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Abstract

In this paper, we prove contraction mappings theorems in a fuzzy
metric space and a modified intuitionistic fuzzy metric space using weak
reciprocal continuity introduced by Pant et al. [12], recently.
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1 Introduction and Preliminaries

Since the 16-th century, probability theory has been studying a kind of
uncertainty randomness, that is, the uncertainty of the occurrence of an event;
but in this case, the event itself is completely certain and the only uncertain
thing is whether the event will occur or not and the causality is not clearly
known. Following the study on certainty and on randomness, the study of
mathematics began to explore the restricted zone-fuzziness. Fuzziness is a
kind of uncertainty, i.e., for some events, it can not be completely determined
that in which cases these events should be subordinated that they have already
occurred or not yet (they are in non-black or non-white state). In 1965, Zadeh
[17] introduced the concept of fuzzy set as a new way to represent vagueness
in our everyday life. A fuzzy set A in X is a function with domain X and
values in [0, 1]. However, when the uncertainty is due to fuzziness rather than
randomness, as sometimes in the measurement of an ordinary length, it seems
that the concept of a fuzzy metric space is more suitable. There are many
viewpoints of the notion of the metric space in fuzzy topology. We can divide
them into following two groups: The first group involves those results in which
a fuzzy metric on a set X is treated as a mapping, where X represents the
totality of all fuzzy points of a set and satisfy some axioms which are analogous
to the ordinary metric axioms. Thus, in such an approach numerical distances
are set up between fuzzy objects. On the other hand in second group, we keep
those results in which the distance between objectsis fuzzy and the objects
themselves may or may not be fuzzy.

Kramosil and Michálek [9] introduced the concept of fuzzy metric spaces
as follows:

Definition 1.1. ([9]) The 3-tuple (X, M, ∗) is called a fuzzy metric space
if X is an arbitrary set, ∗ is a continuous t-norm and M is a fuzzy set on
X2 × [0,∞) satisfying for all x, y, z ∈ X and t, s > 0

(FM-1) M(x, y, 0) = 0;
(FM-2) M(x, y, t) = 1 for all t > 0 if and only if x = y;
(FM-3) M(x, y, t) = M(y, x, t);
(FM-4) M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s);
(FM-5) M(x, y, ·) : [0, 1) → [0, 1] is left continuous.

Note that M(x, y, t) can be thought of as the degree of nearness between
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x and y with respect to t. We can fuzzify examples of metric spaces into fuzzy
metric spaces in a natural way:

Let (X, d) be a metric space. Define a ∗ b = ab for all x, y ∈ X and t > 0.
Define M(x, y, t) = t/(t + d(x, y)) for all x, y ∈ X and t > 0. Then (X, M, ∗)
is a fuzzy metric space and this fuzzy metric induced by a metric d is called
the standard fuzzy metric.

Definition 1.2. ([6]) Let (X, M, ∗) be a fuzzy metric space. Then a se-
quence {xn} in X is said to be

(1) Cauchy sequence if limn→∞ M(xn+p, xn, t) = 1 for all t > 0 and p > 0,
(2) convergent to x ∈ X, denoted by xn → x, if limn→∞ M(xn, x, t) = 1 for

all t > 0.

Definition 1.3. ([6]) A fuzzy metric space (X, M, ∗) is said to be complete
if every Cauchy sequence in X is convergent.

Example 1.4. ([5]) Let X = {1/n : n ∈ N} ∪ {0} and ∗ be the continuous
t-norm defined by a ∗ b = ab for all a, b ∈ [0, 1]. For each t ∈ (0,∞) and
x, y ∈ X, define

M(x, y, t) =

{
t

t+|x−y| if t > 0,

0 if t = 0.

Clearly, (X, M, ∗) is complete fuzzy metric space.

Definition 1.5. ([10]) Let f and g be self-mappings of a fuzzy metric space
(X, M, ∗). Then f and g are said to be compatible if limn→∞ M(fgxn, gfxn, t)
= 1 whenever {xn} is a sequence in X such that limn→∞ fxn = limn→∞ gxn = z
for some z ∈ X.

