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Abstract

In this paper, we introduce new types of generalized convex functions
including locally B-(H,, r, a)-preinvex functions and B- (Hp, 7, a)-invex
functions based on H),-invex set. Some properties of these new classes of
functions and sets are established. We also present the optimality con-
ditions for mathematical programming problems in which the functions
considered belong to the classes of functions introduced in this paper.
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1 Introduction

Convexity plays a central role in many aspects of mathematical program-
ming including analysis of stability, sufficient optimality conditions and du-
ality. Based on convexity assumptions, nonlinear programming problems can
be solved efficiently. There have been many attempts to weaken the convex-
ity assumptions in order to treat many practical problems. Therefore, many
concepts of generalized convex functions have been introduced and applied to
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mathematical programming problems in the literature [1, 2, 3]. One of these
concepts, invexity, was introduced by Hanson in [4]. Hanson has shown that
invexity has a common property in mathematical programming with convex-
ity that Karush Kuhn Tucker conditions are sufficient for global optimality of
nonlinear programming under the invexity assumptions. Ben-Israel and Mond
[5] introduced the concept of pre-invex functions which is a special case of
invexity.

Recently, Antczak [6] introduced new definitions of p-invex sets and (p, r)-
invex functions which can be seen as generalization of invex functions. He also
discussed nonlinear programming problems involving the (p, r)-invexity-type
functions in [2, 7]. On the other hand, Kaul et al. [8] introduced the classes of
locally connected sets which generalizes the arcwise connected sets [9] and lo-
cally star-shaped sets [10]. Yuan et al. introduced the definition of a new class
of sets, locally H,-invex sets, and definitions of classes of generalized convex
functions called locally (H,,r, a)-preinvex functions in [11]. Basing on locally
H,-invex sets, we discussed the programming involving locally differentiable
(H,,r)-invex functions[12].

In this paper, motivated by [13], we present new classes of generalized con-
vex functions including B-(H,,r, a)-preinvex functions and B-(H,,r, o)-invex
functions. Based on these definitions of classes of generalized convex functions,
we have managed to deal with nonlinear programming problems under some
assumptions. The rest of the paper is organized as follows: In Section 2, we dis-
cuss concepts and properties regarding locally B-(H,, r, a)-preinvex functions.
In Section 3, we give the definition of locally B—(Hp, r, @)-invex function, dis-
cuss the properties regarding this type of functions. In Section 4, we present
the optimality conditions for mathematical programming problems involving
B-(H,,r,a)-preinvex functions and B-(H,, 7, a)-invex functions, respectively.

2 Locally B-(H,,r, a)-Preinvex Functions

Let R" be the n-dimensional Euclidean space, R} = {r € R"|z > 0} and
R? = {x € R"|x > 0}. In this section, we give definitions of locally H,-
invex set. As we mentioned before, the notion of p-invex set was introduced
by Antczak in [6] and the notion of a locally connected set was introduced
by Kaul et al. in [8]. Basing on these concepts, we introduced the following
concept of a locally Hp-invex set in [11].

Definition 2.1. [11] Let p be real number. The set S C R"™ is a locally
H,-invex set if and only if, for any x, u € S, there exist a mazimum positive
number a(z,u) <1 and a vector function H,: S x S x [0,1] — R"™, such that

H,(z,u;0) =e€", Hy(x,u;\) € Rﬁ,ln (Hy(x,u;\)) € S, VO <A <a(x,u).
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and H,(z,w; X) is continuous on the interval (0,a(z,w)), where the logarithm
and the exponentials appearing in the relation are understood to be taken com-
ponentwise.

With the aid of locally H,-invex set and the notation M, (a,b; X)(see [6]),
we give below a new class of functions, locally B-(H,,r, o)-preinvex functions,
in this section.

