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Abstract

On this paper, we study the equivalence between K-functionals and
modulus of smoothness tied to a g-Dunkl operator.
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1 Introduction

Given a positive real number r and a positive integer m, the classical modulus
of smoothness is defined for a function f € L*(R) by

wm(f7 T) = SUPo<h<r || A;zn ||2

where
AZ’L = (Th - I)mfv

I being the unit operator and 7" stands for the usual translation operator
given by 7" f(x) = f(z +h).While the classical K-functional, introduced in [4],
is defined by

Ko(for)=inf{|| f—g |l +r | D™g |l2;9 € W5"},

where WJ" be the Sobolev space constructed by the operator D = % ,

Wi ={fe€L*R): DVf € L*(R),j =1,.....,m}.
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An oustanding result of the theory of approximation of functions on R, which
establishes the equivalence between modulus of smoothness and K —functionals,
can be formulated as follows:

Theorem 1.1. (see[1]) There are two positive constants ¢ and ¢y such that
for all f € L*(R) and r > 0:

Clwm(fv T) S Km(f: Tm) S Cme(fﬁ T)

IN the classical theory of approximation of functions on R, the modu-
lus of smoothness are basically built by means of the translation operators
f — f(x +y). The translation operator is used for the the construction of
modulus of continuity and smoothness which are the fundamental elements of
direct and inverse theorems in the approximation theory.

Many generalized modulus of smoothness are often more convenient than the
usual ones for the study of the connection between the smoothness properties
of a function and the best approximations of this function in weight functional
spaces (see[5] — [8]).

In addition to modulus of smoothness, the K-functionals introduced by J.Peetre
[4] have turned out to be a simple efficient tool for the description of smooth-
ness properties of functions. The study of the connection between these two
quantities is one of the main problems in the theory of approximation of func-
tions. In the classical setting, the equivalence of modulus of smoothness these
problems are studied, for example , in [1].

The present paper is organized as follows: In Section 2, we present some pre-
liminary results and notations that will be useful in the sequel and we establish
some results associated with the g-Dunkl operator. In section 3, the main re-
sult is the proof of the theorem on the equivalence of a K —functional and the
modulus of smoothness constructed by the g-Dunkl oprtator.

2 Preliminaries

Throughout this paper, we assume 0 < ¢ < 1.

In this section , we provide some facts about harmonic analysis related to
the g-Dunkl Operator A,,. We cite here, as briefly as possible, only those
properties actually required for the discussion. For more details we refer to
[2]. .

We put R, = {£¢" : n € Z}, R, =R, U {0}.

For a € C , the g-shifted factorials are defined by

n—1 0o

(a;9)0 = 1;(a;q)n = H(l — aqk),n =1,2,...5(a;9)00 = H(l _ aqk)

k=0 k=0
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We also denote

A g-analogue of the classical exponential function is given by (see[6, 7))

e(z:¢%) = cos(—iz; ¢*) + isin(—iz; ¢°)

where
( . 2) _ (_1)n n(n+1) " ; ( . 2) — Z<_1)” n(n'*‘l)ﬂ
cos\T; q T gy T L Y
n=0 ¢ n=0 ¢

These three functions are entire on C and when ¢ tends to 1, they tend to the
corresponding classical ones pointwise and uniformly on compacts.
The g-Jackson integrals are defined by (see[3]).

b 0 [e%e)
/ @) = (1= b > g f(bg") — (1 — ) > " flaq”)

and

400 00 00

f@yda =1-q) > ¢"fld)+1—q) > q"f(—q").

n=—oo n=—oo

Notation 2.1. We denote by
oS,(R,) the space of functions f defined on R, satisfying, for all m,n non
negative integers,
Prng(f) = sup | 264 f(z) [< 00
z€R,
and
lim o, f(x) (inR,) exists

z—0 4

oS;(Rq) the space of tempered distributions on R,. It is the topological dual of
Sq(Ryg)-

oLy(Ry) = {f : |fllpa = (72 |/ (@)lPdy) 7 < o0},

oL (Ry) = {f : | fllocq = SuPser, | f(2) |< o0}

The ¢-Dunkl operator is defined by

flz) = f(=x)

Aa,q = 6q[fe + q2a+1f0] (z) + [2a + 1]‘1 2x ’
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with fe, f, are respectively the even and odd parts of f and 4, is the ¢*—analogue
differential operator constructed by R. L. Rubin. It is shown in [1] that for all
A € C, the differential-difference equation

Nog(f)=1iNf,  f(0) =1, (2)
admits a unique C* solution on R, denoted by ¥$? given by

AT

mja+1()\335 ) (3)

U(2) = jo(A7;¢%) +
with j,(Ax;¢?) is the normalized third Jackson’s ¢g—Bessel function given by:

“+oo
| FQ(a+1)qn(n+1) T
@ Az; %) = -1)" !
Ja(Az; q7) E (=1) qu(a+n+1)Fq2(a+1)(1+q

n=0

)Qn

The ¢g— Dunkl kernel ¥$? admits the following properties
Proposition 2.1. For all z,a, A € R and a € C, we have
i) U(x) = giN),  W(z) = Ui (ax).
i) If o = —3, then U (z) = e(idz; ¢2).

