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Abstract

We introduce some sets of spectral synthesis in some commutative Banach
algebras of integrable functions on the Heisenberg group.
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1. Introduction and Preliminaries

Consider the Heisenberg group H as the set {(z, t): z € C, t € R} with the group
operation (z, t) e (w, s) =(z + w, t + s + 2lm z w). Let us denote by L%) (H) the
integrable functions on H which are radial on C: L%) (H) ={fe L1 (H): f(z, t) =
f(|z] ) 3. 1t is well-known that L{j (H) is a commutative Banach algebra under the
convolution f*g(z, t) = ﬂf (z-w, t - s - 2 Im zW)g(s,w)dsdw where dw is
Lebesgue measure on € ([2]). The regular maximal ideals of L% (H) are the
annihilators of the spherical functions é AeR, A#0, v={0,1,2, ...} (the

Laguerre part) and Bo. p>0 (the Bessel part) where \Vﬁ(z,t) =
. 2
emt_e—\tz\ Ly(@n ‘2‘2) where LV:%L"V(e—x xV) (the  Laguerre
Vi dx
polynomials) and Bp (2) = \]o(p\z\) where Jq is the Bessel function of the first
kind of order 0. Hulanicki and Ricci showed that Wiener Tauberian theorem holds
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for |_(1) (H) ([4]). That it, every proper closed ideal is contained in some regular
maximal ideal.
The dual space of L% (H)is LE (H) ={fe L (H): f(z, ) = f([z|, }. By duality,

Weiner theorem implies that for every f e |_8° (H) ,f# 0, the subspace V(f) =
w*- closure of {f* h: h e L% (H)} contains a spherical function. The spectrum of f

is defined as Spe (f) = {p }U{(A,v)} when B, and \yﬁ belong to V(). The

2
basic "radial translate” of a function f in LBO H)is Trs Nz, 1) = ZL jn f(z -
T
0
reie, t-s-2Im(z re_ie))de and then V(f) is the w*- closed subspace spanned
by all "radial translates” of f .

For f € L™ (R) its spectrum is defined as the set of A € R such that e”‘t belongs
to the translation invariant w*- closed subspace generated by f ([5]).

The purpose of this note is to study some sets of spectral synthesis in |_8° (H) and

to give a simple proof to Wiener theorem for L%)o (H) introduced in [1].

2. Main results

Theorem 1. Each point is a set of spectral synthesis. That is, if | is a proper
closed ideal in L% (H) which is contained in exactly one regular maximal ideal M

then I = M. By duality, for f € LBO (H) if Spe (f) = {p} then f(z, t) =
C-Jo(plz) andif Spe (f)={( A, v)}then f(z H)=C yl @,

Proof:
Suppose first that Spe (f )= {p } for some p > 0 and assume that f is continuous.

We claim that f (z, t) = f (z) for each te R and z € C . Suppose that k(t) =
f(zo,t) # C for some z,e C. Since the singleton {0} is a set of spectral synthesis

in L (R) ([5]) there exists )¢ # 0 in the spectrum of k. Let @€ L1 (R) so that
¢ issupported in (),o-€, Ap*+€)andk *@ #0.

Then F (z, t) = Jf (z,t-s) @(s)ds =0, F € V(f) and for each z the spectrum of
F(z, -) liesin (Ao- €, Ag*€ ).
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For each fixed O let P (z, t) = F(z - reie, t—s—2Ilm(z-r e_ie)). The function

P(z,-) isatranslate in t of F(z - reie, -) implying that the spectrum of P(z,-)
liesin (),g- €, Ao+ €) for each z. Taking average over O preserve this property
implying that each " radial translate" TrsF and hence each function in V(F)

shares this property. So V(F) cannot contain a spherical Bessel function and by
Wiener theorem there exists (A, v ) in Spe (F) < Spe (f) contradicting that

Spe (f) = {p } proving that f (z,t) =f(z) Vte RandzeC.

