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Abstract

In the paper the concept of .#-convergence, generated by some filter
is introduced. The concept of a monotone close and a right filter are
also defined. Based on these concepts an analogues of classical theorems
of real analysis as Lebesgue, Egorov, Riesz and Fatou, with respect to
Z-convergence are established. Examples of non-close or non-monotone
right filters are given. It is proven that previously known filters (e.g.
generated by statistical convergence and etc.) are monotone close and
right.
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1 Introduction
The idea of statistical convergence (stat-convergence) was first proposed by

A. Zigmund in his famous monograph [30] where he talked about ”almost
convergence”. The first definition of it was given by H. Fast [13] and H.
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Steinhaus [29]. Later, this concept has been generalized in many directions.
It should be noted that it is impossible to list all the relating papers. More
details on this matter and on applications of this concept can be found in
(15, 28, 27, 10, 16, 22, 24, 12, 25, 7, 23, 1, 9, 3, 4, 5, 6]. It should be noted
that the methods of non-convergent sequences have long been known and they
include e.g. Cesaro method, Abel method and etc. These methods are used
in different areas of mathematics. For the applicability of these methods is
very important that the considered space has a linear structure. Therefore,
the study of statistical convergence in metric spaces is of special scientific
interest. The works [20, 21] are devoted to different aspects of this problem
in metric spaces. Statistical convergence is currently actively used in many
areas of mathematics such as summation theory [10, 14, 11], number theory
[12, 7], trigonometric series [30], probability theory [16], measure theory [25],
optimization [26], approximation theory [17, 18], fuzzy theory [2] and etc.

Statistical convergence was generalized by different mathematicians (see
[24, 1, 19, 8]). The concepts of I-convergence and I*-convergence were intro-
duced in [19, 9]. These types of convergence include many previously known
convergences, including the statistical convergence. In the present paper , we
introduce the concept of .%-convergence generated by some filter .# C 2. In
connection with this concept the classical theorems of real analysis as Lebesgue,
Egorov, Riesz, Fatou theorems are generalized to this case. The concepts of
monotone close and right filter are also introduced. Examples for a non-
monotone close and a right filter are established. We proved that the previ-
ously known standard filters are a monotone close and a right.

2 Needful information

We will use the standard notation. N will be a set of all positive integers.
R will be a set of real numbers; x5/ () is the characteristic function of M;
(X; p) will be a metric space. O (a) will be an open ball centered at a and with
radius ¢, i.e. O, (a) = {z € X : p(z;a) <e}. 2M will be a set of all subsets
M. |A| = card A— will be a number of elements of A. A® = N\A. = will be
a quantifier which means “follows”; A will be a quantifier which means “and”.

Let us recall the definition of the asymptotic ( or statistical) density of the
set A C N. Assume 6, (4) = 2377 x4 (k), and let 6, (A) = ligiorolf on (A),
0% (A)= limsup d,, (A4). . (A) and 6* (A) are called lower and upper asymptotic

n—oo

density of A, respectively. If 6, (A) =6*(A) = 6(A), then 0 (A) is called
asymptotic (or statistical) density of A. It should be noted that the statistical
convergence is determined by means of this concept, namely, the sequence
{Zn},en € X is called statistical convergent to x, if § (4.) = 0, for Ve > 0,

where A. ={n € N :p(z,;z) > c}.



Statistical type Lebesgue and Riesz theorems 1671

Let us also recall the definition of the ideal and the filter.

A family of sets I C 2V is called an ideal if: o) ) € I; B)A; B € I =
AUBel;y)(AeINBCA) =Bel.

A family F C 2V is called a filter on X, if :

i)0¢ .7 ; i) A;Be F = AN\Be.Z; wii)Aec FN(AC B)= Be Z.
Filter, satisfying the condition

w) If Ay DAy D ... NA, € F,Vn €N = I{nm}en CNynp <ng <

Uy (R, 1] () Am) € F is called a monotone close filter.

Filter # satisfying the following condition is called a right filter

v) F¢ € F, for any finite subset F C N.

An ideal I is called non-trivial if I # O AT # N. I C 2V is a non-trivial
ideal if and only if # = .% (I) = {N\A: A € I} is afilter on N. A non-trivial
ideal I C 2V is called admissible if and only if I D {{n}:n € N}.

Let (X;p) be some metric space with a metric p and I C 2V be some
non-trivial ideal.

Definition 2.1. [19]. Sequence {z,}, .y C X is called I-convergent to
xeX (I-lim z, =), if A. € [, Ve > 0, where A. ={n € N : p(zn;x) > €}.
n—oo

Let I;={ACN :d(A)=0}. I;is an ideal on N. I;- convergence means
the statistical convergence.