Definition 2.2. Let S C R" be locally H,-invexr set and b: S x S x[0,1] —
Ry, and let v be real number. A function f : S — R is said to be locally
B-(H,,r,a)-preinvex on S if, for any x,u € S, there exists a mazimum positive
number a(z,u) < 1 such that

£ (I (Hy(z,u;0))) < In (M, (e, &™); (Ab(x,u; 1)),
0 < Ab(z,u;\) <1,V 0 <\ <a(z,u)

where the logarithm and the exponentials appearing on the left-hand side of the
inequality are understood to be taken componentwise. If u is fized, then f is
said to be locally B-(H,,r, o)-preinvex at u.

Remark 2.3. Obviously, locally (H,,r, a)-preinvezs functions are (p,r)-pre-
invex[6] if Hy(z,u;\) = M,(e"®W+u et \) and a(z,u) = 1 for all x, u. In
general case, there exist locally B-(H,, T, o)-preinvex functions which are not
(p, r)-pre-invex. For example, let S be a locally Hy-invex set given by Remark
1in [11], and the function f be given by

f(x) =1,V x = (11,22) € S;
b(x,u; \) = 1,Vx,u € S;\ € [0, 1].

Certainly, for any real number v, f is a locally B-(H,,r,1)-preinvex function
which is not (p,r)-pre-invex only if n(x,u) not always zero for any xr,u € S,
since S is not p-invex.

Remark 2.4. If the direction of inequality in Definition 2.2 is changed to
the opposite one, we say that a function f is B-(Hp,r, a)-preincave. We say
that a function f : S — R defined on a Hy-invexr set S C R" is strictly
B-(H,,r, a)-preinvex(strictly B-(H,,r, «)-preincave) on S if the inequality in
definition of B-(H,,r, a)-preinvex function(B-(H,,r, a)-preincave function) is
sharp and it holds for all x # u, 0 < Xb(z,u; A) < 1 and any A € (0,a(x,u)).

Definition 2.5. [11] A function f : S — R defined on a locally H,-invez set
S C R" is said to be locally (Hy,r, a)-prequasiinvex on S if, for any z,u € S,
there exists a mazimum positive number a(x,u) < 1 such that

f(In(Hy(xz,u; X)) <max{f(z), f(u)},V 0 <X <a(z,u)
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where the logarithm and the exponentials appearing on the left-hand side of the
inequality are understood to be taken componentwise. If u is fized, then f is
said to be locally (H,,r, )-prequasiinver at u.

Remark 2.6. By the definition of locally (H,,r, a)-prequasiinvex function,
it is easy to show that locally B-(Hy, T, o)-preinves function is locally (Hy, T, o)-
prequasi-invexr. However, locally (Hy, T, o)-prequasiinves functions are not al-
ways locally B-(H,,r, o)-preinvex.

We now introduce the definition of a locally (H,,r, B, a)-invex set, which
will enable us to give a geometric property of locally B-(H,,r, «)-preinvex
functions defined by Definition 2.2.

Definition 2.7. Assume that p and r are two given real numbers. Let
X eR"Y € R, H : X xX x[0,1] = R™ be a vector function.Then
X xY ={(z,y) :x € X,y € Y} is said to be a locally (H,,r, B, a)-invex set
if, for any (x',y'), (2%, y*) € X X Y, there exist a mazimum positive number
a(z?,2') <1 and a function b: X x X x[0,1] = Ry such that

Hy(2? z! 0) , Hy(z? 2% \) € R,
In ( p(x2, LX) e X, V0<\<a(z?at)
and
(ln (Hp(«*, 2" ), In [M (ey eV S (Ab(z?, 2t \))” ))]) € X xY,
0 < Ab(z%, 25 0) <1,V 0 < A < a(2?, 2h).

Theorem 2.8. Let S be a locally Hy-invex set, then f : S — R is locally
B-(H,,r, a)-preinves function if and only its epigraph E(f) = {(z,y) : = €
S, f(x) <y} is alocally (H,,r, B, a)-invex set.

