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Abstract

In this paper we estimates the norms of norm-attainable elementary
operators: inner derivations, generalized derivation, basic elementary
operator and Jordan elementary operator.
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1 Introduction

Let H be an infinite dimensional complex nonseparable Hilbert space and
ENA(H) be the set of all norm-attainable elementary operators. Let T :
NA(H) — NA(H) be defined by T(X) = > | PXQ, for all X € NA(H)
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where P;, Q; are fixed in N A(H ). We have the following examples of elementary
operators. (i) the inner derivations 0p = PX — X P (ii)the generalized deriva-
tion dp = PX — X @ (iii)the basic elementary operator Mpg = PXQ (iv)the
Jordan elementary operator Upg = PXQ + QX P. An operator A € B(H)
is said to be norm-attainable if there exists a unit vector x € H such that

[Az[] = [ A].

Definition 1.1 A normed space in which every cauchy sequence is conver-
gent is called a complete normed space or Banach space.

Definition 1.2 A norm or length function on a vector space X is a nonneg-
ative real valued functions ||| : X — R(real number) satisfying the following
axioms:

(1). ||z|]| >0 Vre X.

(7). ||z|]| =0 if and only if t =0 V z € X.
(117). ||Az|| = |A|||z|| Vo e X and X is scalar.
(). Nz +yll <[l + Iyl Vo,y e X.

Definition 1.3 A normed space in which every cauchy sequence is conver-
gent is called a complete normed space or Banach space.

Theorem 1.4 A Banach space is a Hilbert space if and only if its norm
satisfies the parallelogram law.

Definition 1.5 An operator A € B(H) is said to be norm-attainable if
there ezists a unit vector x € H such that ||Az|| = || A]l.

Lemma 1.6 For an operatorT € B(H), the operator T is norm-attainable
if and only if its adjoint T™ is norm-attainable.

Corollary 1.7 If the elementary operator Ta,p, is norm-attainable’ then
there exists an isometry or co-isometry Vo such that Ta,p,(X) = >0 AiVoB;.

Definition 1.8 For any vectors y,z € H, the rank one operator y ® z €
B(H), is defined by (y ® z)x = (z,2)y, for allx € H.

Definition 1.9 Let ¢ € H* and £ € H. We define ¢ @ £ € B(H) by
(p@&n = d(n)¢, for alln € H.

Definition 1.10 A generalized derivation da 5 on a C*-algebra ), is said
to be norm-attainable if there exists a function ¢ € H* such that |64 pp| =
104,5]-
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2 Results and Discussion

Lemma 2.1 Let H be an infinite dimensional complex nonseparable Hilbert
space and E[NA(H)] be the set of all norm-attainable elementary operators.
Let 6p € EINA(H)] and X € H be defined by é6p = PX — X P then,

10p(X) | EINACH)]|| = 2[|P].

Let {z,} be a unit sequence in H such that ||z,| = 1 then it implies that
[ Pzn|| — (| P]].

Set Pz, = &y, + Bnyn, where (z,,,y,) = 0 and ||y, || = 1. Set W, z,, = z,, and
Wit = —yn. Then

|(PW,, — Wnp)xn”Z = [[PWyz, — WannHQ = [|Pzn, — Wy(anw, + Bnyn)HQ
= prn — Whanx, — Wnﬁnyn”2 = HPxn — QpTp + ﬁnynHQ
= !\5nyn+5nyn\|2 :4H5nyn”2

This means that
H(PWn_Wnp)anQ :4||6nyn||2 (1)

Taking the positive square root of Equation 1 on both sides we get
[(PVe = Vi P)xy || = 2[[ Baynl|-
This means that
[(PVe = Vo P)an|| = 2| Buynll = 2[|Pzn — o] (2)
From the Equation 2 we have
[(PVe = Vo P)an || = 2(]| Panl| = [lomnl])
Allowing «,, — 0 as n — oo we get,
[(PVi = VaP)an| = 2| Pl

which implies that
10p(X) | EINA(H)]|| = 2[|P]]. (3)