For a > —%, U has the following g—integral representation of Mehler
type

1+ q)F 2(04 + 1) /1 (t2q2; q2>oo .
v e) = : : 1+t)e(ixt; ¢*)d,t. (4
(@) QFqg(%)qu(a+%) . (t2q2a+1§q2)oo( Je( )dgt. (4)

iii) For all X € R,, U7 is bounded on I/R; and we have

| U() |< vz € R,

(4 @)
Lemma 2.1. for all z € R,

L ] ol @) 1€ 2

2.1 1=9%7 <] A |

3. There is ¢; > 0 such that |1 — US| > ¢ with |x] > 1.

Proof. Analog of lemma 2.9 in [§] O
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For v > —3, the g—Dunkl transform is defined on L}, ,(R,) by

+o00 -
FpUA) = cag f@) U () [ 2*7 [ dyz, A€ Ry, (5)
where ¢, 4 = 2&;1()1:)1)

Proposition 2.2. i) If f € L} (R,) then T5(f) € L, ,(R,),

1 F5(f) loc.a< @0 IS 11 (6)

i) Let f € L, ,(Ry) and p € S;(Rq), then forn =1,2,... we have
Fp (AL )N = GA)"FL(F)(A) (7)
Fpt (A gr) = (=iN)" T () (8)

ii) For all f € L, ,(R,), we have

Ve € Ry f(2) = cag / FEUHONNTL() | A2 dgA (9)

Theorem 2.1. i) For o > —3, the g—Dunkl transform F3% is an isomor-
phism from Sy (R,) onto itself. Moreover, for all f € S,(R,), we have

155 () Nzaa=I f |20 - (10)

it) The q—Dunkl transform can be uniquely extended to an isometric iso-
morphism on L2 (R,). Its inverse transform (F5*)~" is given by:

+oo

(T ()(@) = caq F@) (@) | A ] dgA = (T (f) (=)

The generalized g—Dunkl translation operator is defined for f € LZ (R,)
and z,y € R, by

“+oo

TE()) = con [ TEON @U@ | AP d

—00

5™ (f) = f.
Proposition 2.3. i) For f € L2 (R,), =,y € Ry, we have

Fp (T )N = X w)Fp (). (11)
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ii) For f € Sy,(R,) and y € R,, we have

Ao T f =T o g f. (12)

iii) If f € Li’q(Rq) (resp. Sq(R,)) then T;;q(f) € Liq(Rq) (resp. Sy(R,)) and
we have 1

TEUS) 2,00 ——— || f ll2,0, 13

1 T57() N2, (q;q)ooH 12,00 (13)

Notation 2.2. From now on assume m = 1,2,... Let W,  be the Sobolev

2,a,q
type space constructed by the q—Dunkl operator A, 4, t.e.,

Wér:lohq = {f < LZ,qGRQ) : Ai,qf € Liyq(Rq), j - 1, 2,m}
More explicitly, f € W3, if and only if for each j = 1,2...,m, there is a

function in L7, (R,) abusively denoted by A}, ,f, such that Aj, T = Tl‘i‘iiqu

Proposition 2.4. For f € Wy, , we have
IR (AL f)A) = (i)™ TR (F) (). (14)

Proof. using proposition 5.7 in [2] O

3 Equivalence of K-Functionnals and Modulus
of Smoothness

Definition 3.1. Let f € L2(R,) and r > 0. Then
e The generalized modulus of smoothness is defined by

wm(f7 T)2,a,q = SUPo<h<r || Azlf H27047q

where

A= (T =D"f,

I being the unit operator.
e The generalized K -functional is defined by

Kon(f;7)2,00 = Ml f = 9 ll204 +7 | Agl,qg 20,439 € WQT,na,q}'

The following theorem establishes the equivalence of the modulus of Smooth-
ness and the K-functional.

