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Abstract

In this paper we estimates the norms of norm-attainable elementary
operators: inner derivations, generalized derivation, basic elementary
operator and Jordan elementary operator.
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1 Introduction

Let H be an infinite dimensional complex nonseparable Hilbert space and
ENA(H) be the set of all norm-attainable elementary operators. Let T :
NA(H) −→ NA(H) be defined by T (X) =

∑n
i=1 PiXQi for all X ∈ NA(H)
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where Pi, Qi are fixed in NA(H). We have the following examples of elementary
operators. (i) the inner derivations δP = PX −XP (ii)the generalized deriva-
tion δP,Q = PX−XQ (iii)the basic elementary operatorMP,Q = PXQ (iv)the
Jordan elementary operator UP,Q = PXQ + QXP. An operator A ∈ B(H)
is said to be norm-attainable if there exists a unit vector x ∈ H such that
‖Ax‖ = ‖A‖.

Definition 1.1 A normed space in which every cauchy sequence is conver-
gent is called a complete normed space or Banach space.

Definition 1.2 A norm or length function on a vector space X is a nonneg-
ative real valued functions ‖‖ : X −→ R(real number) satisfying the following
axioms:

(i). ‖x‖ ≥ 0 ∀x ∈ X.

(ii). ‖x‖ = 0 if and only if x = 0 ∀ x ∈ X.

(iii). ‖λx‖ = |λ|‖x‖ ∀x ∈ X and λ is scalar.

(iv). ‖x+ y‖ ≤ ‖x‖+ ‖y‖ ∀x, y ∈ X.

Definition 1.3 A normed space in which every cauchy sequence is conver-
gent is called a complete normed space or Banach space.

Theorem 1.4 A Banach space is a Hilbert space if and only if its norm
satisfies the parallelogram law.

Definition 1.5 An operator A ∈ B(H) is said to be norm-attainable if
there exists a unit vector x ∈ H such that ‖Ax‖ = ‖A‖.

Lemma 1.6 For an operator T ∈ B(H), the operator T is norm-attainable
if and only if its adjoint T ∗ is norm-attainable.

Corollary 1.7 If the elementary operator TAiBi
is norm-attainable’ then

there exists an isometry or co-isometry V0 such that TAiBi
(X) =

∑n
i=1AiV0Bi.

Definition 1.8 For any vectors y, z ∈ H, the rank one operator y ⊗ z ∈
B(H), is defined by (y ⊗ z)x = 〈x, z〉y, for all x ∈ H.

Definition 1.9 Let φ ∈ H∗ and ξ ∈ H. We define φ ⊗ ξ ∈ B(H) by
(φ⊗ ξ)η = φ(η)ξ, for all η ∈ H.

Definition 1.10 A generalized derivation δA,B on a C∗-algebra Ω, is said
to be norm-attainable if there exists a function ϕ ∈ H∗ such that ‖δA,Bϕ‖ =
‖δA,B‖.
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2 Results and Discussion

Lemma 2.1 Let H be an infinite dimensional complex nonseparable Hilbert
space and E [NA(H)] be the set of all norm-attainable elementary operators.
Let δP ∈ E [NA(H)] and X ∈ H be defined by δP = PX −XP then,

‖δP (X) | E [NA(H)]‖ = 2‖P‖.

Let {xn} be a unit sequence in H such that ‖xn‖ = 1 then it implies that
‖Pxn‖ −→ ‖P‖.
Set Pxn = αnxn +βnyn, where 〈xn, yn〉 = 0 and ‖yn‖ = 1. Set Wnxn = xn and
Wnyn = −yn. Then

‖(PWn −WnP )xn‖2 = ‖PWnxn −WnPxn‖2 = ‖Pxn −Wn(αnxn + βnyn)‖2

= ‖Pxn −Wnαnxn −Wnβnyn‖2 = ‖Pxn − αnxn + βnyn‖2

= ‖βnyn + βnyn‖2 = 4‖βnyn‖2

This means that
‖(PWn −WnP )xn‖2 = 4‖βnyn‖2 (1)

Taking the positive square root of Equation 1 on both sides we get

‖(PVn − VnP )xn‖ = 2‖βnyn‖.

