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Abstract

In this paper, we reprove the principal result of a paper by H-O
Kreiss and Jens Lorenz from a “different approach” than the method
proposed in their paper. More precisely, we consider the Cauchy prob-
lem for the incompressible Navier-Stokes equations in R™ for n > 3 with
non-decaying initial data and derive a priori estimates of the maximum
norm of all derivatives of the solution in terms of the maximum norm of
the initial data. This paper is also an extension of their paper to higher
dimension.
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1 Introduction

We consider the Cauchy problem of the Navier-Stokes equations in R"™ for
n>3:

u+u-Vu+Vp==»~Au, V-u=0, (1.1)
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with initial condition
u(z,0) = f(z), xe€R", (1.2)

where v = u(z,t) = (ui(z,t), - u,(x,t)) and p = p(z,t) stand for the un-
known velocity vector field of the fluid and its pressure, while f = f(x) =
(fi(x), - fu(x)) is the given initial velocity vector field. In what follows, we
will use the same notations for the space of vector-valued and scalar functions
for convenience in writing.

There is a large literature on the existence and uniqueness of solution of
the Navier-Stokes equations in R”. For given initial data solutions of (1.1)
and (1.2) have been constructed in various function spaces. For example, if
f € L" for some r with 3 < r < oo, then it is well known that there is a
unique classical solution in some maximum interval of time 0 <t < Tt where
0 < Ty < co. But for the uniqueness of the pressure one requires |p(x,t)| — 0
as |x| — oo. See [6] and [9] for r = 3 and [1] for 3 < r < 0.

If f € L™ then existence of a regular solution follows from [2]. The solution
is only unique if one puts some growth restrictions on the pressure as |z| —
00. A simple example of non-uniqueness is demonstrated in [7] where the
velocity u is bounded but |p(x,t)| < Clz|. In addition, an estimate |p(z,t)| <
C(1 4 |z]?) with 0 < 1 ( see [3] ) implies uniqueness. Also, the assumption
p € L .(0,T; BMO) (see [4]) implies uniqueness.

In this paper we are interested in reproving the results of a paper by H-O
Kreiss and J. Lorenz (see [8]) for the initial data f € L*(R™) for n > 3 using
different approach than theirs in terms of dealing with the pressure term in the
Navier-Stokes equations. The approach in this paper, to prove the principal
result of the Kreiss and Lorenz paper, is more “functional analytic” approach
in which the role of “the Leray projector” is being implemented to get rid of
the pressure term from the Navier-Stokes equations. As a consequence of that,
the details and techniques in obtaining some significantly complicated results
related to the pressure part in the Kreiss and Lorenz paper are being avoided
which makes this paper different and simpler in that sense. At the same time,
this paper is also an extension of the work by Kreiss and Lorenz to the higher
space dimension whereas such generalization, in the Kreiss and Lorenz paper
by their approach, seems complicated because of the non-local nature of the
pressure term in the Navier-Stokes equations. Since the main source of this
paper is the Kreiss and Lorenz paper, it is appropriate to give some insight of
their work in this paper as well. Before we start outlining some key aspects
of their paper, we introduce the following notations and will be using them
throughout this paper.

Fle =sup|f (@) with |f(@)* =3 fi(),
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and D* = D{'-.- D% D; = 0/0x; for a multiindex o = (ay, -+ ,a,). In
what follows, if |a| = j, for any j = 0,1,---, then we will denote D* =
D§ .- D by D?. We also set

[Du(t) | 2= [Du(-,1) | = mise |D (-, 1)
al=j

Clearly, |D’u(t)| measures all space derivatives of order j in maximum norm.

Following theorem is the main result of the paper by Kreiss and Lorenz [8]
for n = 3 which is also the principal result of this paper for n > 3.

Theorem 1.1. Consider the Cauchy problem for the Navier-Stokes equa-
tions (1.1), (1.2), where f € L>®(R") and V - f = 0 is understood in the sense
of distribution. There is a constant co > 0 and for every j = 0,1,--- there is
a constant K; so that

H2Diy(t) s < Kj|floe  for 0<t< % (1.3)

The constants ¢y and K; are independent of t and f.