It should be noted that if [ is an admissible ideal, then the usual conver-
gence in X implies I-convergence in X.

Definition 2.2. Sequence {z,},.y C X is called I*-convergent to x €
X, if IM € Z () (i.ee. N\M € 1), M = {m3 <mg<..<my<..} :
klim p (T, ;) = 0.

—00

The following interesting results are proved in [19].

Theorem 2.3. [19] Let I be an admissible ideal. If I*-lim z,, = = = I-

n—oo

lim x, = .
n—o0

The converse is not always true, it depends on the structure of space (X; p),
namely, we have

Theorem 2.4. [19] Let (X;p) be a metric space. (i) If X has no accu-
mulation point, then I- and I*-convergence coincide for each admissible ideal
I C2N; (i) If X has an accumulation point &, then there exists an admissible
ideal I C 2V and a sequence {y,}, .y C X: [-T}i_}rgo yn = &, but I*-Ji_}rilo Y does

not exist.

Accept the following
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Definition 2.5. Sequence {x,}, .y C X is called F -convergent to x € X,
if Ac € F, Ve >0, where A, ={n € N : p(x,,z) <e}.

Let I C 2V be some non-trivial ideal. Then it is clear that % (I)
{AC N:N\A € I}isafilter. Conversely, if # C 2V is a filter, then [ (F) =
{AC N:N\A € Z} is an ideal. Therefore, the concept of I-convergence and
F- convergence are dual. For this reason, in sequel we consider only .7-
convergence.

3 Main results

Let (M;.#; ;1) be a measurable space with a finite measure p and .# C 2V
be some filter.  Let the sequence f, : M — R, Vn € N, be given and
f:M — R.

Definition 3.1. We say that f, EA f p-almost everywhere (" in short f, EA f
a.e.), if IE € M : u(E) = 0Af, (:L’)ﬁf, Vo € M\E = E°.

It is obvious that if f, — f a.e., then fnﬁ f a.e., but the conversely is
not true. Indeed, let % = Z5 ( s means a statistical convergence). Put
eo = {n?:neN}. Let f,(z) = 2" 4 Xeo (1), Vn € N,z € M, where
M = [0,1]. It is clear that {f, (z)},cy doesn’t converge for Vo € M, but

fn () % 0, a.e. .
Also define the concept of .%-convergence in measure.
Definition 3.2. We say that the sequence { fu},cy
to f(z)on M, ifu({|fn—f]>0c}) %0, Yo > 0, and this kind of convergence

we will denote as f, y’—;”f on M.

F -converges in measure

However, if f, % f, then f, = f, but the vice versa is not true. The
previous example is suitable in this case.

Let fnif a.e. . Put

Fo={{ni}tien €7 :(n{ <ni <.)A(fur (x) = f(x), k= 00)}.

Let E C M : u(E) = O/\fn(x)if(x) , Vo € EC. It is clear that F, #
0,Vz € E Assume (V,cpe FoNF # 0, ie. Je = {nf},.x C N :
(e € Nyepe Fe)A(e € F). Consider the sequence gi (x) = fue (z), Vk €
N,Vx € M. 1t is clear that g — f a.e. . Then by classical Lebesgue
theorem we obtain that g, = f, i.e. Ine 5 f. Since, e € .Z, hence it follows

that f, =g f. Consequently, the following theorem is true
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Theorem 3.3. Let fnif a.e. and (V,epe Fr C F, where p(E) = 0
Ao (@) 5 f(2), Vo € EC. Then f,” " f.

It is absolutely clear that the converse statement is generally not true.
Let f, —" f on M. Take Vo > 0. Put

ek(a)z{neN:u({]fn—f\20})<%},kEN.

From fny—_>”f:> ex(0) € F, Yk € N. It is clear that e; (0) D ez (o) D ...
Suppose that .# is a monotone close filter. Then I{n{}, . C N, n{ < ng <

vt Uney ((ng,ng 1] New (0)) € Z. Let
No (o) = [1,n‘1’]U{k‘ €N :ke (n,nl ] ﬂegl(a),me N},

where eC (o) = N\e,, (o). Put

m

o _ f, ifk’ENQ(J),
I = f., if othervise.

