 9]. However, the formal series expansion, widely used in the
Painlevé analysis, cannot prove this property if it is not convergent. In this
paper, we first present an algorithm to convert the third-order evolution equa-
tions to higher-order regular partial differential equations and next, as a con-
sequence, prove the convergence of the Laurent series from the Painlevé test.
The idea was indeed inspired by an example of Kruskal. For a long time,
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Kruskal had the following idea: Suppose a solution u of a potentially inte-
grable equation has poles near movable singularities, then u~! should be an
analytic function which satisfies some regular equation near movable singular-
ities of u . Kruskal discovered that if u satisfies the second Painlevé equation,
then u™! satisfies a sizth-order regular equation. This property for Painlevé
equations is believed to be shared by all integrable equations. Recently, Yee
formulated an algorithm of converting any general third-order ordinary differ-
ential equations to regular higher-order equations near movable singularities
in [12]. The general property of regularity of differential equations is the key,
since the existence theorem of analytic solutions applies in the neighborhood
of the movable singularities and the Painlevé property follows immediately. In
this paper, we further extended the algorithm to the third-order nonlinear evo-
lution equations of the form u, = K(z,u, u,,u.2,u.s). The higher-order regular
equations we get are in the form that we can apply the Cauchy-Kowalevski
theorem. Consequently, we have a conceptual proof that the formal Laurent
series solutions for the evolution equations are always convergent.

Over the years, various more general Painlevé methods have been evolved
[1, 2, 3, 4, 5]. Hu and Yan demonstrated in [6, 7] an algorithmic way of reg-
ularizing the principal balances for systems of ordinary differential equations
passing the Painlevé test. They further showed that their new method (namely,
the mirror method) is equivalent to the Painlevé test. Yee [10, 11] also exam-
ined a perturbative extension of the mirror method. In this paper, we also
demonstrated the mirror algorithm can also be used to prove the convergence
of the formal Laurent series obtained from the Painlevé test.

In Sect. 2, the mathematical formulation of the underlying theory will be
presented in detail. The indicial normalization v = #~* will be used as the
transformation for the conversion. In Sect. 3, we shall demonstrate how to
deduce the formal series of the derivatives in the powers of a new variable
0. In Sect. 4, we shall present the algorithm for showing the analyticity of
coefficient functions of derivatives. In Sect. 5, we shall make use of the #-series
of the derivatives to convert the target equation to a higher-order regular
partial differential equation. In Sect. 6, we shall apply an alternative (mirror)
approach to prove the convergence result of PDEs. Conclusion can be found
in Sect. 7.

2. MATHEMATICAL FORMULATION

2.1. Regular equations for nonlinear evolution equations. Let u(z,t)
satisfy the third-order evolution equation, in the complex domain, of the form

Uy = K(Zuu7u27uz27uz3)7 (]‘)

where K is analytic in z, rational in u, and is polynomial in all derivatives.
Note also that we shall use the notation: wu,s;r = 0" *u/0t"9z*. The case of
ordinary differential equations is then easily incorporated by taking u; = 0.
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Moreover, the case of higher-order form of (1) can be generalized accordingly,
with the same reasoning presented here.

Let ¢(z,t) = 0 be the (singular) manifold on which wu is singular. One can
easily construct a Laurent expansion u ~ > u,(z,t)¢"~* for a solution of (1)
near an arbitrary non-characteristic singular manifold given by ¢ = 0. In the
expansion, ¢ can be regarded as a new variable. However in order that the
solution can be constructed in the neighborhood of the singular manifold it is
necessary to require ¢, # 0. This important requirement corresponds to the
assumption that the singularity manifold is non-characteristic. By the implicit
function theorem, we can express z as a function of ¢,

¢(z,t) = z=9(t) =0, (2)
where 9 is an arbitrary (analytic) function of ¢.

By assuming that (1) passes the Painlevé test, we wish to convert it into a
regular partial differential equation near any non-characteristic, holomorphic
movable singular manifold. The regularity of the differential equation allows
us to apply the existence theorem of analytic solutions in the neighborhood
of the movable singularities and this is an approach for directly proving the
Painlevé property (PP) for partial differential equations (PDEs) . In fact we
cannot conclude that the PDEs have the Painlevé property, without knowing
the convergence of the Painlevé series expansions. By showing that they ac-
tually converge, we start to prove (1) for u could be formally converted into a
regular analytic equation (in a new variable) near any non-characteristic mov-
able manifold ¢ = 0, and then apply the Cauchy-Kowalevskaya theorem to an
initial value problem for the solutions of the converted equation. The theorem
actually asserts the existence of a unique analytic solution in a neighborhood
of any initial point for the Cauchy problem.

In this paper, we provide a simple, direct yet effective proof that equation
of the form (1) can be reduced to a regular partial differential equation and
demonstrate the result with a few examples such as the Korteweg-de Vries
equation, the modified Korteweg-de Vries equation, and the Burgers’ equation.
We also introduce an application for showing that the formal Laurent series
solutions are always convergent, for the original partial differential equations.