Proof. “if” part. Obviously, (z, f(z)), (u, f(u)) € E(f). Therefore, by the
definition of locally (H,,r, B, «)-invex set, there exists a maximum positive
number a(z,u) < 1 such that

Hy(z,u;0) = e, Hy(v,u;\) € R, In(H,(z,u;\)) €S, V0 << a(z,u)
and

(In (Hy(z,u; N)), In [M, (/) e PO (b2, u; N))® N]) € E(f),
0 < X(z,u;0) <1,V 0 <A <a(z,u).

By the definition of E(f), the last relation means

£ (in (Hy (0 A))) < In [M, (), 00 (Mb(ar,us 1))
0 < Mb(z,u;\) <1,V 0 <A< a(z,u).
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Therefore, f is a locally B-(H,, r, a)-preinvex function.
Moreover the above steps are invertible, hence the “only if 7 part is true.
Therefore, the result follows.

Theorem 2.9. Let S be a locally H,-invez set. If f : S — R is B-(H,,r, a)-
preinvex function, then the level set Lg = {x € S : f(x) < B} is a locally
H,-invex for every 5 € R.

Proof. By Corollary 3 in [14] and Remark 2.6, we get the desired result.

Theorem 2.10. Let S C R" be a Hp-invex set and f : S — R be a
B-(H,,r,a)-preinvex function on S. For any given pair x,u € S, assume
that H,(x,u; ) is continuous on the interval [0, a(x,u)) and is not constant in
any subinterval contained in [0,a(x,u)). Then each point of a local minimum
of the function f is its point of global minimum, and the set of points which
are global minima of f is a H,-invex set.

Proof. The theorem will be proved only in the case when r # 0( the other
case when 7 = 0 can be dealt with likewise).

Assume that u € S is a point of local of f which is not a point of global
minimum. Hence, there exists a pointz € S such that f(z) < f(u). By
assumption, f : S — R is B-(H,,r, «)-preinvex function on S. Thus by
definition, for all x,u € S, there exists positive a(z,u) < 1 such that

=

f(In(Hy(z,u; M) <In ([/\b(x, u; )\)]aerf(ff) + (1 — [\b(z, u; )\)]O‘)erf(“)) v
0 < ANo(z,u;0) <1,V 0 <A <a(x,u).

In particular, the above inequality holds also in the case when x = =.
Taking into account the fact that f(z) < f(u), we get

1
r

f ((Hy (7, w;N))) < In ([Ab(Z, us A)] %™ + (1 — [Ab(Z, u; A)]*)e’ ™)
< f(u), 0 < Mb(x,u; \) <1,V X € (0,a(Z, u)).

Thus, we have show that
f(In(Hy(z,u; ) < f(u),V X € (0,a(z,u)).

This is a contradiction to the fact that u is a local minimum point.

Now, Denote by E the set of points of global minimum of f. Let x and u
be arbitrary points belonging to E. We prove that In(Hp(z,u;\)) € E. Since
z and u belong to E, then f(x) = f(u). Again, f : S — R is B-(Hp, 7, a)-
preinvex function on S. Hence, there exists a maximum positive number a(z, u)
such that

1
P

f(n(Hy(z,u; M) < In ((Ab(z, u; A)]e™ @) + (1 — [Ab(x, u; \)]*)e/ ™)
< f(u), 0 < Nb(z,u;A) <1,V A€ (0,a(z,u)))
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That is
f (In(Hy(x,u;N)) = f(u),¥V X € (0,a(x,u))

Therefore, In(Hy(z,u;\)) € E,V X € (0,a(x,u)). By Definition 2.1, E is
H,-invex set.

Corollary 2.11. Let S C R" be a Hy,-invex set and f : S — R be a
B-(H,,r,a)-preinvex function on S. For any given pair x,u € S, assume
that Hy,(z,u; ) is differentiable on the interval [0,a(z,w)) and its derivative
is not zero in any subinterval contained in [0,a(x,u)). Then each point of a
local minimum of the function f is its point of global minimum, and the set of
points which are global minima of f is H,-invex set.

Proof. If the assumptions of corollary 1 hold, then the assumptions of
Theorem 2.10 is true. By Theorem 2.10, the results follows.