Let us show that u({|g7 — f| > 0}) = 0, k — oco. Take Ve > 0. Let ¢ > 0
be an arbitrary number. If k € Ny(o) = g7 = f =u({ |97 — f| > 0}) =
0 <e Ifk ¢ No(o), then Im € N ing, < k < nf.  ANk¢ €5 (0) = k €
en(0) = ({Ig7 — 1> o) < (50 f = fi)=> n({lag — 1 2'0}) < & for
< e. Consequently, u({|g7 — f|>0}) — 0, k — oco. Let us show that
7

g7~ fryie. Ko ={ke N :g] = fi} € %. Indeed, it is easy to see that

1C

(sl em () € Ko,
holds. Then from the condition iii) of filter it follows that K, € .#. Thus, if
fr = [, then for Yo >0, 3{g7}en : 97 'ka and it is true
lim o ({ g7 = f| = o}) = 0. (1)
—0

If # is a right filter, then the contrary is also true. So, let .# be a right
filter and the relation (1) holds. Let ¢ > 0 be an arbitrary number. Consider
the sequence {g7 },.y from the relation (1). Take Ve > 0. Then

dn.e N:u({|gp — fl > 0}) <e,Vn > n..
We have

{nEN:nZna}ﬂKUC{nEN:u({|fn—f|20})<6}.
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It is clear that ({n € N :n > n.} (| K,) € :#. Then from the condition iii) it
follows

{neN:p{lfn—flzo})<e}eF.

Thus, the following theorem is true.

Theorem 3.4. Let (M; . #; 1) be a measurable space with a finite measure
i, and F C 2V be a monotone close filter. Then the following statements are
equivalent to each other.

o) fu " £5 B) for o > 0.3{g7 ben 97 % fi Alim p({|gf — f1 = 0}) =

An analogue of the Riesz theorem is also true with respect to .# -convergence

. Put f, ﬁ—?“f. Assume that % is a right filter. Take 07 > 09 > ... : 0p —
0, k— oco. Let Y o2 m < 400, m >0, VkeN. So

np{|fa—fl=a})<m}eF,

then In; € N :
:u({ |fn1 - f| > 01}) <M.
Since .% is a right filter, then it is clear that

L] “(V{n € N:u({|fo = f1 = 02}) <ma} # 0.

So, dng > nq :
{1 fno = fI = 02}) < 1.

Continuing in the same way, we obtain a sequence {nk}keN C N :ng>ni
and

p{ e = 1 2 on}) <.

The validity of f,, — f a.e. can be proven similarly to the classical Riesz
theorem. Thus, we have proved the following theorem.

Theorem 3.5. Let (M; . #; 1) be a measurable space with a finite measure

w, and F C 2N be a right filter. If f, 9—_>“f, then 3{ny} C N :f,, — [ a.e
on M.

Egorov theorem is also valid.

Theorem 3.6. Let (M; . #; 1) be a measurable space with a finite measure

w, and F C 2V be some filter. If fnﬁf a.e. on M and (\,cpe Fu(\F # 0
(E is from Definition 3.1), then for V6 >0, IMs € A : 1) p(M\Ms) < §; 2)

sup |fn () — f (2)] 5 0.

xeMs
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Indeed, let f, EA fae on Mand(,cpc Fo(\F #0. Pute € (,cpe Fu[ ) F -
e={n1 <ng <..}. So, fn, = [, k— o0, a.e. on M. Further reasoning di-
rectly follows from Egorov’s theorem.

Accept the following

Definition 3.7. Let (M; . #; 1) be a measurable space with a finite measure
p. We say that the sequence {fn},cy 15 F -bounded by the function g () a.e.
on M, if3E € 4, n(E)=0:

{neN:|f,(z)|<g(z), Ve E’} e Z.
Function g is called . -majorant of the sequence {f,},.y- Let f, = f
and integrable function g be #-majorant of {f.} where .# C 2V be

some right filter.
Let

neN?

er={neN:|f,(2) <g(z), Vo e E},

where £/ € . is a set from the Definition 3.7. So, e; € F. Let ¢ =
{n1 < ng < ...}. Consider fy = f,,, Yk € N. Consequently

3 (w)‘ < g(x),¥x e EC, Yn e N. 2)

It is not difficult to see that f,, = f. Indeed, take Vo > 0, and let

o) = {ne Nl -1z ah < ).