2.2. Indicial normalization as the transformation. We convert (1) to a
regular equation by a simple transform

u = 0(z,t)7", (3)

where k is to be determined. We call this transformation the indicial nor-
malization, and here k is indeed a positive integer that could be deduced by
observing the dominant behaviour in the neighborhood of a movable singular-
ity of order k. We should emphasize that one should determine all possible
choices of k£ in the dominant balance. At this stage, we only remark that for
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some equations one may find a number of different k’s, depending on the non-
linearities, each will lead to a separate Laurent expansion which must be taken
in consideration.

It is straightforward to take the partial derivatives of (3)
u, = (—k)07"14,,

up = (— )9 k- letu
U2 ( )( _1)9 " 2(02) (_k) H_k_l 0z27 (4)
Uss ( k) (=k = 1)(=k—2) 07" (0.)°

+3(—k)(—k —1)07"20.0.. + (—k) 07" 0.5,

where the subscripts denote the differentiation with respect to z (and also t).
After substituting the partial derivatives in (4) into (1), we first determine
the value(s) of k by observing the dominant behaviour near ¢ = 0. We then
multiply #=* (X being the most negative integral power of § appears in the
substituted equation) on both sides of the equation and the transformation
eventually converts (1) to the equation

0'0,s = 9(2,0,0.,6,,0.2), (5)

where [ is an integer and g¢ is analytic in all variables.

The transformed equation here is singular when § = 0. In view of (4) the
most negative power of f appears in the first term of u,s, so we must have
[l > 2. In fact, as long as the nonlinearity balances with the highest order
derivative in the dominant equation, the index [ must be identical to two, that
is the number of non-negative resonances, for third-order partial differential
equations, in the Laurent expansion solution possessed in the Painlevé test. In
the followings we would like to have this assumption so that [ = 2 is restricted
for the case of third-order evolution equations.

3. DEDUCTION OF FORMAL SERIES OF DERIVATIVES IN POWERS OF 0

As we assumed that (1) passes the Painlevé test for partial differential equa-
tions, it possesses the Laurent series solution, in the neighborhood of (2),

u(z,t) = (z—¢ Zum z—(t)". (6)

Here k is a positive integer determined by the dominant balance and the coef-
ficients u,, are (analytic) functions of ¢ only. The series expansion (6) should
contain a sufficient number of arbitrary functions. In view of the third-order
equation (1) the resonances are m = —1, i, j (j > i > 0), corresponding to the
fact that ¢, u; = r(t), u; = s(t) are arbitrary analytic functions, respectively.
In the neighborhood of the singularity manifold (2), solutions can therefore be
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explicitly written in the form

—k

u = up(t,¥)(z — (1))
(9,00 (2 = 0() T+ ua(t 0 o) (2 — 0 () T+
+r(t) (2= v(0) ™"

+ w1 (6,0, - g T)(Z_l/)(t))i—i-l—k

(t, ¢

i+2—k
+ U2 (L, ¥, - ;¢t2‘+2§7”77’t>(2_¢(t))+ +
i—k
+s(t) (2 — (1))’
i+1—k
+ uj+1<t7 wa e ,thl; Ty 3 Tyg—is 3) (Z - ¢(t>)j+
+ Uj+2(t, ¢> e awtj+2; Ty Tgt+1-ig S, St) (Z - ¢(t))]+2ik + -
where ug, w1, us, ... are analytic functions of t. We shall assume that the

coefficient function ug is nonzero everywhere along z = 1(t). Henceforth, the
case 17 > 0 is assumed and we will carry out the subsequent argument for ¢ > 0.

If we expand each coefficient function w,, by

um(t7w7¢t7"';rart7"' ; Sash"')
- Um(t,2—<2—¢),1/}t,"';T,Tt,"';S,St,"')

into a series in powers of (z — 1), with analytic functions as coefficients, then
we get a formal series

—k

u = up(z,1) (z — w(t))
(2,6 ) (2 — (1) T (e 1 Yo, ) (2 — W)
+ [r(t) + @izt Gr, - )] (2 — ()
+ U1 (2,85 Yy, e 1) (2 — %D(t))iﬂik + - |
+ [s(8) +a5(2, 8 e s 1y )] (2 = (1)

+ aj-i—l(zat; ¢t; U 7¢tj+1; Ty Ty—ig 8)(2 - w(t))j—i_l_k oy

—k

where g, 4, Ug, ... are analytic functions of (z,t), and 4y # 0 near z = ¥(t).
In case i > 0, we fix one branch of solution a;(z,t) = [tg(2,t)]"*/* # 0 near
z = 1(t) and introduce the indicial normalization (3), so that a formal series
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expansion can be deduced as

0 = ay(zt) (Z — ¢(t)) + as(z, t; ¢t)(z - ?/}(t))Q

+|: - % a1<2,t)k+1 + aiJrl(Za t; ¢t7 T 7¢ti>:| (Z - w(t))H_l

+ aipo(2,t; Py, - P T)(Z—¢(t))i+2 L

s (9)
+[ s ay(z,t)"

k
j+1
+ aj+1(2,t; wta e 7?/%]’; Ty 7th_i_1)] (Z - @Z)(t))ﬁ
j+2
+ aj+2(27t; ¢t7 e 7¢t1+1; Ty T—ig S)(Z - 77D(t))]+ R