Let us briefly discuss some key ideas of the Kreiss and Lorenz paper.
Rewrite (1.1) as

uy = ANu+Q
where
Q=-Vp—u-Vu.

Applying D7 for j > 0 and using Duhamel’s principle, one obtains

t
v(t) = DiePtf —|—/ A9 DIQ(s)ds, v i= Du. (1.4)
0

Roughly speaking, obtaining the desired result of the Kreiss and Lorenz pa-
per is a twofold in view of equation (1.4): first, estimates on the solution of
the heat equation. Second, estimates on the derivatives of ). Also, notice in
(1.4), one can move one derivative D to the heat semi-group and consequently
requiring an estimate for |D?7'Q|, to estimate |v(t)|o. Clearly, it is neces-
sary to determine the pressure term p of the Navier-Stokes equations so that
(u,p) solves (1.1) and (1.2); the estimate of the derivatives of p is being used
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to estimate |D'7'Ql.. To proceed towards obtaining the required estimates
on the pressure, Kreiss and Lorenz determine the pressure from the Poisson
equation

Ap=—-V-(u-V)u (1.5)

which is given by

where R; = (—A\)~Y2D; is the ith Riesz transform. Since the Riesz transforms
are not bounded in L>(R"), the pressure term p € L; .(0,7; BMO) where
BMO is the space of functions of bounded mean oscillation. Because of the
non-local nature of the pressure, the proof of Theorem 1.1 of the Kreiss and
Lorenz paper is complicated, however. This is where the method proposed
in this paper deviates significantly from the approach adopted by Kreiss and

Lorenz in their paper [8].

For the purpose of proving Theorem 1.1 for n > 3, we start by transforming
momentum equation of the Navier-Stokes equations into the abstract ordinary
differential equation for u

u = Au—Plu-V)u (1.7)
by eliminating the pressure, where P is the Leray projector defined by
P = Pi)i<ijen,  Pij =0 + RiRy;

where R; is as in (1.6) and 0,5 is the Kronecker delta function. Note that the
equation (1.7) is obtained from (1.1 ) by applying the Leray projector with
the properties P(Vp) = 0,P(Au) = Au, since V - u = 0. We use the solution
operator e of the heat equation to transform the abstract differential equation
into an integral equation

u(t) = e f — /t eAEIP(y - Vu)(s)ds  t > 0. (1.8)

In a paper by Giga and others [5] for n > 2, they consider the initial
data f € BUC(R™) which is the space of all bounded uniformly continuous
functions or in L>°(R™) which is the space of all essentially bounded functions,
and construct a unique local in time solution of (1.8). Such solution of (1.8) is
called mild solution of (1.1) and (1.2). They later proved in the same paper that
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such mild solution is indeed a strong solution of the Navier-Stokes equations
(1.1) and (1.2) in some maximum interval of time. In addition, for essentially
bounded initial data, existence and uniqueness of a solution of (1.1) and (1.2)
is also proved in [2]; however, Giga and others in [5] claim that their approach
is simpler than the method proposed in [2]. In the same paper [5], while
constructing such mild solution of (1.1) and (1.2), it requires to obtain the
estimate t!/2|Vu|s < C|f|oo for some constant C' > 0 independent of ¢ and f
in some maximum interval of time. However, such maximum norm estimates
for higher order derivatives of the velocity field had not been achieved until
H-O Kreiss and J. Lorenz obtained in [8] for f € L>=(R3).

The main work of this paper will focus on deriving estimate (1.3) of The-
orem 1.1 by a “different approach” in a few ways than that of the Kreiss and
Lorenz paper adopts. At the same time, this paper will also demonstrate
the fact, the absence of the pressure term in the transformed abstract differ-
ential equation (1.7) eliminates significant amount of work of the paper by
Kreiss and Lorenz while obtaining the uniform estimates of the pressure and
its derivatives. However, there are some intriguing developments in the work
of this paper due to the application of the Leray projector in our “different
approach”.

Major difficulty in proving Theorem 1.1 lies in the fact that the Leray
projector P is not a bounded operator in L*(R™), since the Riesz transforms
are not bounded in this space although they are bounded in L"(R") for 1 < r <
0o. To overcome the difficulty, we obtain an uniform bound on the composite
operator D/e®'P for j =0,1--- in section 2.

