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Abstract

In [4] the author introduced the Zygmund F -algebra N logαN(D)
(α > 0) of holomorphic functions f on the upper half plane D = {z ∈
C | Imz > 0} that satisfy

sup
y>0

∫
R
ϕα (log(1 + |f(x+ iy)|)) dx < +∞,

where ϕα(t) = t{log(cα + t)}α for t ≥ 0 and cα = max(e , eα). In
this paper we shall characterize linear isometries of N logαN(D) onto
N logαN(D).
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1 Introduction

Linear isometries of function spaces of holomorphic functions have been studied
since the 1960s. Many mathematicians seek representations of linear isometries
of function spaces not only on the unit disk but on the upper half plane. In this
paper we consider linear isometries of the Zygmund F -algebra on the upper
half plane.
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2 Preliminaries

Throughout this paper, let U and T denote the unit disk and the unit circle
in C, respectively, and dσ the normalized Lebesgue measure on T . The upper
half plane in C is denoted by D. An F -algebra is a topological algebra in
which the topology arises from a complete metric.

Now we recall definitions and some properties of the Privalov class, the
Smirnov class, and the Zygmund F -algebra on U . For each 0 < q ≤ ∞, the
Hardy space on U is denoted by Hq(U) with the norm || · ||Hq(U).

2.1 Privalov class Np(U)

For p > 1, we denote by Np(U) the class of functions f holomorphic on U and
satisfying

sup
0≤r<1

∫
T

(
log(1 + |f(rζ)|)

)p
dσ(ζ) < +∞.

Privalov [8] introduced the class Np(U). Letting p = 1, we have the Nevanlinna
class N(U). We easily see that Np(U) ⊂ N(U) (p > 1). It is well-known that
each function f in N(U) has the nontangential limit f ∗(ζ) = lim

r→1−
f(rζ) (a.e.

ζ ∈ T ). Define a metric

dNp(U)(f, g) =

{∫
T

(
log(1 + |f ∗(ζ)− g∗(ζ)|)

)p
dσ(ζ)

} 1
p

for f, g ∈ Np(U). With this metric the Privalov class becomes an F -algebra
[12].

Linear isometries of Np(U) were characterized by Iida and Mochizuki in
[5].

2.2 Smirnov class N∗(U)

The Smirnov class N∗(U) consists of all holomorphic functions f on U such
that log(1 + |f(z)|) ≤ Q[φ](z) (z ∈ U) for some φ ∈ L1(T ), φ ≥ 0, where the
right side denotes the Poisson integral of φ on U . It is well-known that, if
f ∈ N(U), f belongs to N∗(U) if and only if

lim
r→1−

∫
T

log (1 + |f(rζ)|) dσ(ζ) =

∫
T

log (1 + |f ∗(ζ)|) dσ(ζ).

We have Hq(U) ⊂ Np(U) ⊂ N∗(U) ⊂ N(U) (0 < q ≤ ∞ , p > 1). These
relations are proper. Under the metric

dN∗(U)(f, g) =

∫
T

log (1 + |f ∗(ζ)− g∗(ζ)|) dσ(ζ)
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for f, g ∈ N∗(U), the class becomes an F -algebra (see [11]).
Linear isometries of N∗(U) were described by Stephenson in [10].

2.3 Zygmund F -algebra N logαN(U)

Let α > 0. The Zygmund F -algebra N logαN(U) is the set of all holomorphic
functions f on U such that

sup
0≤r<1

∫
T

ϕα
(
log+ |f(rζ)|

)
dσ(ζ) < +∞, (1)

where ϕα(t) = t{log(cα + t)}α for t ≥ 0 and cα = max(e , eα). It is known that
(1) is equivalent to the condition

sup
0≤r<1

∫
T

ϕα (log(1 + |f(rζ)|)) dσ(ζ) < +∞. (2)

This class was considered by Zygmund in his monograph [14]. After that the
topological properties of the class were investigated in [1, 2, 13]. We have the
following strict inclusions⋃

q>0

Hq(U) ⊂ N logαN(U) ⊂ N∗(U) ⊂ N(U) (α > 0).

This implies that every f ∈ N logαN(U) has a finite nontangential limit almost
everywhere on T . Therefore the characteristic defined by (2) satisfies the
relation:

dN logαN(U)(f, 0) :=

∫
T

ϕα (log(1 + |f ∗(ζ)|)) dσ(ζ).

We can define the metric

dN logαN(U)(f, g) =

∫
T

ϕα (log(1 + |f ∗(ζ)− g∗(ζ)|)) dσ(ζ)

for f, g ∈ N logαN(U). With this metric N logαN(U) is an F -algebra [1].
Linear isometries of N logαN(U) were characterized by Ueki in [13].