By the method of undetermined coefficients, the series (9) is formally in-
verted near z — ¢ (t) = 0, so that we can write z — ¢ (¢) as a formal series in
powers of 6. The procedure can be done by substituting

z—(t) = A19+A262+~-+Ai+10"“+--~+Aj+19j“+~~ ,
Yo = = (2 =Y(1)),n
into (9) and then solving the resulting recursive relations we obtain
z—(t) = ay(z,t)710+ ZQ(z,t; 9,;) 6% + Zg(z,t; 0;, Qtz) 9> + - -
+ [(%) ay(z, )" 4 Ziy (z, t; O, ,Qti)] gitt
+ Zigpo (2,85 Op, -+ Opisa; 1) O -

(10)

+ [(%) ay(z, )91

+ Z]'Jrl('z?t; eta e 79tj; T, 771tj*"*1):|9j+1

+ Zj+2<Z,t; eta"' 70tj+1; Ty, Ty—ig S) 9j+2 + o

Taking the first-derivatives of (9), we have the formal series

0. = ag(z,t) +aj(z,t; ) (2 —P(t) + -
) () (e 08 4 e w00 (= — )

Gppy (2,8 Yoo P 1) (2 — ¢(t))i+1 4.

i

(11)

() (1 (e, )4

QL (2t e T ,rtj_i_l)} (2 — o))’

dJI'Jrl(th; wta toe 7¢tj+1; Ty Ty S) (Z - ¢(t>)]+1 +ee
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Or = ag(z,t; Pn) + @) (2,5 ) (2 = (1) + -

O a0 @t )] (2 = 6(0)'
a2 (2t e s ) (2 — () T

s 0 a0

@zt e s 7y oo (2 = ()

- j+1
+ a?—l—l(Z?t; 77Z}t7 U a¢tj+1; Ty 3 Ty—is S, St) (Z - ¢<t))J +o

(12)

Later on, it is found that we need more higher-order derivatives. Therefore,
we generally apply the differential operators D@ with multi-index «, to the
equation (9). In fact, we only need the additional derivatives such as 6.2, 6.3,

coy O512, 0543 and 0, 0,24, ..., 0,5+1,. We note that the above underlined
derivative functions such as 0,i+1, 0,i+14, 0,5+1, 0.5+1; play an important role in
connection with the resonance functions r(¢) and s(t). Now we can differentiate
(9) with respect to z and ¢ accordingly and write explicitly in the form (n =
1,2,...,5+1),

Bur = B2,y ) (s ) (2 = (D) 4
*[@7®>@§Zf;¢mawﬂl

Ay, (2t 7%_)] (- — ()

b (ot e 1) (2 — (1) TR

@ (2 Gy T Mﬂ;l)] (- - ()

“n o
+ a“jfn+2<zvt; Yp, oo Py T Ty S) (z — ¢(t))] L ;
(13)




ez"t = &g(z>t7 2pta e

[%(T(t) (4 1)!

* 7)(1—71)‘

+ dzr‘in(za ta ’l/}tu T

+ &?—n-‘rl(z? ta wta U

s(t), (j + 1! k1
SNV TS (2t
e )G =y @0
+ &?*n<27 tﬂ wh e 7wtj; Ty 77atj*i*1)] (Z - w<t))]_n
~n j—n—+1
+ aj—n+1(za t; wtv toe 7¢tj+1; ey Ty—is S, St) (Z - w(t))] i
+ KN
QZJ"'Q - a{)+2(2 t ¢t7 e 7,¢t]'+1; Ty Tag—iy S)
+ dj1+2(z7t; wh te ,th?; Ty, Ty—it1 S, St) (Z - @D(t)) T+
0,+3 = a{)+3(z by Wy, oo Wz Ty Tg—it1; S, St)
+ afj+3(z7t; ¢t7 e 7¢tj+3; Tyery Tyi—it+2; S, St, 8252)(2 - w(t))

I

?¢t”) + &711(2, ta wta e

Tat Leung Yee

) (2= 0(0) + -

ai (Z, t)k+1

)| (2 = () ™"

s Tyre) (2 — w(t))i_"Jrl 4.

(14)

Y

(15)

(16)

One can see that (13)—(16) are series in powers of (z — ). Indeed we can
expand them into series in powers of #. This can be done by substituting (10)

into (13)—(16), where n =1,2,--- [ j 4+ 1,
Z" = (Z t 0,5, . th 1) +Oél (Z t 9757 ,etn)9+
Z+1) k—i+
t T™n
+[ z—n+1) a(z1)

~n .
+ai—n+1(z7 t? 9757 e

+ @?—n—&-Q(Z? tv 6t7 o
(7 +1)!

)|
,Opiris 1) Gt

3] (Z7 t)k_j+n

s(t)
Gl
+ai (2t 0

+ &;Lfn+2(z7 t7 ‘gt

n+1)!
: —n+1
7"'79tj7r7"'7rtj*i71> 6"

. . j —n—+2
7'”Jetj+17717"'771tj7ia8)93n +7

(17)
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ez”t = dg(zatv etv"' 79t") +d?(z7t7 gta"' 79t"+1)9+

r(t), (i +1)!
+[Qt(%)éi——n))!