This paper is organized in the following ways: In section 2, we introduce a
few estimates for the solution of the heat equations. In the same section, we
also state and prove a few known results which will be used later in sections
3 and 4. In section 3, we introduce an analogous system of (1.1) for the
illustrative purpose, introduce the analogous theorem 3.1 of Theorem 1.1 and
provide proof of Theorem 3.1. In section 4, we prove Theorem 1.1 using the
same techniques as in the proof of Theorem 3.1 of section 3. Finally, in section
5 we outline remarks on the use of the estimate (1.3) obtained in Theorem 1.1.

2  Some auxiliary results

Let us consider f € L*(R™). The solution of

u=~Au, u=f at t=0,
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is denoted by
u(t) =u(-,t) =elf=0xf

where 0(t) = 6(x,t) = 1/(4xt)"2e /% t > 0 is the n dimensional heat
kernel in R™ and % is the convolution operator. It is well known that

€% floo < [floos >0 (2.1)
and
DI floo <Ot floe, t>0, j=1,2,-- (2.2)

Here, and in the following C, C}, ¢, etc are positive constants that are indepen-
dent of ¢ and the initial function f.

Lemma 2.1. Let 0(t) = 0(x,t) be the n-dimensional heat kernel in R".
Then, for every j =1,2--- and every t > 0, D’6(t) belongs to the Hardy space
HY(R™) and

D360 [y < Cit 97 (2.3)
for some constant C;.

Proof. First, let us recall the definition of the Hardy space H!(R").
HYR™) = {u e L'(R") st suplhs*xu| € L'(R™)}

s>0

for some Schwartz class function h where hy(x) = s7"h(%),s > 0 such that
0<h<1land [h=1 We may endow H'(R") with the norm

[lullser @y = Nl 2@y + (151D s # w22 e

For any j = 0,1,---, we want to prove D’6(t) € H*(R™), that means, it suffices
to show that sup,., |hs * D70(t)] € L*(R™). For that, we take h(z) = (x,1)
and notice

[hs # D70(t)(x)| = |D'O(t + 5, )]
so that
sup |hs * D70(t)| = |D?6(t)| € L' (R™).

s>0

Finally, we arrive at

HD]G(t)HHl(Rn) < Cjtij/z, t>0.



L>®-norm estimates 97

Lemma 2.2. For any f € L>®(R"). Let j > 1, there is a constant C; such
that

IDIAPf | < Cit 72| floe for 0<t<T. (2.4)
Proof. For 1 < ¢ < n and t > 0, by the definition of the Leray projector, we

write

(DI Pf); = D'e™ fi+ Y DIe™RiR.f,

=1

= DIO(t) + fi+ 3 DIRRE) * f,

=1

=Y (ba+ RiRi)((D?6(1)) * f)

=1

= kau(t) = f,
=1

where the kernel k;(t) = (6; + R;R;)(D?0(t)). Since the Riesz transforms are
bounded in H*(R™) and || - ||1@n) < || - |32 ®n), We have

K ()] 1y < K ()20 )
< |ID70(t)] |31 gy
Thus, from previous Lemma 2.1 we obtain
ka(t)||pr@ny < Cjt7/2 for  t>0.
Finally, by the Young’s inequality of convolution we estimate as

(D™ P f)iloo <D kit * filoo

=1

< Cllka ()] L1 @y | fi]oo
S Cjt_j/2|fl’oo-

Hence Lemma 2.2 is proved. O]

Corollary 2.3. Let F' € L>®(R™ x [0,T]) then the solution of

u=Au+ DPF, u=0 at t=0 (2.5)
satisfies
1/2
[u(t)]|eo < Ct max |F(8)|oy, O0<t<T (2.6)

for some T > 0.
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Proof. The solution of (2.5) is given by
t
u(t) = / A DPE(s)ds, 0<t<T
0
and
t
u(t)]e < / 1205 D.PF(s)|wds.
0

Since D; commutes with the heat semi-group, applying Lemma 2.2 for j = 1
yields

u(t)] oo < max |F(s)|m/0 (1 — 5)"V2ds.