Also from the Equation 2 we have
[(PV = Vo P)an|| < 2(]|Pan| + [lomaal])
Allowing «,, — 0 as n — co we get,

which implies that
10p(X) | EINACH)]|| < 2[[P]. (4)

From the Inequality 3 and Inequality 4 we have,
10p(X) [ EINA(H)]|| = 2P|
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Theorem 2.2 Let H be an infinite dimensional complex nonseparable Hilbert
space and E[NA(H)| be the set of all norm-attainable operators. Let dpg €
EINA(H)| and X € H be defined by 0pg = PX — XQ then,

16p(X) [ EINACE)]| = [IPI[[IQ]-

Let x, be a unit sequence in H such that ||z,|| = 1 then it implies that
[Pn| — ([P and [|[Qzn]| — [|Q]]

Let Qx,, = anxp + Buyn, where (z,,,y,) = 0 and ||z,| = 1. Also let Wz, =
Qx, and W,y, = —Py,. Then

[(PW, = WaQ)anl> = [[PWaty — WaQzy|* = || PQxy — Wa(em@n + Buyn) ||
= |PQzn — Woantn — WoByal® = | PQn — aQy + PBoyall?

This means that
[(PW,, — WnQ)anQ = [(PQB + PBuyn) — anQInHQ- (5)
Thus from the Equation 5
[(PW, = WoQ)zal? > [(PQB + PBuya) |’ — | cn [* [|Qunlf?
Allowing o, — 0 and (5, — 0 as n — oo we get,
1PV = VaQ)zall* = [[PQual* 2 |P|?[|Quall® = IIPI* QI
Taking the positive square root on both sides we get,
[(PV, = VaQ)zall = [|PI| QI
which implies that,
10pq(X) | EINACH)]| = [| P[] (6)
Also from the Equation 5, we have that,

< |(PQBn + PBuy)|)* + || nQunl|?
< N(PQBu + PBuyn) I+ | cin |? Qs )?

Allowing «,, — 0 and 3, — 0 as n —> 0o we get,

H(PWn - WnQ)Xn“2

1PV = Va@)za|* < 1PQal” < || PIPIQall* < |1 PIP[QI
Taking the positive square root on both sides we get,

1PV = VaQ)znll < [Pl Q]]
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which implies that,

10pQ(X) [ EINACH)]|| < [IPI[]|Q] (7)
From the Inequality 6 and Inequality 7 we have,

10p.o(X) | EINACH)] = [[P[llQII

Theorem 2.3 Let H be an infinite dimensional complex nonseparable Hilbert
space and E[NA(H)] be the set of all norm-attainable operators. Let Mpg €
EINA(H)| and X € H be defined by Mpg = PXQ then,

[Mp (X))l = lIP[QI-

By the definition of Supremum norm we have,

PX
Meg | ervatnl = s { I x e v, ) =1}
< sup {IPIEHON ¢ ¢ wagn, x) - 1}
< swllPlIQl < 1Pl
This means that,
[Mrg | ENAH)] < 1PYIQI. ®)

Also by the definition of the Supremum norm where
[Mpq | EINAMH)]|| = sup{[[Mpo(R)IEINA(H)]|| : R € EINA(H)], ||R[| = 1},
we have

[Mpg | EINAH)]|| = [Mpo(R) | EINAH]| - VR € EINA(H)], || R]] =(1)
9
By Equation 9 and so letting
P=¢o®¢&, ¥V & €H and ||&| =1,

and

Q=pR&, ¥V &LeH and ||&] =1,

we have

[Mpg | EINAH)]|| Mpo(R) | EINA(H)]|l, ¥ Re&ENAH)L[R| =12 |PRQ|
[(¢ @& Re @ &)l > (|0 ®@ &1 Re(n)E|| > (¢ @ L1p(n) RS, ||
o) | ll¢ @ &uRE|| =] () | [[9R(E)E =] w(n) || 9R(E2) | [1€1]]

[ o) [l oR(&) 1= P

AVAR AVARAVARLY,
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and thus we have

[Mepg | EINAH]|| = [P (10)
From the Inequality 8 and Inequality 10 we get

Mg | EINACH)] = [[P[lIQ]