YA (2t 0y, ,eti)] gi—n

aq (Z, t)k—i—l—n—l—l

+ & (2t 0y Opiers ) 0 4 (18)

s(t), (j+1)! k—j+n+1
—+ |:0t (T)m a1<2, t)

+5é;in(2, t, Ht, e 79“; T, 7th*2’*1)] Q]Fn

AT . L . j—n+1
+ aj—n+1(zvta Qta e 70153"’17 Ty Ty—ig S7St) ¢’ + - )

~J+2 . . .
ez]""2 - Oé(]] (Zata 0157 e 70tj+17 Ty Ta—ig 8) (19)
~ G2
+ CY{ (Zat; eta"' 76tj+2; Ty, Ty—it1g S,St)0+ I
i3, . .
O = & (2,5 Opy -+ Opiva; 1o+ Tygmin; S, 8¢) (20)

~j+3
+ 0 (2t Oy Ogiray Ty T2 S, Sy, S2) 04 -

The two derivative series 6,i+1 and 6,41 are extracted from (17) and are
written explicitly in the following.

t .
0 = [(—%)(i—l—1)!a1(z,t)k+1+076“(z,t; b, - ,eti)]
F AT (ot Oy O ) O -
£) (G +1)! »
HE Sl Kl (21)
+ & (2t 0y - Oy ,thfifl)] 6"

—1

fitl : o . j—it1
+ aj*i+1(zat7 gta"' 707&]"’1’ Ty Tag—iy S) ¢’ + - 5

b =[2G+ gz

+d6+1(zat; eta"' 70tj; Ty 7th_i_1)] (22)
+ d{“(z,t; Op, -+ Opvrs 1y 1yi—is 8) 0

~ Gl 2
+ 03T (2t Oy Ogiay T T 8,8) 07 4 -
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One can observe that the arbitrary functions r(¢) and s(¢) first appear in
the leading terms of 6,:+1 and 6,;+1 respectively. The derivative series 6i+1
and 0,;+1 are indeed intimately connected with the resonance functions r(t)
and s(t), therefore we often call them as derivative resonances.

Moreover, we may invert the series (21) into

_ k —k—1 4 .
T‘(t) = |:— m al(z,t) ezi+1 + ﬁo(Z,t, Ht, s ,eti)

+ Bl(z,t; O+ Opiva; 92i+1) 0
+ BQ(Zata 8157 Tt 78ti+2; ezi+17 62i+1t) 02 + -

(j + 1)! i—j
+ [—s@) T EIC (23)

+ 6j—i(za L Qtu T 78t1; in+17 in“’lt) T 7‘92i+1tj_i_1) ¢

N i1
+ 5j*i+1(27 U eta T 76tj+1; ezi+17 ezi+1t7 T 7921'*1157*1'; S) 0

4o

The above series contains another resonance function s(t) and we next substi-
tute that into (22) and invert it into

k
S(t) = [ — m a1<z, t)ikil 6zj+l
+ ’?0(27 t? eta T 79tj; 93i+1, ezi+1t7 e 7in+1tj7i71)j|
A (24)
+ M (Z, t; Ht, cee ,th+1; 92i+1, 92i+1t, e ,9Zi+1tj—i; sz-H) 0
+ ;)/2(27 t; 6157 te ;6t1+2; 02’”‘*17 ezi+1t7 )

2
0 it1pi—i+1; 92j+1,0zj+1t) 0°+ .

Now we substitute (23)—(24) back into (17)—(20) and again expand them
into series in powers of #. By observing that more derivatives, including 0,i+1,2,
O.it13, -+, Oiv1p2, O 54143, - - -, are generated in (23)—(24), we expect to get the
series in terms of the (resonance) derivatives 6 i+1,4 and 6.+1,4, instead of r(t)



A method of proving the convergence of the formal Laurent series solutions 11
and s(t). Forn=1,2,...,7 (n#i+1),
O = Ap(2,t; O Opnr) + Al(2,8; 0y -, 0pn) O+ - -

a0 e

+ fl?_nﬂ(z’ t: 0y, - - 79ti)] gi—n+1

+ A?—nu(fz» t; et, te ,eti+1; 02i+1) 9i—n+2 + ..

! » (25)
_— t n—j—1 0 )
+[(j—n+1)!a1(z’ ) i+
+ A,?_n-f—l(z) ta 9t7 P 79tj; 921'_'_1’ .. aezi+1tj—i—1) ej_n+1
+ A;l—n+2(27 ta 0t7 “ e 70tj+1; 021'4,-1’ e 702i+1t]'—i; 0Zj+1) 0]-71-{-2
4o
eznt = Ag(z7t7 9t7 PPN ,etn) + A?(Z,t, eta e ,9tn+1) 9 + L.
et n—i
AL (2, Oy 0| 0
T A?_”‘H(z’ £ Qta T 79ti+1§ 9zi+1, 0zi+1t) gintt + -
9 (26)
t i
- t n—j ez_
+[ (j_n)!(h(z, ) 1
+ -/Z{?—n(zy t, 9t7 e 79tj; 9Zi+17 e ’92i+1tj71_71 ej_n
+A§L7’n+1(z7t, ety"' 79tj+1; 02i+17"' ,
92i+1tj*i; 92j+1,92j+1t> 9j—n+1 SR
92j+2 = A%-FQ(Z, t; et, e ,Qtj+1; in-s-l, R ’92i+1tj_i; 9Zj+1)
+ A{"’Q(zy ta 0t7 e 79tj+2; 921'4,.1’ RN (27)