0<s<t
Hence we obtain

< (O1/2?
[u(t)loo < O max [F(s)]oo.

3 Estimates for the system u; = Au + D,;Pg

In this section, we state and prove an analogous theorem of Theorem 1.1 for
the solution of an analogous system of the Navier-Stokes equations (1.1) and
(1.2). For that purpose, let us recall P(u - V)u = Y. D;P(u;u) for 1 <i < n.
Therefore, it is appropriate to consider the illustrative system to be

w = Au+ DiPg(u(x,t)), xze€R", t>0 (3.1)
with initial function
u(z,0) = f(x) where f € L*(R"). (3.2)

Here g : R™ — R" is assumed to be quadratic in u. We will prove the maximum
norm estimates of the derivatives of the solution of (3.1) and (3.2) by the
maximum norm estimate of the initial function f. It is well-known that the
solution is C*° in a maximal interval 0 < ¢ < T} where 0 < T} < oo.

Theorem 3.1. Under the assumptions on f and g mentioned above, the
solution of (3.1) and (3.2) satisfies the following:
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(a) There is a constant co > 0 with

Co
Ty >
i
and
C
[u()|oo < 2|floe  for 0<t< # (3.3)
(b) For every j =1,2,---, there is a constant C; > 0 with
H21DIu(t)| < Oyl floe for 0<t< ‘Jf’g . (3.4)

The constants ¢y and C; are independent of t and f.

Proof of part (a) will be given in the following lemma. Subsequently, we
will also derive the estimate (3.4) of part (b). Consider u as the solution of
the inhomogeneous heat equation u; = Au + D;PF where

F(z,t) == g(u(z,t)) for xzeR" 0<t<Ty.
Since g is quadratic in u, there is a constant Cj; such that we have the following:
9] < Cluf, g () < Cylul forall weR'.  (35)

Next lemma estimates the maximum norm of u.

Lemma 3.2. Let C; denote the constant in (3.5) and let C denote the

constant in (2.6); set ¢co = tsamaz. Then we have Ty > cof|f|%, and
()| < 2|fle for 0<t< |;f2 . (3.6)

Proof. Suppose (3.6) does not hold, then we can find the smallest time ¢, such
that |u(tg)|eo = 2|f|e- Since tg is the smallest time so we have ty < co/|f|%.
Now by (2.1) and (2.6) we have

2| floo = lu(to)]oo
< 1/2

o0

< 1/2 2
< [floe + CCyty’™ max fu(s)]

< | floo + CCyt 24| f]2..
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This gives
1 <4CCHY| oo,

therefore tg > 1/(16C*C3|f|2,) = co/|f]2, which is a contradiction. Therefore
(3.6) must hold. The estimate Ty > co/| f|% is valid since lim sup, 7, [u(t)|oc =
oo if T is finite. ]

Now, we prove estimate (3.4) of Theorem 3.1 by induction on j. Let j > 1
and assume
2 DRu(t) | < Kilfloos for 0<t< If% and 0<k<j—1. (3.7)
where ¢q is the same constant as in the previous lemma. Next, we begin by
applying D7 to the equation u; = Au + D;Pg(u) to obtain

v = Av+ DIMPg(u), v = Dlu,

¢
v(t) = DjeAtf +/ eA(t_S)DjH(IF’g(u))(s)ds.
0
Using (2.2) we get

W%@uscmwwm/lMMDM@wm®@ S (33)

0 00

We split the integral into

t/2 t
/ +/ = [1—|—[2
0 t/2

t/2
/0 DItLe2=9)(Pg(u))(s)ds

and obtain

[L(1)] =

[e.9]

2
< / | DI A9 (Pg () (5)ds| e ds.
0

Using the inequality in Lemma 2.2, we get

t/2 .
mwm$04<rﬂHNmem@@

< Olffactt07.
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The integrand in I has singularity at s = t. Therefore, we can move only one
derivative from D’*'Pg(u) to the heat semigroup.( If we move two or more
derivatives then the singularity becomes non-integrable.) Thus, we have