It is clear that ey (o) € %, Vk € N. Therefore (e;[(ex (0)) € .Z,Vk € N. As
a result, é, (0) € #, Yk € N, where

fomilze}) <

" >0 o[

ék(o)z{nEN:,u<{

Then by Theorem 3.5 3 {fig},cny C N : fa, = f. k — 00, ae. on M. As a
result, from (2) we obtain |f (z)| < g (x) a.e. on M, and as a result, f is an
integrable function on M. Take Vo > 0, and denote

En(U)E{fn—f‘ZO'},Fn(O')E{fn—f’<0'}.
We have
5n=‘/andu—/Mfdu‘§/En(g) foe d“/mg) fu 1] duin € N
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Taking into account (2), we have

5n§2/ gdu+ou(M),¥n € N.
En(o)

Let ¢ > 0 be an arbitrary number. Let 6 > 0 such that from p <E) < 0=

i) z9dp < 5. The choice of § is always possible (by virtue of the absolutely

continuity of the Lebesgue integral. As o we take o = W Let kg € N : é <
d. If n € ey, (0), then it is clear that u (F, (o)) < k—lo <0 :>fEn(U)gdu < g
Consequently

op<e,Vnece(c)e #, . 6,—0.

So, it is valid

Theorem 3.8. Let (M; . #; 1) be a measurable space with a finite measure
i, and F C 2N be some right filter. Let the sequence of integrable functions

{fa(x)},cn have the integrable F -mojarant g (x) and f, y—_ﬂf. Then the
function f is also integrable and

Jn (T dx «/> x d$a
/M ( ) /M f ( )
holds.

This theorem is an analogue of the Lebesgue theorem on passage to the
limit. Note that Fatou’s lemma also has an analogue with respect to the filter.
Namely, we have

Theorem 3.9. Let f, = f, where F C 2V be some right filter. Then the
imequality

/ fdu < sup/ fndpt,
M n M
holds.

Indeed, let f, = f, and % be a right filter. Then by Theorem 3.5
I{ni}peny €Nt fo, = f, k= 00, a.e. on M. Rest of the proof is established
similarly to the classical case.

4 On filters
I. Non-right filter. Let e C N A ey # N. Assume

Feo ={e C N :eyCe}.
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It is not difficult to see that .#,, is a non-right filter.
II. Non-monotone close filter. Let A, = {n 2k n e N}, Vk € N.
Assume
F={Mc2Y:3keN=A,CM}.

It is clear that ) ¢ #. Put A;B € F= Fki;ky € N : (A, CTA) A
(Ag, C B). Let ko = max {ky; ko}. It is obvious that (A B) D Ay, i.e. the
condition ii) of the filter satisfies. Let (A € .#) A (A C B). Consequently,
dkg e N: Ay, CA= Ay, C B= B € .%. So, # is a filter. Let us show
that .# is a non-monotone close filter. It is clear that A; D As D .... Let
I < ng < o Uy (R, 1] N Am) € F. Consequently, Ip € N
A, C U2 (i, sl NV Am). Put kg € N @ 2kg +1 > npyq. It is easy to
see that (2ko +1)2F ¢ Ay, Yk > p = (2ko +1)2° ¢ U _; ((nm, nm1] ) Am)-
The obtained contradiction shows that .# is a non-monotone close filter.

ITI. An ordinary convergence. . = {M C N : M° = N\M is a finite set}.
F - convergence, generated by this filter, coincides with the ordinary conver-
gence.

IV. Statistical convergence. Assume %;={M C N :§(M)=1}. F
is a filter. It is not difficult to see that .Zs is a right filter. Let us show that
Fs is a monotone close filter. Let K1 D Ky D ... A(6(K,)=1, VYne€ N).
Obviously, § (K;,) =0, ¥n € N. Therefore 3{ni}, .y C N;ny <np < ... :

LK,

Assume Ny = Ny I,, where Ny = {k € N : nypy < k < nppyy A (k€ K&)}. It
is clear that § (Ng) = 0 <N0>. Take Vn € N. Then dm € N :n,,, <n < ny,y1.
Without loss of generality, we will assume that n > n;. Let us show that

(In N NO) c (In N K;) . (3)

Let k € (InﬂN0> = Img < m Ny < k < npey1 A (k€ KG) = k € K,

Thus, the inclusion (3) is true. Consequently

LK,

From (4) it directly follows that o <N0> = 0, as a result, 6 (Ng) = 0 =
J(N§) =1 = N§ € Fs. In the sequel, it should be pointed out N§ =
{keN:np,<k<ngp AN (k€ K,)}. Thus, Z;s is a monotone close filter.
That the .%s satisfies the condition v) is obvious. Then, with respect to %s-
convergence is true the following

< —, VYn>n,.

1 1
n m

LN < < (4)

1
n
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Statement 4.1. Filter %5, generated by statistical density, is a monotone
close and right filter.

V.Logarithmic convergence. Let M C N. Assume

() = - 30 X,

where s, = Y, . If 3 lim 1, (M) = (M), then [ (M) is called a loga-
n—oo

rithmic density of the set M. Let % = {M C N : (M) = 1}. The following
lemma is true.