0 it1pi—i+1; 041, eszt) 0+,

~iig
9zj+3 = A%+ (27 t, 0157 e 70tj+2; 92i+1’ e ;ezi+1tj7i+1; HZjJrl, 92j+1t)
15+3 . '
+ AP (2t 0y, Opiass O, - - (28)

0 it1g—i+2; 0541, 05414, 92j+1t2) 0+ ---.
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4. ALGORITHM TO SHOW ANALYTICITY OF COEFFICIENT FUNCTIONS OF
DERIVATIVES

In view of (25)—(28), they are expressed as asymptotic series in powers of 0
and can be written in the form

D9 = Ag+ A0+ A0? + A50° + - - - . (29)

Our main task is to show the analyticity of the coefficient functions A4,, in (29).
In case of the third-order partial differential equation (1), this can be done by
writing (29) into D0 = Ay+ A0 +By0%, where By = Ay +A30+---, and
showing the corresponding functions Ay, Ay, By of derivatives are analytic in
all variables.

By substituting (4) into the original equation (1), we obtain
07510, = K(z,07%, 607%19,, 07" 2¢?
+ a0, 7363 (30)
+ 507772062 + 707’“*1023),
where K is an expression in powers of 6, and «, 3, v are only constants. By
observing (30) near § = 0, for a fixed value of k, one can see that the term

with the most negative power of # appears in K may depend on z and 6, only.
Therefore, we prefer to rewrite the singular equation (30) into

3(2,0.) +0h(2,0,0.,0,,0,2) —0*60,s = 0, (31)

where g and h are analytic functions and ¢ is not identically zero. In fact,
(31) can be simplified as a condition on 6,, §(z,0,) = Oa3(6). Here we
shall use the notation throughout the context: O4,,(6™) means an expression
of the form 0”7%(2,9, e ,D(“/)Q), where D) is a differential operator
with multi-index |o/| < m, and R is a function analytic in all variables. It
determines the leading behaviour of 6, near § = 0. Since 0, = O 4 3(6) violates
the non-characteristic assumption, the condition yields that
0. = of"™(2) + 0as(0), (32)
where 0431’0} is a nonzero analytic function of z.
Next we differentiate (31) with respect to z and ¢ and get respectively

gl,o (Za 037 9157 9,22) + 0 }:LI,O (Zv 97 927 9157 9227 ta; 023) = 02 024 (33)

and

gO,l (Z7 62’7 6t7 9Z27 ezt) + 9 ];/0,1 (Zv 97 627 6t7 9Z27 ezta 9t27 ezsa 02215) - 82 92315' (34)

At this stage, we aim to determine the leading behaviours of #-derivatives
near = 0. Therefore, after substituting (32) into (33)—(34), we can obtain

gl,O(z79t7922) - OA,4(9)7 (35)
g0,1<279taez270zt) = 044(0), (36)
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respectively. Here (35)—(36) can be viewed as corresponding conditions on 6,2
and 6,,. Indeed, (35) helps to determine the leading behaviour of 6.2, and
substitute this expression into (36) to get the condition on #,;. The analyticity
of g1 and go1 guarantees the solvability of 6,2 and 0., in terms of analytic
functions. Hence we can write

0.0 = o™ (2,0,) + 0.4.4(0), (37)
0.0 = g (2.0,) + 044(0), (38)
where o and aél’l} are some (possibly zero) analytic functions of z and 6,.

We continuously differentiate (33) with respect to z and ¢, and (34) with
respect to t, we get respectively

G20(2, 02,01, 022,024, 0.5) + 0 hog = 6% 6., (39)
gl,l (27 027 6t7 9z27 9zt7 9t27 6z37 922,5) + 0 Itbl,l = 92 9z4t7 (40)
§0,2 (Z, eza etv 02'27 Hztv QtQa 9237 022t7 97;752) + 0 EO,Q — 02 023t2 . (41)

By substituting the leading-order behaviours of (32) and (37)—(38) into (39)-
(41), we can obtain the respective conditions on 6,3, .2, and 0,,2. They are
written as

G2,0 (Z, 0s, 923) = OA,5(0)7 (42)
§1,1 (Z;0t79t270z37‘922t) = OA,5(8)7 (43)
o2 (Z, O, 012,03, 0.2, eth) = OA75(9). (44)

By solving (42)—(44) recursively, it follows immediately that
0.5 = o™ (2,0,) + 045(6), (45)
02 = g (2,0, 0) + 0a5(0), (46)
O = af™ (2,6,,00) + 0a5(6), (47)

where 0433’0}, aéQ’l} and aém} are analytic functions.