3 B-(H,r a)-invex functions

Motivated by [13], we present the concept B-(H,,r, a)-invex functions in this
section. For the convenience, we use the following notations.

Definition 3.1. Let a, b, r be real number. Then the generalized difference
of a and b with respect to r, V.(a,b), is defined by

- ere —e  for r#0
Vi(a, b)_{a —b for =0

Definition 3.2. Let {,x, u € R" and n: R" x R® — R", and let p be
an arbitrary real number. Then the p-inner product of & and n(x,u) denoted

(&, n(x,u))" can be defined as follows:

7} gT(ern@w) — 1), for p # 0
(€ n(x, w)) forp=0

whef,"e 1 — (]_7 e 7]_) [ Rn7 ePU(I»U) — (epm(%u)’ e 76p77"(x7u)) .

(€nte) = {

Definition 3.3. Let p, r, a be real number such that 0 < a < 1, and let
f : R* — R. Then the right super order a-(p,r) differential of f at u with
respect to Hy(z,u; A), d;') f(u; Hy(z,u;0+)) is defined by

lim sup Vr(f(n(Hy(@wM)), fW) .~
d f'( H( 0+))_ AL0 e , I Z
TR N lim inf YU (ntHp(@ud)), f(w) .

ALO A®
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Again let n - R™ x R" — R™ be a continuous vector function and Hy(x,u; \) =

M, (en@w+u et \). Then the differentiable dg, S (w; Hy(x, u; 0+)) is denoted

by dy, ., f(u;n(z,u)), and the order a-(p,r) subgmdzent set of [ atu, 0 f(u;n(z,u)),
can be defined as follows:

{1 (@, w) <dg  fluin(z, u),Vo e S r=>0
{E1E (e, )" = d e flun(e, w), Yo € S} r <0

Remark 3.4. Note that f(x) = €* is differentiable, the right super order
a-(p,r) differential, can be rewritten as follows:

Oy f (ws (1)) =

(rerf) lim sup 2=/ .
A0
Fn(Hy (20 0))) ~f (1) =0

d(p T)f(u H (.T,U,O+)) = I){\ILTOl sup P )

£ LOn(H (@uiX)=f (u)

re7 lim in e

, <0
L AL0

Definition 3.5. Let S C R" be a locally Hy-invex set, the function f: S —
R is said to be B-(Hp, 7, o)-invex at u € S if there exists functionb: SxS — R
such thatthe inequalities

b (z, u)V, (f(x), f(w) > di o f (u; Hy(z, u;04)), v >0,

B (@, W)V (F (), S () < Ay (s o, 05 0+), 7 < 0.

hold for allx € S. f is said to B-(H,,, o)-invezx on S if it is B-(H,, r, a)-invex
at each u € §.

Theorem 3.6. Let S C R" be a locally Hy-invex set and f : S — R be a
locally B-(H,, r, a)-preinvex at u, then, for all x € S, the inequalities

b (a, w)V, (f(@), f(w) > dg o f (us Hy(,u;:04)), 7> 0,

b, 0) V(£ (0), £ () < dig ) s Hy(r,u504)), 7 <0

where b(x,u) = lAiﬂjlsupb(x,u; A) when v > 0 and b(z,u) = lAigjlinfb(x,u; A)

when r < 0.

Proof. Let f: S — R be defined on a locally Hp-invex S C R". Moreover,
we assume that f is a locally B-(Hp,r, a)-preinvex function at v and r > 0
(the proof in the case when r < 0 is analogous). Hence, we have

{ f(ln(Hy(x,u; M) <In (M (ef@ el (\b(x, u; )\))"‘)), p#0
f((Hy(z,u; N))) < In (M (/) 7(/\5(93,% A)%), p=0
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for any 0 < A < a(z,w). That is

S (I (Hp(z,u;A))) = fu) < (Ab(z, u; A)* (f(x) = f(u)), 7 =0
when p # 0 and

{ eTf(ln(HP(xﬂ“)‘))) J— erf(u) < (Ab(a}7u’ A))a <6Tf(x) J— erf(u)) R r > O7

rf(Hp(xuz\)) _ erf(u S ( (l‘ w; )\)) ( rf(z) _ erf(u)) Cr > 0
{ F(Hy(z,u; ) — fu) < (Wb(z, M) (f(2) — f(w), =