This means that

‖(PVn − VnP )xn‖ = 2‖βnyn‖ = 2‖Pxn− αnxn‖ (2)

From the Equation 2 we have

‖(PVn − VnP )xn‖ ≥ 2(‖Pxn‖ − ‖αnxn‖)

Allowing αn −→ 0 as n −→∞ we get,

‖(PVn − VnP )xn‖ ≥ 2‖P‖.

which implies that
‖δP (X) | E [NA(H)]‖ ≥ 2‖P‖. (3)

Also from the Equation 2 we have

‖(PVn − VnP )xn‖ ≤ 2(‖Pxn‖+ ‖αnxn‖)

Allowing αn −→ 0 as n −→∞ we get,

‖(PVn − VnP )xn‖ ≥ 2‖P‖.

which implies that
‖δP (X) | E [NA(H)]‖ ≤ 2‖P‖. (4)

From the Inequality 3 and Inequality 4 we have,

‖δP (X) | E [NA(H)]‖ = 2‖P‖
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Theorem 2.2 Let H be an infinite dimensional complex nonseparable Hilbert
space and E [NA(H)] be the set of all norm-attainable operators. Let δP,Q ∈
E [NA(H)] and X ∈ H be defined by δP,Q = PX −XQ then,

‖δP,Q(X) | E [NA(H)]‖ = ‖P‖‖Q‖.

Let xn be a unit sequence in H such that ‖xn‖ = 1 then it implies that
‖Pxn‖ −→ ‖P‖ and ‖Qxn‖ −→ ‖Q‖.
Let Qxn = αnxn + βnyn, where 〈xn, yn〉 = 0 and ‖xn‖ = 1. Also let Wnxn =
Qxn and Wnyn = −Pyn. Then

‖(PWn −WnQ)xn‖2 = ‖PWnxn −WnQxn‖2 = ‖PQxn −Wn(αnxn + βnyn)‖2

= ‖PQxn −Wnαnxn −Wnβnyn‖2 = ‖PQxn − αnQxn + Pβnyn‖2

= ‖(PQβn + Pβnyn)− αnQxn‖2.

This means that

‖(PWn −WnQ)xn‖2 = ‖(PQβn + Pβnyn)− αnQxn‖2. (5)

Thus from the Equation 5

‖(PWn −WnQ)xn‖2 ≥ ‖(PQβn + Pβnyn)‖2− | αn |2 ‖Qxn‖2

Allowing αn −→ 0 and βn −→ 0 as n −→∞ we get,

‖(PVn − VnQ)xn‖2 ≥ ‖PQxn‖2 ≥ ‖P‖2‖Qxn‖2 ≥ ‖P‖2‖Q‖2

Taking the positive square root on both sides we get,

‖(PVn − VnQ)xn‖ ≥ ‖P‖‖Q‖,

which implies that,

‖δP,Q(X) | E [NA(H)]‖ ≥ ‖P‖‖Q‖ (6)

Also from the Equation 5, we have that,

‖(PWn −WnQ)Xn‖2 ≤ ‖(PQβn + Pβnyn)‖2 + ‖αnQxn‖2

≤ ‖(PQβn + Pβnyn)‖2+ | αn |2 ‖Qxn‖2

Allowing αn −→ 0 and βn −→ 0 as n −→∞ we get,

‖(PVn − VnQ)xn‖2 ≤ ‖PQxn‖2 ≤ ‖P‖2‖Qxn‖2 ≤ ‖P‖2‖Q‖2

Taking the positive square root on both sides we get,

‖(PVn − VnQ)xn‖ ≤ ‖P‖‖Q‖
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which implies that,

‖δP,Q(X) | E [NA(H)]‖ ≤ ‖P‖‖Q‖ (7)

From the Inequality 6 and Inequality 7 we have,

‖δP,Q(X) | E [NA(H)]‖ = ‖P‖‖Q‖.

Theorem 2.3 Let H be an infinite dimensional complex nonseparable Hilbert
space and E [NA(H)] be the set of all norm-attainable operators. Let MP,Q ∈
E [NA(H)] and X ∈ H be defined by MP,Q = PXQ then,

‖MP,Q(X)‖ = ‖P‖‖Q‖.