Following this idea, we generally apply the differential operators D@ to (31)
where |a| < j. Here j is the index at which the coefficient function u; in the
Laurent expansion (6) is to be indeterminate, the value of j being called the
largest resonance. We then obtain respectively

9(2,0.) +0h —0%0.5

91.0(2,0,,04,0.2) + 0 hig — 62 0,4

Go.1(2,0.,0,0.2,0.,) + 0 ilo,1 — 60%0,3,
G2.0(2,0,04,0.2,0.4,0.5) + O hyg — 0265 =
311(2,02,04,0.2,0.4,00,0.5,0.2,) + 0 hyy — 00,4, =
Go2(2,0,01,0.2,0.,0p2,0.3,0.2,0.2) + 0 iLOQ — 0?0352 =

e e = R = =)
AN TN N N N N
ot
=)
S N N e N N
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and so on,
gj,O(zv 02, Qt, 02'2’ ezta Ty qu, 0z4*1t7 Tty sz: ezj—lh sz+1) (54)
+ 0 hj70 — ? sz+3 = 0,
gj*l,l ("7’7 927 eta 0z27 9zt7 0t27 T 02‘1: ezq—lta ezq—2t27 T (55)

921', szflt, szfztz, (9Zj+1, Qth) + 6 ;ljfl,l — 62 (9Zj+2t = O,
and so on,
f]o,j (Z, (92, Gt, sz, ta, 9,52, 9Z3, 9z2t> taz, (9t3, Ty
0.300-3,0,240-2,040-1, 04, -+, (56)
0.345-3,0,20-2,0,05-1,04,0,305-2,0,245-1, taj) + 6 Bo,j — 62 0,35 = 0,

where ¢, , and ﬁmn are some functions analytic in all variables, where the
indexes (m,n) have all combinations such that 1 < m+n < j.

Generally, (48)—(56) give algebraic conditions on the derivatives 6., 6,2, 6.,
0.5, 0.2, 0.2, 0.0, O34, 0202, O3, -+ 0541, 0.5, -+, 0,45 By solving (48)7(56)
recursively, we can deduce the leading-order behaviours of the derivatives

ezptq — a({)Pﬂ} (2:7 eta 0t27 e ,Qtijqfl) + OA,p+q+2<0)a (57)

where 1 <p<J+1,0<q¢<j,1<p+qg<j+1,and aép’q} are some analytic
functions. But we should remark that the formulae for some derivatives cannot
be found because of the existence of resonances. In the case of third-order
equations, we simply skip the formulae for 6i+1, 0;+1 and 6.i+14 (the values
of i and j being the two resonances, j > i), which correspond to the resonance
terms appear and consequently, they cannot be determined.

Now we need to work out the second round calculations in order to refine
the formulae (57) up to O ;j43(6%). We start to put the past formulae of
derivatives 6, and 6,2 into (48) and solve the equation of the next order, we
can determine

0, = i 2) + ol (2,0,) 0 + 04467, (58)
where ail’o} is analytic. In order to find the refined formula of 6,2, we put the
past formulae of 0,2 and 6,5 with the refined formula (58) of 6, into (49). Then
after solving the equation we can determine the next order formula

02 = a5 (2,60) + a{* (2,0,,62) 0 + 045(6%), (59)

where O&z,o} is analytic.

Following the same procedure with the equations (48)—(56), we can eventu-
ally obtain a refinement of all expansion formulae of the form

Oupa = aép,q} (Z> O, Op2, - - - ,etp+q—1)

(60)
X Oép,q} (z, 0,0, ’thq) 0+ OA,kp,q(92)>
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where 1 <p<j+3,0<¢<y,1<p+qg<j+1,3<k,, <7+ 3, and the

coefficient functions o’ are analytic in all variables.

By observing (60) with (25)—(28), we showed the analyticity of all coefficient

functions of derivatives, forn =1,2,...,7 (n #i+ 1),
O = A (2,85 0, Onr) + AT (2,85 Oy ) O+ - -

e LU

+ A?*nJrl (Z, t; 97&, . 79ti):| gi—ntl

+ A?—n+2 (27 t; et, te ,eti+1; 92i+1) 9i7"+2 + ...

1 » (61)
- t n—j— Q .
+[(j—n+1)!a1(z’ ) @
+ ./[U;_n_,_l (Z, t; Oy 0 Oliva, - - ,ezi+ltj—i—1):| gi—n+l
+ A?—n-I—Q (27 l; Qtv T 707&1""1; Hz"‘*‘la T 7ezi+1tj—i; ezj"'l) s
+ o Oug (67),
O = A5 (2,8 0y, 0n) + AL (2,5 0y, Opnsa) O 4 - -
[ 4 —1 An i—n
+ -~ (Z——tn)' a(z,t)" " 01 + Ai_n(z,t; O, -+ ,Qti)]e
+ N?;nJrl (Z, t; Oy, Opiv1; 011, 022‘+1t) gi—ntl L.
_ et ‘
SR ", (62)
+ i (j_n)!al(za ) 2it1
+ "Zv;—n (Z, U gtv e 79tj; gz“'l) e aezi+1tj_i_1):| Hj—n
+ A}l—n-fl (Z>t; eta T 79tj+1; 62i+17 Ty
Oi1-i; Ouir, i) 077" oo+ O, (67),
92'7+2 = A%+2 (Zv ta eta e 79tj+1; ezi"'la e 79Zi+1tj_i; ezj‘H)
+A{+2(27t; gtv"' 79tj+2; 92"“7"' ; (63)
0 iv145-it1; 6541, 92j+1t) 0+ Oan,ys (6%),
92,7'+3 = A6+3 (Z, t; 9,5, T ,Qt,j+2; 9Zi+1, ERI
ezi j—it1 ez' 79,2'
: :_1;] +1 Jj+1 J+1t) (64)
+A]1 (tha Oy -+ Opra; Onieny oo
0 iv1pi—iv2; 0541, 0 5414, sz+1t2) 0+ OA,kj+3 ((92),
where O 4 1, (6") means an expression of the form " R(z,0,--- ,D®0), with

18] < km, 3 <k < j+ 3, and R is analytic in all variables.
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We remark that 9 i+14q 9 j+1pg Ar€ resonance derivatives and cannot be de—
z t1y, Yz t
termined.