In this case V (f) is the w*- closure of {f * h: h radial in |_1(1R2)}. Since, as
proved by Hertz ([He]), the circle Cp= (z e C: ‘Z‘ =p} is a set of spectral

synthesis, each radial bounded function on ]R2 with spectrum Co is of the form

CJo(plz|) which proves the first part of the theorem.

Suppose now that Spe (f) = {(\g. vg)}- We claim that for each z the spectrum of
f(z, -) is {).o}- Suppose that for some 7z, the spectrum of f (z,,-) contains p
#ho- Let @ ¢ |_1(]R) such that ¢ is supported in U = [u-€, p+€] so that
Mo € Uandg(z, t) = j f(z, t-s) @ (s)ds # 0. The function g € V(f) and for each
z the spectrum of g(z, -) is contained in U. This property is shared by all functions
in V(g) < V(f). By Wiener theorem Spe (g) contains some (A, V) with A # Ao
contradicting our assumption.

Since the point {) o} is of spectral synthesis we obtain f(z, t) = eikot X (2), for
some y # 0.

It remains to show that % (2) = W (2) = e 2" L (4 2
remains to show that ¥ (z) = W20 (2) = e L, (47 ol |27
We consider Wi;O as a finite singular measure on H supported on C. Hence
E(z, t) € V(f) where
— inot * A
E@z, )= (e x(2)* W°
— Ino(t—21mzwW A
= [ g*o(t=2ImZW) 5 (z.w) ko w)dw

| ko _ ko
=gl (x * Who)(2) = et (Who * %)@

= ("ot Who)* y

= glhot Who <y, Who> since gltot W20 is a character.
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A
Here f * h denotes the twisted convolution of functions on C. But Spe (f) =

{(%o+ vo)} implying that < y, W§0> =0 forall v # v and it follows that y =
A
C WS -

Corollary. The set B = {p > 0} is a set of spectral synthesis. That is, if Spe (f) =
B then f is contained in the w* - closure of the subspace spanned by

{Jo(p[z)):p=0}.

Proof:
As in the first part of the proof of Theorem 1 it follows that f (z, t) = f (‘Z‘)
implying that f is contained in the w* - closure of the subspace spanned by

{Jo(plz):p=0}.

Let us denote by |§, (H) the closed sub-algebra of L} (H) defined by | 3, (H)

={fe L{(H):[ f(z, )dt=0, ¥z e C}. In the following we give a simple proof to
Theorem 4.7 in [1].

Theorem 2. Wiener Tauberian theorem holds for |_(1)0 (H). That is, each proper
closed ideal is contained in a maximal regular ideal which is in the Laguerre part

of the maximal ideal space of L% (H).

Proof:

Let f (z, t) be a continuous function in |_8° (H) which is not a function of z only.
Let Q(f) =the w* - closure of {f*h: he L%)o (H) }. By duality, we have to show
that Q(f) contains a function elM W7V‘ for some A ¢ R\{0} and integer Vv.
Suppose that f(z,, ) # C.

Let ), be in the spectrum of f(z,,-) and Qe Ll(]R) with @ ()9) # 0, QM)
=0 inU=[-¢¢€], }\dogU.

Let F(z,t) = [ f(z, t-s)@(s) ds 0 and F € V(f). Then for each z the spectrum of
F(z, -) < R\ U and all functions in V(F) share this property as shown in the
proof of Theorem 1. By Wiener Tauberian theorem for L% (H) the subspace V(F)
and hence V(f) contains a spherical function which cannot be in the Bessel part
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implying that e”‘t w? € V(f) for some A ¢ R\ {0} and integer v. It remains to
show that ™ W2 €Q(f).
We know that there exists a net g.¢€ L% (H) such that f* g, ei“ W% in w*,

Let 3 ¢ L'(R), 7 (0) =0and § (L) =1 Then [ (F* g )(z t-5)%(s)ds

— eiM Wé in w*.

By Fubini, it follows that f* . — '™ W in w* where E, (w,a) =] @

(W, s) @ (a+ s)ds satisfy ,[E‘c (w,a)da=0.HenceE, € L%)o (H), and e”‘t Wz;
€ Q(f) which completes the proof of the theorem.
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