Next we shall show definitions and some properties of the Nevanlinna class,
the Smirnov class, the Privalov class, and the Zygmund F -algebra on D. For
0 < q < ∞, the Hardy space Hq(D) is the set of all holomorphic functions f
on D satisfying

‖f‖Hq(D) := sup
y>0

∫
R

|f(x+ iy)|q dx < +∞.
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2.4 Smirnov class N∗(D)

Mochizuki [7] considered the Nevanlinna class N0(D) and the Smirnov class
N∗(D) on the upper half plane D := {z ∈ C | Imz > 0}: the class N0(D)
consists of all holomorphic functions f on D for which

sup
y>0

∫
R

log (1 + |f(x+ iy)|) dx < +∞

and N∗(D) the set of all holomorphic functions f on D which satisfy log(1 +
|f(z)|) ≤ P [φ](z) (z ∈ D) for some φ ∈ L1(R), φ ≥ 0, where the right side
means the Poisson integral of φ on D. It is known that each function f in
N0(D) has the nontangential limit f ∗(x) = lim

y→0+
f(x + iy) (a.e. x ∈ R). Let

f ∈ N0(D). Then f belongs to N∗(D) if and only if

lim
y→0+

∫
R

log (1 + |f(x+ iy)|) dx =

∫
R

log (1 + |f ∗(x)|) dx

holds. Moreover, under the metric

dN∗(D)(f, g) =

∫
R

log (1 + |f ∗(x)− g∗(x)|) dx

for f, g ∈ N∗(D), this class becomes an F -algebra [7].

Mochizuki also characterized linear onto isometries of N∗(D) in [7].

2.5 Privalov class Np(D)

In [3] the author introduced the Privalov class onD. We denote byNp(D) (p >
1) the set of all holomorphic functions f on D such that

sup
y>0

∫
R

(
log(1 + |f(x+ iy)|)

)p
dx < +∞.

Each f ∈ Np(D) has the nontangential limit f ∗(x) for a.e. x ∈ R, and under
the metric

dNp(D)(f, g) =

{∫
R

(
log(1 + |f ∗(x)− g∗(x)|)

)p
dx

} 1
p

for f, g ∈ Np(D), the class Np(D) becomes an F -algebra [3].

Linear onto isometries of Np(D) were investigated by Iida and Takahashi
in [6].
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2.6 Zygmund F -algebra N logαN(D)

Let α > 0. N logαN(D) is the set of all holomorphic functions f on D satis-
fying

sup
y>0

∫
R

ϕα (log(1 + |f(x+ iy)|)) dx < +∞,

where ϕα(t) = t{log(cα + t)}α for t ≥ 0 and cα = max(e , eα). This class was
introduced by the author in [4]. It is known that, if f ∈ N logαN(D), the
nontangential limit f ∗(x) exists a.e. for x ∈ R. Moreover we can define, for
f, g ∈ N logαN(D), a metric

dN logαN(D)(f, g) =

∫
R

ϕα (log(1 + |f ∗(x)− g∗(x)|)) dx.

With this metric N logαN(D) is also an F -algebra [4].

3 Main result

In this section we shall characterize linear onto isometries of the Zygmund
F -algebra on the upper half plane D.

3.1 Linear isometrie of N logαN(D)

Theorem 3.1. Let α > 0 and let A be a linear isometry of N logαN(D)
onto N logαN(D). Then there exist c ∈ C , |c| = 1, and α ∈ R such that

(Af)(z) = cf(z + α) (z ∈ D , f ∈ N logαN(D)).

Conversely, given such c and α, the transformation A defines a linear isometry
of N logαN(D) onto N logαN(D).

3.2 Proof of main theorem

We need some lemmas.

Lemma 3.2. ([7]) Let q > 0 , q 6= 2 and let A be a linear isometry of
Hq(D) onto Hq(D). Then A is written in the form

(Af)(z) = (3)

c(ψ′(Ψ(z)))
1
q

(
1

z + i

) 2
q
(

2i

1− (ψ ◦Ψ)(z)

) 2
q

f((Ψ−1 ◦ ψ ◦Ψ)(z)) (z ∈ D)

for f ∈ Hq(D), where c ∈ C , |c| = 1 , Ψ(z) = (z − i)(z + i)−1 (z ∈ D) , ψ is a
conformal map of U onto U . If we put φ = Ψ−1 ◦ ψ ◦Ψ, we have

(Af)(z) = c(φ′(z))
1
q f(φ(z)) (z ∈ D). (4)
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Lemma 3.3. ([13]) There exist a bounded continuous function θα on [0,∞)
and a positive constant Kα such that

ϕα(log(1 + x)) = (log cα)αx−Kαx
2 + x3θα(x) for x ∈ [0,∞).

Lemma 3.4. Let f ∈ N logαN(D) (α > 0) and we define Dδ = {z ∈
C | Imz > δ} for δ > 0. Then we have the following:

sup{ϕα(log(1 + |f(z)|)) | z ∈ Dδ} ≤
Cα
δ
dN logαN(D)(f, 0),

where Cα is a constant independent of f and δ.