Theorem 3.1. There are two positive constants ¢, and co such that
Wi (f,7)204 < Kn(f:™)2,04 < C2wWm(f, )20,

for all f € L2(Ry) and r > 0.
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In order to prove Theorem 3.1, we shall need some preliminary results.

Lemma 3.1. Let f € L2(R,) and h > 0. Then

H AZL f”?,a,q S ||f||2,a,q (15)

4m
(3 9)m
FEUAT L)) = (W5(R) — D FR(HN). (16)
Proof. The result follows easily by using (11), (13), and an induction on m. [

Lemma 3.2. Let f € W3, r > 0. The following inequality is true:

wm(f, T>2,Oé,q < CQTmHAZL,quQ:OMZ

Proof. Assume that h €]0,7]. By (14), (16) and theorem 2.1 we have
AR fl5ag = TR/ ATS N0
= (@ =X TSN g

= B2 S )T ) (VB g

According to Lemma 2.1, with all [ € Rq we have the inequality

|w| < (BA)™, where § € R. Then we deduce

AT FII3 0, < h2m52m|I(M)m?%’q(f)@)llg,a,q = 2B | T AR ) Mg =
R B2 || AR F113 0.

Calculating the supremum with respect to all h €]0, ], we obtain

Wi (f,7)2,0,q < C2r™||AZ  fll2,0,g, Where ¢y = ™. O

Definition 3.2. For any function f € Lg(Rq) and any number v > 0 let us
define the function

By (F)(x) := Cag /V T (HN)TR(@)dA = (Tp") (T (F)xw(2),

4

where x,(\) is the characteristic function of the segment [—v,v], (F5) ™! i
the inverse Fourier transform. One can easily prove that the function P, (f 5
infinitely differentiable and belongs to all classes Wy, ,,m € N.

Lemma 3.3. There is a positive constant c3 such that
1f = Bo(f 200 < csll AT}, fll2a

for any f € L2(R,) and v > 0.
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Proof. Using the Plancherel formula, we obtain

Hf_PV(f>Hg,a,q = ||5t%7q(f_P1/f)”%,a,q
= 11 = xeW)FBH N3 g

= Ja I1=x ) PIFBIA) P dgA
By lemma 2.1 there is a constant ¢; > 0 such that
11— W5 (@) [> e,

for all A € R with | A |> v. From this, (16) we get
1f = PPy < ™ flyzy [ 1= 93 @/) P FBUHO) P dg

= " fo | FHUAL NN P dg

= 2m|| A1/1/ f”%,a,q'
We get the inequality [|f — P, (f)2,0.q < csl| AT}, fll2.a,q, where c3 = ﬁ O

Corollary 3.1. There is a positive constant cs such that

Lf = Po(Fll2ag < c3wm(f /)24
for any f € L2(R,) and v > 0.
Lemma 3.4. There is a positive constant c4 such that
IAZ (P (N l2i0g < ca™ | AT, fll2a.
for any f € L2(R,) and v > 0.
Proof.
AT (P (fDl2.q = 1T (AL (P () l|2.0.9
= [[GA)™ o (NFB ()N l2.0.9
= [N NI V2.0
e AU VAL L VACY o
A" X (A) Q/v)m

Note that SUP)cr m =7 Sup|/\‘<y m =" Sup‘t|<1 m

Let Cy = Suplt‘<1 m ]
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Corollary 3.2. There is a positive constant ¢4 such that

1Ay (B () l2,g < car™ wim(f,1/V)2,0.4
for any f € L2(R,) and v > 0.
Proof. of Theorem 3.1

1. Let h €]0,7],g € Wy, .. Using lemma 3.2 and lemma 3.1, we have
1A fllzas = IR =9+ 9)ll20q
< AR = Dllzeg + 127 (9200
< 270f = gllaag + 2h™ AL (91200

< es(f = gllzag + ™A (9)]12.00);

where ¢5 = max{2™, co}. Calculating the supremum with respect to h €
]0,7] and the infimum with respect to all possible functions g € W37,
we obtain

Wi (f,7)2,0.0 < K (f,7™)2,0,-
2. Since P,(f) € W37, ,, by the definition of a K — functional we have
K (f, )20 SN = Bo(f)ll2.0q + 7" 1862 (P ()] 2.0
Using Corollaries 3.1 and 3.2, we get
Ko(f, ™) 2,000 < c3Win(f, 1/1)2,0.4 + ca(rv) " Wi (f, 1/1)2.0.4-
Since v is an arbitrary positive value, choosing r = %, we obtain
Kn(f,7™)2.0.0 < Cowm(f,1/V)2,0,,

where cg = ¢3 + ¢4. This concludes the proof.
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