5. CONVERSION OF HIGHER-ORDER REGULAR PARTIAL DIFFERENTIAL
EQUATION

In order to find the regular partial differential equation, we first differentiate
(5) with respect to z and get

299z 9z3 + 92 9z4 = gl(zaeaezaeta ezzaeztv 9z3>7
92824 = §1(2a979z76t, 0z279zt7 823>’

where ¢g; (and hence g;) is analytic in all variables. Using the same idea, we
differentiate (5) with respect to z by j + 1 times and eventually get

02 93j+4 = G(Z, «9, tgz, Qt, sz, 9215, te ,«92]‘+2, 02j+1t, sz+3), (65)
where G is analytic in all variables. The analytic function G in (65) contains
derivative functions (except the resonances 0,i+1, 0,i+14, 0,5+1, 0,5+1,) which can
be replaced by (61)-(64), we then have

020,510 = G(2,0; 04,02, -+, Oy O, Oivny, - -

in+1tj—i+2; 92j+1 , sz+1t, sz-q-ltz) + OA,j+3(92),

where 0,i+144, 0,5+1,4 are viewed as arbitrary functions, and G is analytic in all

variables. By dividing 6% on both sides, we rewrite the above equation into
sz+4 = G(Z, 9; Qt, 0t27 LR Qt]’+3; inﬂ, 921+1t7 tet (66)
Oiv1pi-i+2; Opio1, Oy, Ouiergz) 4+ O jis(1),

where G is analytic in z and meromorphic in 6. Since G is meromorphic in 6,
we have the following Laurent series near § = 0

G = H(Z, 9; Gt, 9,52, tee 79t1+3§ 92i+1, inﬂt, ey
0 iv1pi—iv2; 0541, 0,541, 6zj+1t2)
+ 67! G (Z; 0,012, -+ Opivs; Qi1 Oiv1y, -+ |
0 iv1—it2; 0541, 0 5114, 02j+1t2)
+ 672 Gl (Z; 0,02, -, 04iv3; Oiv1, 0014, -+,
9Zi+1tj—i+2; 9Zj+1, 9Zj+1t, ezj-o—th),

where Gy, G; and H are all analytic. As formal solution, the series (9) must
satisfy (66) with G given by (67). Therefore, we substitute the series into the
equation and expand both sides into Laurent series of powers of z —¢(t). One
can see that the left side is formally analytic. In the limit z — v, we have

0 = GO(¢7 9t7 Qtza e 70tj+3; ezi""la ez“'lta )

1

_ (68)
Oiv1pi-i+2; Oniir, Oriry, Oivrgz) ay (1) 7,
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0= Gl (1/}7 9t7 0t27 e 70tj+3; 02“‘1’ 02’“'1157 )

-2
9Zi+1tj—i+2; ¢9Zj+1, sz+1t7 9Z1+1t2) a1(¢) s

(69)

respectively. The derivative functions appear in (68)—(69) are functions of r
and s. Thus when a;(¢)) # 0, we must have

GOJ (@D, Qt, ‘9t2; cee ,Qtj+3; ezi-s-l, sz'+1t, et
gzi+1tj—i+2; sz+170zj+1t70zj+1t2) =0

for all ¢, r and s. Since ¢, r and s, and so all resonance derivatives, are all
arbitrary, we find that Gy = G; = 0 and therefore

G = H is analytic. (70)
The equation (66) is now reduced to
0.5+¢ = H+ O4;15(1).

Now we can conclude that 6 satisfies a (j 4 4)-order regular partial differential
equation where j is the largest resonance in the Painlevé test. For a n-order
partial differential equation, we can expect to get a regular differential equation
of order (j +mn+1).

We offer several examples below to list the results of the converted regular
differential equations near non-characteristic, movable singularity manifolds.

The Korteweg-de Vries equation
For the KdV equation

g + 6UlUy + Uppe = O, (71)
we substitute the dominant behaviour u ~ ug¢* near a non-characteristic,

movable singular manifold ¢ = 0 and solve the dominant equation to have
k = —2. As a result, we proved that the function #, defined by

1
) = —— 72
uat) = g (72)
satisfies a 10th-order regular partial differential equation near 6 = 0.
The modified Korteweg-de Vries equation
For the mKdV equation
Uy — 6uuy + Uggy = O, (73)

we substitute the dominant behaviour u ~ wuy¢* near a non-characteristic,
movable singular manifold ¢ = 0 and solve the dominant equation to have
k = —1. As a result, we proved that the function 6, defined by

1
0(z,t)’

satisfies a 8th-order regular partial differential equation near 6 = 0.

u(z,t) = (74)
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The Burgers’ equation
For the Burgers’ equation