By the definition of Supremum norm we have,

‖MP,Q | E [NA(H)]‖ = sup

{
‖PXQ‖
‖X‖

: X ∈ NA(H), ‖X‖ = 1

}

≤ sup

{
‖P‖‖X‖‖Q‖
‖X‖

: X ∈ NA(H), ‖X‖ = 1

}
≤ sup{‖P‖‖Q‖} ≤ ‖P‖‖Q‖

This means that,
‖MP,Q | ENA(H)‖ ≤ ‖P‖‖Q‖. (8)

Also by the definition of the Supremum norm where

‖MP,Q | E [NA(H)]‖ = sup{‖MPQ(R)|E [NA(H)]‖ : R ∈ E [NA(H)], ‖R‖ = 1},

we have

‖MP,Q | E [NA(H)]‖ ≥ ‖MP,Q(R) | E [NA(H)]‖ : ∀R ∈ E [NA(H)], ‖R‖ = 1
(9)

By Equation 9 and so letting

P = φ⊗ ξ1, ∀ ξ1 ∈ H and ‖ξ1‖ = 1,

and
Q = ϕ⊗ ξ2, ∀ ξ2 ∈ H and ‖ξ2‖ = 1,

we have

‖MP,Q | E [NA(H)]‖ ≥ ‖MP,Q(R) | E [NA(H)]‖, ∀ R ∈ E [NA(H)], ‖R‖ = 1 ≥ ‖PRQ‖
≥ ‖(φ⊗ ξ1Rϕ⊗ ξ2)η‖ ≥ ‖φ⊗ ξ1Rϕ(η)ξ2‖ ≥ ‖φ⊗ ξ1ϕ(η)Rξ2‖
≥ | ϕ(η) | ‖φ⊗ ξ1Rξ2‖ ≥| ϕ(η) | ‖φR(ξ2)ξ1‖ ≥| ϕ(η) || φR(ξ2) | ‖ξ1‖
≥ | ϕ(η) || φR(ξ2) |≥ ‖P‖‖Q‖



142 J. N. Kinyanjui, N. B. Okelo, O. Ongati and S. W. Musundi

and thus we have
‖MP,Q | E [NA(H)]‖ ≥ ‖P‖‖Q‖. (10)

From the Inequality 8 and Inequality 10 we get

‖MP,Q | E [NA(H)]‖ = ‖P‖‖Q‖.

Theorem 2.4 Let H be an infinite dimensional complex nonseparable Hilbert
space and ENA(H) be the set of all norm-attainable elementary operators. Let
UP,Q = PXQ + QXP be Jordan elementary operator where P,Q ∈ ENA(H)
then,

‖UP,Q | E [NA(H)]‖ ≥ 2‖P‖‖Q‖.

Let {xn} and {yn} be two unit vectors in H such that,

lim
n−→∞

〈P ∗Qxn, xn〉 = ‖Q‖‖P‖ and lim
n−→∞

‖Qxn‖ = ‖Q‖,

also
lim

n−→∞
〈PQ∗yn, yn〉 = ‖Q‖‖P‖ and lim

n−→∞
‖Q∗yn‖ = ‖Q‖.

But by Cauchy- Schwarz-Buniakowski inequality and the fact that P and Q
are self adjoint, we have | 〈P ∗Qxn, xn〉 | =| 〈Qxn, Pxn〉 |≤ ‖Qyn‖‖Pxn‖,
also | 〈PQ∗yn, yn〉 | =| 〈Q∗yn, P ∗yn〉 |≤ ‖Q∗yn‖‖P ∗yn‖. This implies that
limn−→∞ ‖Pxn‖ = ‖P‖ and limn−→∞ ‖P ∗xn‖ = ‖P‖. Then for n ≥ 1 we have,

‖UP,Q(xn ⊗ yn)Q∗yn | E [NA(H)]‖2 = ‖(P (xn ⊗ yn)Q+Q(xn ⊗ yn)P )Q∗‖2

= ‖P (xn ⊗ yn)QQ∗yn +Q(xn ⊗ yn)PQ∗yn‖2

= ‖〈QQ∗yn, yn〉Pxn + 〈PQ∗yn, yn〉Qxn‖2

= ‖〈Q∗yn, Q∗yn〉Pxn + 〈PQ∗yn, yn〉Qxn‖2

=
∥∥∥(‖Q∗yn‖2Pxn + 〈PQ∗yn, yn〉Qxn)