)
when p = 0, for any 0 < A < a(x,u). Therefore,

A
f(ln(Hp(GC;\?gA)))—f(u) < ba(x’ u, )\)(f(:L') . f(u)),for r=0,

{ eTf(ln(Hp(z’u;)‘)))*erf(“) S boc(x7 u7 >\) (eTf(Z‘) _ e’f‘f(u)) 7fOI‘ r > 0’

when p # 0 and

eTf(Hp(I’;;:))—erf(u) S ba(l‘7u, )\) (erf(CC) _ e?“f(u)) ’fOI‘ r > 07
Pt < 4 (3,0, N)(f () = (), for 7 =0

when p = 0, for any 0 < A < a(x,u). By the Definition 3.1 and Definition 3.3,
we deduce that,

ba(x7u)vr (f(I)’ f(u)) > d(;,r)f(u; Hp($7u;0+))v "2 O’
for any x € S.

Remark 3.7. By Theorem 3.6, we know that locally B-(H,,r, a)-preinvex
function is B-(H,,r, a)-invec.

Corollary 3.8. Let S C R" be a locally Hy-invex set and f : S — R be
a locally B-(H,,r,a)-preinver at u, and let Hy(z,u;\) = M,(e"®WFe et )),
then, for allx € S

b (2, u)V, (f(x), f(u) = (€ n(w,u))", V€ € O fusn(z,u), v >0,

b (2, w) Vi (f(2), f(w)) < (& nlz,w)", VE € Iy fusn(w,u)), < 0.
Proof. Using the Definition 3.3 and Theorem 3.6, we can derive the result.

4 Optimality Conditions

In this section, we present the optimality conditions for mathematical pro-
gramming problems in which the functions considered belong to the classes of
functions introduced earlier in this paper.
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Consider the following form of optimization problem

min f(x)
) o() <0,
where SC R", f:S— R, g:5 — R™

Let us denote by E the set of feasible solutions of (P), i.e., the set of the
form £ := {z € S|g(z) < 0}.

x €S,

Theorem 4.1. Suppose that the following three statements

(a) E is a Hy-inver set;

(b) f is strictly B-(Hp,r, o)-preincave on E;

(c) for any y € intE, there exists point v € E, x # y, and X € (0,a(x,y))
such that

In (H,(x,y; \)) € E (1)

Then there are no interior points of E which are solutions of (P); i.e., if u is
a solution of (P), then u is a boundary point of E.

Proof. 1f the feasible solution set E of (P) is empty, or int E is empty, the
proof is obvious. Assume that u is a solution of (P), and u € int E. By (c),
there exist #, € E, x # u, and A € (0,a(z,u)) such that (1) holds. Hence, by
(b), we have

(i) in the case r # 0:

1
T

fu) = f (In (Hy(z,u;N))) > In (Ab)*e" @) 4 (1 — (Ab)*)e™ ™)™ > f(u)

(ii) in the case r = 0:

fw) = f (In (Hy(z,u; ) > (W) f(2) + (L= (AD)*) f(u) = f(u).

This contradiction leads us to the conclusion that u is not a solution of (P).
The proof is complete.

Theorem 4.2. Suppose that the following four statements
(a) E is a Hy-invex set;
(b) f is strictly B-(H,,r, o)-preinvex on E;
(c) uw € E is a local minimum of (P);
(d) for any positive real number ¢ and any point v € E, there exists \ €
(0,a(z,u)) such that
In (Hy(z,u;\)) € B(u,e).

Then u is a strict global minimum of (P).
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Proof. By assumption (a), the set E is H,-invex set and therefore, for any
x € E, there exists a maximum positive number a(x,u) < 1 such that

In (H,(z,w;\)) € E.