Proof. ϕα is increasing and strictly convex on [0,∞), so the subharmonic
function ϕα(log(1 + |f |)) has the above property by [9, Chapter II, Theorem
4.6].

Lemma 3.5. Let α > 0 and V be the family of holormorphic functions f
on D such that |f(z)||z + i|2 are bounded. Then V is a linear subspace of
N logαN(D) and dense in N logαN(D).

Proof. We follow [7, Lemma 5.4]. Let f ∈ N logαN(D) (α > 0). For s > 0,
we put fs by fs(z) = f(z + is) (z ∈ D). It is clear that fs ∈ N logαN(D).
Now there exists a sequence {gi} of continuous functions on D which are
holomorphic on D and such that |gi(z)| ≤ 1 (z ∈ D) , |gi(z)||z + i|2 → 0 as
|z| → +∞ in D, and gi(z) → 1 as i → ∞ (z ∈ D). Lemma 3.4 implies
|fs(z)| ≤ M (z ∈ D). If we let fi = fsgi, it follows that fi ∈ V and
dN logαN(D)(fi , fs)→ 0 as i→∞.

Lemma 3.6. Let α > 0 and suppose A be a linear isometry of N logαN(D)
onto N logαN(D). Then A transforms V onto V as an H1(D)-isometry.

Proof. We note that A transforms H1(D) onto H1(D) as an H1(D)-isometry,
as in [13, Lemma 1]. Hence Af is written in the form (3), with q = 1, for f ∈
H1(D). Let f ∈ V , |f(z)||z + i|2 ≤M (z ∈ D). Since 2i(1− (ψ ◦Ψ)(z))−1 =
(Ψ−1 ◦ ψ ◦Ψ)(z) + i, an easy calculation shows∣∣∣∣ 2i

1− (ψ ◦Ψ)(z)

∣∣∣∣2 |f((Ψ−1 ◦ ψ ◦Ψ)(z))| ≤M.

Here ψ is of the form : ψ(w) = b(a− w)(1− āw)−1 (w ∈ U) with b ∈ T and
a ∈ U , so we obtain |ψ′(w)| ≤ 2(1− |a|)−1. We see that

|(Af)(z)| ≤ 2

1− |a|

∣∣∣∣ 1

z + i

∣∣∣∣2M.

Hence it follows that Af ∈ V . The same argument for A−1 shows that A
transforms V onto V .
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Lemma 3.7. Let α > 0 and A be a linear isometry of N logαN(D) onto
N logαN(D). Then A transforms V onto V as an H3(D)-isometry.

Proof. By Lemma 3.6, if f ∈ V then g := Af ∈ V . Putting |tf ∗(x)| and
|tg∗(x)| (t > 0 , x ∈ R), respectively, in place of x in Lemma 3.3, we have

−Kα

∫
R

|f ∗(x)|2 dx+ t

∫
R

|f ∗(x)|3 θα(|tf ∗(x)|) dx

= −Kα

∫
R

|g∗(x)|2 dx+ t

∫
R

|g∗(x)|3 θα(|tg∗(x)|) dx

for t > 0. Letting t→ 0+, we gain∫
R

|f ∗(x)|2 dx =

∫
R

|g∗(x)|2 dx.

Therefore we see that A transforms V onto V as an H2(D)-isometry.
In the same manner we prove that A transforms V onto V as an H3(D)-

isometry, using the equality ϕα(log(1+x)) = (log cα)αx−Kαx
2+Lαx

3+x4θα(x)
(Lα is a constant), which we easily obtain from Lemma 3.3.

Proof of Theorem 3.1. We follow [7, Theorem 5.2]. Since V is dense in
H3(D), there is a linear isometry Ã of H3(D) onto H3(D) such that Ã = A
on V . Hence Ãf is of the form (4), with q = 3. If we let f ∈ V , then (4) holds
for both q = 1 and q = 3. Thus we have

(Af)(z) = c1(φ
′
1(z))f(φ1(z)) = c3(φ

′
3(z))

1
3f(φ3(z)) (z ∈ D).

Here φj (j = 1, 3) are conformal maps of D onto D and cj ∈ T . In this case φj
is of the form:

φj(z) =
αjz + βj
γjz + δj

(z ∈ D),

where αj, βj, γj, δj ∈ R and Dj := αjδj − βjγj > 0. It follows that

D3

D3
1

∣∣∣∣f(φ3(z))

f(φ1(z))

∣∣∣∣3 |γ1z + δ1|6

|γ3z + δ3|2
= 1 (z ∈ D).

Suppose γ1 6= 0 and put f(z) = (z + i)−3. If we were to let |z| → +∞, we
would have a contradiction. Therefore Af must be of the form

(Af)(z) = cf(βz + α) (c ∈ C, β > 0, α ∈ R)

for f ∈ V . Moreover the fact that ||Af ||Hq(D) = ||f ||Hq(D) (q = 1, 3) shows
|c| = β = 1. Since V is dense in N logαN(D), the conclusion holds. The proof
of the converse is clear.
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