Theorem 2.4 Let H be an infinite dimensional complex nonseparable Hilbert
space and ENA(H) be the set of all norm-attainable elementary operators. Let
Upg = PXQ + QXP be Jordan elementary operator where P,Q) € ENA(H)
then,

[Upq | EINAH)]| = 2[|P|[|Q]]-

Let {x,} and {y,} be two unit vectors in H such that,

lim (P*Qz,, ) = [QUIIP] and lim_[Qu.]| = Q]

n—-—ao0
also

i (PQ"yn, ) = [QUIPI and lim_[[Q°ya ]l = QI
But by Cauchy- Schwarz-Buniakowski inequality and the fact that P and @)
are self adjoint, we have | (P*Qz,,z,) | =| (Qzn, Pz,) |< [|Qunlll| Pzl
also | (PQ"Yn,yn) | =[ (Q"Yn, P*yn) |< [[Q"Ynll[[P*ynll. This implies that
lim, ., ||Pz,|| = ||P| and lim,,_, ||P*z,| = ||P||- Then for n > 1 we have,
e q(zn ® ya)Qyn | EINAMHNIP = (P20 ® y2)Q + Qw0 @ ya) P)Q"|I”

= ||P(zn ® yn)QQ Yn + Q(z, ® yn)PQ*ynH2

= |KQQ Yn, yn) Prn + <PQ*ynayn>anH2

= |KQ"Yn, Q"Yyn) P, + <PQ*ynayn>anH2
|01Q° a2 Pz + (PQ s, ) Qi)

= (lQ"Yall* Py + (PQ" YY) Qs | Q*yn|* Py
(PQ"Yn, Yn) Q)

(1Q yull* Py, |Qyal* Parn)

<||Q*yn”2pxm (PQ"Yn, Yn) Q)

{

(

_I_

(PQ"Yn, yn) Qn, |Q yn|” Py

(PQ" Y, Yn) QT (PQ Yn, Yn) Q)
H||Q*yn||2pxn||2 + ||Q*yn||2<me <PQ*yn7yn>an>
1Q* Ynll*((PQ* Y, Yn) Qi Pity))

| (PQ" Yn, yn) |* |Q ym I

1Q Yl | Pn|* + |Q Y I*2Re(PQ* Y, yn)
<an,Pl’n>+ | <PQ*ynayn> ’2 HQ*ynHQ

I+ + +

+ +
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= ||Q*yn||4||Pxn||2 + “Q*yn||22R€<PQ*ymyN>
(P*an,(l}n>+ ‘ <PQ*ynayn> |2 ”Q*ynH2

QY | Pl PHIQ i 2R PQ g, ) (P Qs )+ | (PQ s ) 2 Q"
(11)

But we have

[Upq(zn @ yn)Q"yn | E[NA(H)]| 1Upq(xn @ yn) | EINAH)]|Q"ynl|
[Upq | EINAH)][I[|(zn © yn)[[[|Q"ynll

[Upq | EINACH]Q ynl|

IA A IA

This implies that
[Upq(zn @ yn)Q yn | EINACH)|I? < [Upol?1Qyn | EINA(H)]|?

and therefore substituting in the Equation 11 we get

[Upo | EINAMDIPIQ*yall? = 1Q ynll* [ Pl + |Q ynl*2Re(PQ* Y, yn) (P* Qi )
+ | {PQ Y, Yn) > | Q" ynl?

Taking limits as n — oo we get,

2 1: * 2 . * 4 71 2 : * 2
[Urg | ENACED]? lim [|Q7ya]? > lim Q"] lim [[Pa]? + lim [[Q"y.

2Re lim (PQ"yn o) Jim (P Qi 1)

* 2 1 * 2
+ (PQ"Yn, yn) [ lim Q7 ynl|”,

lim |
n—-ao0
and therefore we get

lttpq | EINACDIPIQIP = QUL+ IRl Il P IQUIP

>
+ @lellrnel
> [QIMIPI*+2QINPI* + PPl = 4l QI IPI*

we get,

[Upq | EINAH|I? > 4Q[1*( P> (12)
Getting the positive square root of Inequality 12 on both sides we get,

1pg | EINACH)] = 2 Q[P
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