Since w is a local minimum of (P), there exists £ > 0 such that the inequality
f(z) > f(u) holds for any = € B(u,e) N E. Now, let 2 be a point of E such
that © # u. By assumption (d) and (b), with € = £, we get

flu) < f (ln (Hp(:v,u; 5\)))

is true for some A € (0,a(x,u)). By (c) and [6, Lemma 40], we have
(i) in the case of r # 0:

flu)y < f (ln (Hp(a:,u; 5\)))
<In ((S\b)o‘erf(x) + (1= (Ab)%) erf(“)); < max{f(x), f(u)}
(ii) in the case of f = 0:

flu) < f (ln (Hp(x,u; /_\)))
< (AD)*f(x) + (1= (Ab)*) f(u) < max{f(z), f(u)}

Obviously, max{f(z), f(u)} # f(u)(otherwise, we obtain the contradict in-
equality f(u) < f(u)). Therefore, f(u) < f(x). Since x is an arbitrary point
of F, the proof of the theorem is complete.

Corollary 4.3. Suppose that the following four statements
(a) E is a p-invex set;
(b) f is strictly B-(H,,r, a)-preinvex on E;
(¢) uw € E is a local minimum of (P);
Then u is a strict global minimum of (P).

Proof. By Remark 2.3, Remark 2.4, Lemma42 in[6] and Theorem 4.2, we
get the desired result. The corollary is Theorem 43 of [6]. From now on, we
consider the mathematical programming problem (P) with .

Theorem 4.4. Let S be a H,-invex set. Assume that * € S is feasible for
problem (P), and there exists = (p1,- -, ftm) > 0 such that

d(ﬁr)f(f;Hp(ﬂﬁ,f;OvL)) + ;Mid(;ﬂgi@; Hp(x»f;o'f')) >0,r>0

m (2)
Ay J (T5 Hy (2, 7;0+)) + izzluid(;fr)gi(af; Hy(x,2;0+)) 2 0,r <0

Z:l 1igi(z) = 0. (3)

If f, gi(i = 1,--- ,m) are B-(H,,r,a)-invex at T on S, then T is a global
minimum point in problem (P).
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Proof. Here we prove only the cases when r > 0(the proof of the case when
r < 0 is similar; the only changes arise from the form of inequalities defining
the class of (H,,r)-invex functions). Assume that x is an arbitrary feasible
point for problem (P).

By hypothesis, f and g;(i = 1,---,m) are B-(H,,r, a)-invex at T on S;
therefore, for all x € S, the inequalities

Ba(x7j)vr (f($> ( )) = d(;é,r)fci‘; Hp(xvf;0+))v (4)
Z_)a(x’q_:)vr (gl(x) gl(f)) > d(zé,r)gi(i; Hp(xvj; O+>)7 i=1---,m, (5)
are true. Denote I(z) = {i|u; > 0,i = 1,--- ,m}. By (3), we have ¢;(z) =0

if i € I(z) and p; = 0 if g;(Z) # 0, thus gz( ) < gi(z) for i € I(z). Therefore,
from (5), we have

d(;r)gl<i.? HP(Z‘7E7O+)) < 07 (S [<j> (6)

Multiplying (6) with 11;(i € I(Z)), respectively, we deduce that
Zié[(g‘:) Mid(;T)gi(f;Hp($7f; 0+)) <0.

hence,
Zizl Mid(g”gi(i’; 1'1.[1@(1:7 j; 0_|_)) < 0.
This, together with (4), follows

b (2, 2)V, (f(2), (7)) = dp, f<f‘H (,2;0+))
+Z o 9i(Z; Hy(z,7;0+4)) (7)

By (3) and (7), we derive V, (f(x), f(z)) > 0. That is f(z) > f(z), which
means that Z is an optimal point in problem (P).

The assumption on functions in Theorem 4.4 could also be given in another
form. It is enough to assume that the Lagrange function f + >, p1;; is a
B-(H,,r, a)-invex function. And so, the following theorem is true. Its proof is
on the same line as Theorem 4.4, therefore we delete it here.
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