∥∥∥2
= 〈‖Q∗yn‖2Pxn + 〈PQ∗yn, yn〉Qxn, ‖Q∗yn‖2Pxn
+ 〈PQ∗yn, yn〉Qxn〉
= 〈‖Q∗yn‖2Pxn, ‖Q∗yn‖2Pxn〉
+ 〈‖Q∗yn‖2Pxn, 〈PQ∗yn, yn〉Qxn〉
+ 〈〈PQ∗yn, yn〉Qxn, ‖Q∗yn‖2Pxn〉
+ 〈〈PQ∗yn, yn〉Qxn, 〈PQ∗yn, yn〉Qxn〉
= ‖‖Q∗yn‖2Pxn‖2 + ‖Q∗yn‖2〈Pxn, 〈PQ∗yn, yn〉Qxn〉
+ ‖Q∗yn‖2〈〈PQ∗yn, yn〉Qxn, Pxn〉〉
+ | 〈PQ∗yn, yn〉 |2 ‖Q∗yn‖2

= ‖Q∗yn‖4‖Pxn‖2 + ‖Q∗yn‖22Re〈PQ∗yn, yn〉
〈Qxn, Pxn〉+ | 〈PQ∗yn, yn〉 |2 ‖Q∗yn‖2
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= ‖Q∗yn‖4‖Pxn‖2 + ‖Q∗yn‖22Re〈PQ∗yn, yn〉
〈P ∗Qxn, xn〉+ | 〈PQ∗yn, yn〉 |2 ‖Q∗yn‖2

= ‖Q∗yn‖4‖Pxn‖2+‖Q∗yn‖22Re〈PQ∗yn, yn〉〈P ∗Qxn, xn〉+ | 〈PQ∗yn, yn〉 |2 ‖Q∗yn‖2
(11)

But we have

‖UP,Q(xn ⊗ yn)Q∗yn | E [NA(H)]‖ ≤ ‖UP,Q(xn ⊗ yn) | E [NA(H)]‖‖Q∗yn‖
≤ ‖UP,Q | E [NA(H)]‖‖(xn ⊗ yn)‖‖Q∗yn‖
≤ ‖UP,Q | E [NA(H)]‖‖Q∗yn‖.

This implies that

‖UP,Q(xn ⊗ yn)Q∗yn | E [NA(H)]‖2 ≤ ‖UP,Q‖2‖Q∗yn | E [NA(H)]‖2

and therefore substituting in the Equation 11 we get

‖UP,Q | E [NA(H)]‖2‖Q∗yn‖2 ≥ ‖Q∗yn‖4‖Pxn‖2 + ‖Q∗yn‖22Re〈PQ∗yn, yn〉〈P ∗Qxn, xn〉
+ | 〈PQ∗yn, yn〉 |2 ‖Q∗yn‖2

Taking limits as n −→∞ we get,

‖UP,Q | E [NA(H)]‖2 lim
n−→∞

‖Q∗yn‖2 ≥ lim
n−→∞

‖Q∗yn‖4 lim
n−→∞

‖Pxn‖2 + lim
n−→∞

‖Q∗yn‖2

2Re lim
n−→∞

〈PQ∗yn, yn〉 lim
n−→∞

〈P ∗Qxn, xn〉

+ lim
n−→∞

| 〈PQ∗yn, yn〉 |2 lim
n−→∞

‖Q∗yn‖2.

and therefore we get

‖UP,Q | E [NA(H)]‖2‖Q‖2 ≥ ‖Q‖4‖P‖2 + ‖Q‖2(2‖Q‖‖P‖)(2‖Q‖‖P‖)
+ (2‖Q‖‖P‖)2‖Q‖2

≥ ‖Q‖4‖P‖2 + 2‖Q‖4‖P‖2 + ‖P‖2‖Q‖4 ≥ 4‖Q‖4‖P‖2.

we get,

‖UP,Q | E [NA(H)]‖2 ≥ 4‖Q‖2‖P‖2. (12)

Getting the positive square root of Inequality 12 on both sides we get,

‖UP,Q | E [NA(H)]‖ ≥ 2‖Q‖‖P‖.
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