L) = \— [ Det Dy (s

[e.9]

Since the Leray projector commutes with any derivatives, therefore

()] = \ - [ Dt gt g

oo

If we use Lemma 2.2 for j = 1, we obtain

t

L(t)]w < C / (t — 5 DI glu(s))|ds. (3.9)

t/2

Since g(u) is quadratic in u, therefore

j—1
D7 g(u)]oo < Cltt]oo| Dt o0 + Z ’Dkulooypj_kwoo-
k=1
By induction hypothesis (3.7) we obtain
j—1
D uls) ool D7 *u(s)|oe < Cs™72| 15 (3.10)

e
I

1

Integral (3.9) can be estimated as below:

t

(1) oo sc/ (t—s>—”2(0|u<s>|m|ﬂﬂ |M+Z|Dk ool D Fu(s >|oo)ds
t/2

- Jl + JQ.

Using (3.10), and since f:/2 (t — 5)"Y2579/2ds = Ct1=9)/2 where C is indepen-
dent of ¢, we obtain |Jy(t)|s < O] f|2t19)/2.

For J;, we have
t
(B = C / (t = )2 u(S) oo D r(5)] ol
t/2
t
< C|fl / (t — 5)~ /25312532 Diy(s)| o ds

/2
< Cff oot gnaX{SJ/QDJ u(s)]oo}-
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We use these bounds to bound the integral in (3.8). We have v = D7u. Then
maximizing the resulting estimate for /2| D/u(t)| over all derivatives D’ of
order 7 and setting

o(t) = /2| D7u(t)| o
and from (3.8), we obtain the following estimate

0(t) < O|floo + C| 2% + C|f|t"/* max (s) %rOStSﬁ%

Since t/2| f| < \/co then CtV/2| |2 < C\/o|f|eo. Therefore

O) < Oyl fl+ Gyl flot? max 6(s)  for  0<t<eco/|ff%  (311)

Let us fix C; so that the above estimate holds and set

1
¢j = min {co, 4—02}
J

First, let us prove the following

j

iES
Suppose there is a smallest time ¢y such that 0 < to < ¢;/|f|% with ¢(tg) =
20| floo- Then using (3.11) we obtain

o(t) < 2Cj|flee for 0<t<

205110 = 9(t0) < Cjlfloo + 2651/ 2t0'”,
thus
1< 20| flocty”  gives  to = ¢/ |fI%
which contradicts the assertion. Therefore, we proved the estimate
PPDIu(t) oo < 20| floe  for 0 <t <¢/|f[2 (3.12)

If
. Cj Co

T; - i <t<
TTOfIA /1%

then we start the corresponding estimate at ¢ — 7). Using Lemma 3.2, we have
|u(t — T})|s < 2|f|s and obtain

=Ty (3.13)

T2 DIu(t)] o < 40| fl . (3.14)
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Finally, for any ¢ satisfying (3.13)

and (3.14) yield

- o\ /2
R ee) (—) Flo.
C

J

This completes the proof of Theorem 3.1.

4 Estimates For the Navier-Stokes Equations

Recall the transformed abstract ordinary differential equation (1.7)
u=Au—Pu-Vu), V-u=0 (4.1)
with
u(z,0) = f(z). (4.2)

Solution of (4.1) and (4.2) is given by

u(t) = P f — /Ot eAIP(y - V) (s)ds. (4.3)

Using the solution (4.3) with previous estimates (2.1),(2.2) and (2.4), we prove
the following lemma.

Lemma 4.1. Set
V() = [u(t)|o + " Du(t)]|, 0<t<T(f). (4.4)
There is a constant C' > 0, independent of t and f, so that

V(t) < C|f|os + Ct/? max V3t), 0<t<T(f) (4.5)

Proof. Using estimate (2.1) of the heat equation in (4.3), we obtain

[u(t)]oo < [floo + ‘ /t eAEIP (- V) (s)ds
0

oo
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Apply identity P(u - Vu) = . D;P(u;u) with the fact, heat semi-group com-
mutes with D;, then use of the inequality (2.4) in Lemma 2.2 for j = 1 to
proceed

t
[u()loo < |floo + C / (1 — )P u(s)2.ds
0
t
= [floo + C/ (t — 3)*1/25*1/281/2‘u(8)|god8
< floo +Cmax{sl/2]u ) }/ ~1/24-1/2 74