Up + Uy + Uzy = 0, (75)

we substitute the dominant behaviour u ~ wuy¢* near a non-characteristic,
movable singular manifold ¢ = 0 and solve the dominant equation to have
k = —1. As a result, we proved that the function #, defined by

1
0(z,t)’

satisfies a Sth-order regular partial differential equation near 6 = 0.

u(z,t) = (76)

6. CONVERGENCE RESULT FOR PDEs

In general, if n is the order of the equation, and 6,;+1 is the highest-order
resonance derivative, then we would expect a regular (n + j + 1)-order regular
equation for 6. Note that the higher-order equation we get for the KdV equa-
tions and the Burgers’ equation are in the form that we can directly apply the
Cauchy-Kowalevski theorem. Consequently, we have provided a direct method
to prove that the formal Laurent series solutions for these equations are always
convergent. However, one obvious drawback of this method is its complexity.
As a matter of fact, we can hardly write explicitly the whole regular equation.
To overcome this technical issue, in the following, we also demonstrated an
alternative algorithm that the target equation can be converted to a regular
mirror system. The Cauchy-Kowalevski theorem is always applicable in this
case. As a result, we always have a routine conceptual proof of the convergence
of the Laurent series obtained from the Painlevé test.

We shall use the Burgers’ equation as an example for illustration. The
system (75) has the associated space-evolution equations
Uy = U, Vp = —Up — UV (77)
which passes the Painlevé test and has the principal balance given by

2 , ¥(t)
= — t t) (z — (b)) —

w = = O ) (v () — 5
where 1) and ry are arbitrary functions of £. Next, we shall construct the mirror
system for (77). By introducing the indicial normalization

— ) 4, (78)

u = 0 Yz, t), v = vy, t) 07 %(a,t),
one can find the Laurent 0-series
1
b =5 + 20,0 — 72 0% + (4720, — 80y) 0° + - - - |

1 26
v :—2—62—7t+7’2+(—4F20t+80tt)9+-~-,
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where 75 is an arbitrary (resonance) function. We then truncate the 6-series
of v at §° (where the resonance parameter 7, first appears) by introducing a
new variable 1 to have the transformation (u,v) «— (6,7):

1 1 20,
u =g U__ﬁ_T—i_n' (79)

By substituting (79) into (77), we obtain a regular (mirror) system of the form
1
0, = 5‘1‘29159—77927 Ne = —2n0;+ 40y — 2,0,

in which the time-derivatives of § and n appear in right hand side of the mirror
system.

In fact, the mirror system for Burgers’ equation is not suitable for applying
the Cauchy-Kowalevski theorem, because of the second-order derivative 6;; on
the right side. By introducing a new variable a = 6;, we may extend the mirror
system to

1
0, = 5—1—2049—7792,

Ne = —2an+ 4o — 2n,0,

a, = 2a°+ Q(at — om) 0 —n, 62,
in which we use o, = (6,), to find the third equation. The extended mirror
system is now suitable for applying the Cauchy-Kowalevski theorem.

(80)

The next thing we should do is to convert the series (78) into an equivalent
initial value condition for (80) along the singularity manifold = ¢(¢). From
(78) and 0 = u™', we obtain

1 ! 12
0 = 5 (o= ) =5 - v) + (= D)@ —vwp+ o 6
Taking derivative of this with respect to ¢, we have
/ /2 3 / 3 /3 "
o= L+ wvm) + (2L -2 e pm)

Substituting the series for # and « into the first equation in (80) and solving
for n, we have
13

3
n = 3T2+§¢/2+ (3T2¢/— 7 —Qwﬁ)(l‘—w(t)) + e
From these power series, we find the following initial data for the mirror system
along the singularity
w/

5 at z=1y(t). (82)

3
9:07 77:37”2+§¢/2a o =

Now, the convergence of (78) follows immediately. By the Cauchy-Kowalevski
theorem, the extended mirror system (80) with the initial data (82) has a
unique analytic solution (6(z,t),n(z,t), a(z,t)) near = 1 (¢). Then u =6+
is a solution of Burgers’ equation near x = (t). Moreover, from the usual
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power series method, we find the expansion for € is indeed (81). Then an easy
calculation reveals that the Laurent series of u = 671 is exactly (78).

7. Conclusion

An algorithm of converting any third-order evolution equations to regular
higher-order partial differential equations was presented. As an immediate
consequence, the regularity of the higher-order equations enables us to use the
Cauchy-Kowalevski theorem to prove the convergence of the Laurent series
obtained from the Painlevé test. An alternative algorithm using the mirror
method was also presented. We used the Burgers’ equation as an example to
illustrate the steps: Find the mirror system and if necessary, extend the system
so that the Cauchy-Kowalevski theorem is applicable; Use the given resonance
functions to find an initial condition for the (extended) mirror system; Use the
standard power series method to find the series solution of the initial value
problem (with all resonance functions appear); Verify that the inverse indicial
normalization converts the series obtained from the mirror system into the
Laurent series expected from the Painlevé test. For ODEs, the right side of
the mirror system involves no derivatives. Therefore, the Cauchy-Kowalevski
theorem is always applicable. As a result, we always have a routine conceptual
proof of the convergence of the series from the Painlevé test.
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