Lemma 4.2. If (M) =1, k=1,2=1(M,(My) = 1.

Proof. We have

My ()M = (M |2 \ [ (MM [ (M\ D) |

Consequently

an (21 = [ (3 Ut (1) \ [(0\00) U 0100 ) (2]
(5)
From ((Mo\My)(1,) C (M{( 1), we get

Xz (K) . (6)

It is absolutely clear that, if [ (M) = 1, then [ (M) = 0. Then from (6) we
obtain [ (M\M;) = 0. Similarly, we have [ (M;\M;) = 0. So

(@e\) [ 01\0) (V1 = (000 (1) U (00\Me) O 1)

it is clear that

L8\ (0\M) ) = o0. (7)
It is easy to see that [ (M, |J Ms) = 1. From (5) we get

1 1 1 1 1 —1
=D ponn () == > oy, (k) = = Y 2xauanuen ) (£).
" k=1 " k=1

Taking into account (7) we get [ (M, () Ms) = 1. O



Statistical type Lebesgue and Riesz theorems 1679

This lemma implies that .%; is a filter. If M C N is a finite set, then it
is clear that M© € .7, i.e. . satisfies the condition v), then it is absolutely
clear that [ (M) = 0. Let us show that .%; is a monotone close filter. Let
Ky DKyD .. Nl(K,)=1,YneN) = I(K;) =0, Vn € N. Therefore
F{nk}pey C N,y <nop < .. izzzl XK’Z‘(k) < &, V¥n > ny,. Similarly to

the previous example, let Ny = Ny I,,, where

No={keN:n, <k<nm AkeK)}.

It is clear that [ (Ng) =1 (NO). Letne N=3dm e N :n, <n < npyq. As

before, we assume that n > ny. It is clear that, (3) is true, i.e.
(Inﬂ]%) C (InﬂKfn .
N k n c kf
X0(>§i XKm()<i,Vn2nm.
k Sy, k m

Hence

n
1
Sn

k=1

£
Il
—

Consequently, [ (NO) =0=1(Ng) =0=1(N§) =1= N§ € .Z. Tt is clear
that
Ns={keN:n, <k<ng ANkeK,)}.

It directly follows that .%; is a right filter. Should pay attention to that, if
36 (M) = A (M)ANL(M) = 4§ (M). The converse is not generally true.

Statement 4.3. Filter %, generated by logarithmic density, is a monotone
close and right filter.

VI. Uniform convergence. Let M C N A (t € Z;;s € N). Assume

M+1Lt+s)=neM:t+1<n<t+s|.

Let
Bs (M) = li%rninf]\/[(tjL L;t+s),
—00
B° (M) =limsup M (t + 1;t + s).
t—ro0
If lim 230 — jim 23D — g()M), then the quantity 8 (M) is called the

5—00 s—oo S

uniform density of the set M. Put .F3={M C N: (M) = 1}. Let us show
that %5 is a filter. It is clear that

M(t+1t+8)+ M (t+1;t+s)=|[t+1,t+5]| =s.

Hence it directly follows that (M) =1 & (M) =0. Iz = {M CN:
(M) =0} is a non-trivial ideal [11]. Therefore, .73 is a filter. It is clear
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that %3 satisfies the condition v). Let us show that .#3 is a monotone close
filter. Let K1 D Ky D ... AN(B(K,)=1,VneN)= [(K;)=0,Vne N =
F{np}peny TN, nyp <np < ...

1
< —, Vs > ngy,.
m

As before, we set Ny = NOU]m, where ]\70 ={keN:n, <k<n,aA
(ke K&)}. It is clear that 5 (Ng) = 8 <N0>. Let n > ny be an arbitrary
integer. Then I3m € N : n,, <n < n,,.1. It is obvious that the inclusion

(In N NO) c (In N K;) ,

in this case is also true. From the arbitrariness of n € N we have
<Noﬂ[t+1;t+s]) c (K;ﬂ[t+1;t+s]> .

Consequently

No(t+ 1t +s) <K, (t+1;t+s),
and, as a result
5 (No) < A" (K.
Thus

ﬁ5<1\~f0> <68(K7%)<i Vs >n
s - s m’ -

From this relation it directly follows
B (No) =0= B(No) =0 = B(N;) =1 = N§ € F,

where

Ny={keN:n, <k<ng ANkeK,)},

i.e. #5 is a monotone close filter.

Statement 4.4. Filter %5, generated by the uniform convergence, is a
monotone close and right filter.

Following [19], number of such examples can be extended.

Remark 4.5. Similar results can be obtained with respect to concepts of
I-convergence and I*-convergence.
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