Since fo ~1/25-1/2ds = C' > 0 which is independent of ¢, we have the
following estlmate

1/2 2
[u(t)loo < |floo + € max{s™lu(s)[s}

12 2
[u(t)loo < |floc + O/ max V(s). (4.6)
Apply D; to (4.1), then by the Duhamel’s principle gives
t
v(t) = D' f — / A DP(u - V)u(s)ds. (4.7)
0

We can estimate the integral in (4.7) using Lemma 2.2 for j = 1 in the following
way:

t t
’ - / D2 9P(y, - Vu)(s)ds| < / |D;e29P(u - Vu)(s)|ds
0 0

< C/o (t — 5)71/2|u(s)\oo]2?u(s)|oods

t
= C/ (t— 3)_1/25_1/231/2|u(s)|OO|Du(s)|Oods
0

< C’max {5"2|u(8)| 00| Du(s |oo}/ s
2
< ngagg{\U( 5)|2 + s[Du(s)[5

Therefore, we arrive at
[0()lso < Ct72|floc + € max {Ju(s)[% + s|Du(s)[%}

tY2Du(t)|se < C|f|oe + Ct/? max V(). (4.8)

Using (4.6) and (4.8), the lemma is proved. O

I/QdS
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Lemma 4.2. Let C > 0 denote the constant in estimate (4.5) and set

1
1604

Co

Then Ty > co/|f|% and

Co
1%
Proof. We prove this lemma by contradiction after recalling the definition of

V(t) in (4.4). Suppose that (4.9) does not hold, then denote by ¢, the smallest
time with V' (¢y) = 2C| f|w. Use (4.5) to obtain

[u(t)|so + 2 Du(t)]|oe < 2C|floe  for 0<t< (4.9)

20|f’oo = V(tO)
< O|f|oo + Cty*4C2| fI2,

thus
1 <402 |f1%,

therefore ty > co/|f|%,. This contradiction proves (4.9) and Ty > co/|f|%,. O

Lemma 4.2 proves Theorem 1.1 for 5 = 0 and 7 = 1. By an induction
argument as in the proof of Theorem 3.1 one proves Theorem 1.1 for any
j = 07 17 e

5 Remarks

We can apply estimate (1.3) of Theorem 1.1 for

Co Co
<t< 5.1
AT 51)
and obtain
D7 u(t)| < CiI IS (5.2)

in interval (5.1). Starting the estimate at ¢, € [0,7) we have
[D7ulto +t)|oe < Cjlu(to) 3" (5-3)

for

D e @
2u(to)|? =~ |ulto)li
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Then, if ¢; is fixed with
9 <4 <T (5.5)
2% = 0 |

we can maximize both sides of (5.3) over 0 < ¢ty < ¢; and obtain

rnam{|2)ju(t)|Oo : 2’;—0’2 <t <t + T} < Cjmax{|u(®)PT 0 <t <t}
(5.6)
with
Co
T = —
Ju(ty) 3%

Estimate (5.6) says, essentially, that the maximum of the j-th derivatives
of u measured by |D’u|s , can be bounded in terms of |ul/f!. Clearly, a
time interval near ¢ = 0 has to be excluded on the left-hand side of (5.6) for
smoothing to become effective. The positive value of 7 on the left-hand side
of (5.6) shows that |ul/T! controls |D7u|s for some time into the future.

As is well known, if (u, p) solves the Navier-Stokes equations and A > 0 is any
scaling parameter, then the functions uy, p) defined by

un(z,t) = Au(Ae, N20), pa(e, 1) = Ap(a, X21)
also solve the Navier-Stokes equations. Clearly,
in()loe = Au(Wt) oo, [D7ur(t)loo = XD u(Nt)]cc.

Therefore, |Du|., and |u|Zf! both scale like AT, which is, of course, consistent
with the estimate (5.6). We do not know under what assumptions |u|/! can
conversely be estimated in terms of |D’u/.
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