Definition 1.6. ([7]) Let f and g be self-mappings of a fuzzy metric space
(X, M, ∗). Then f and g are called, for all x ∈ X and t > 0,

(1) R-weakly commuting ([16]) if there exists R > 0 such that M(fgx, gfx, t)
≥ M(fx, gx, t/R),

(2) R-weakly commuting of type (Ag) if there exists R > 0 such that
M(ffx, gfx, t) ≥ M(fx, gx, t/R),

(3) R-weakly commuting of type (Af) if there exists R > 0 such that
M(fgx, ggx, t) ≥ M(fx, gx, t/R),

(4) R-weakly commuting of type (P ) if there exists R > 0 such that
M(ffx, ggx, t) ≥ M(fx, gx, t/R).

In 1998, Pant [11] introduced a new continuity condition, known as recip-
rocal continuity.

Definition 1.7. Let f and g be two self-mappings. Then f and g are called
reciprocally continuous if limn→∞ fgxn = fz and limn→∞ gfxn = gz, whenever
{xn} is a sequence such that limn→∞ fxn = limn→∞ gxn = z for some z ∈ X.
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If f and g are both continuous, then they are obvious reciprocally contin-
uous but the converse is not true.

Recently, Pant et al. [12] generalized the notion of reciprocal continuity to
weak reciprocal continuity.

Definition 1.8. Let f and g be two self-mappings. Then f and g are called
weakly reciprocally continuous if limn→∞ fgxn = fz or limn→∞ gfxn = gz,
whenever {xn} is a sequence such that limn→∞ fxn = limn→∞ gxn = z for
some z ∈ X.

If f and g are reciprocally continuous, then they are obviously weakly
reciprocally continuous but the converse is not true.

Atanassov [1] introduced and studied the concept of intuitionistic fuzzy sets
as a generalization of fuzzy sets and later there has been much progress in the
study of intuitionistic fuzzy sets by many authors [2]. In 2004, Park [13] defined
the notion of intuitionistic fuzzy metric space with the help of continuous t-
norms and continuous t-conorms as a generalization of fuzzy metric space [9].
Intuitionistic fuzzy metric notation is useful in modelling some phenomena
where it is necessary to study relationship between two probability functions.

Since the intuitionistic fuzzy metric pace has extra conditions (see [1], [2]),
Saadati et al. [15] modify the idea of intuitionistic fuzzy metric spaces and
present the new notion of intuitionistic fuzzy metric spaces (called modified
intuitionistic fuzzy metric spaces) with the help of the notion of continuous
t-representable.

Lemma 1.9. ([4]) Consider the set L∗ and the operation ≤L∗ defined by

L∗ = {(x1, x2) : (x1, x2) ∈ [0, 1]2, x1 + x2 ≤ 1},
(x1, x2) ≤L∗ (y1, y2) if and only if x1 ≤ y1 and x2 ≥ y2 for every (x1, x2),
(y1, y2) ∈ L∗. Then (L∗,≤L∗) is a complete lattice.

We denote its units by 0L∗ = (0, 1) and 1L∗ = (1, 0).

Definition 1.10. ([3]) A triangular norm (t-norm) on L∗ is a mapping
F : (L∗)2 → L∗ satisfying

(t-1) F (x, 1L∗) = x for all x ∈ L∗;
(t-2) F (x, y) = F (y, x) for all x, y ∈ L∗;
(t-3) F (x, F (y, z)) = F (F (x, y), z) for all x, y, z ∈ L∗;
(t-4) If for all x, x′, y, y′ ∈ �L∗ with x ≤L∗ x′ and y ≤L∗ y′, then F (x, y) ≤L∗

F (x′, y′).

Definition 1.11. ([3]) A continuous t-norm F on L∗ is called continuous
t-representable iff there exist a continuous t-norm ∗ and a continuous t-conorm

 on [0, 1] such that for all x = (x1, x2), y = (y1, y2) ∈ L∗, F (x, y) = (x1 ∗
y1, x2 
 y2).
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Definition 1.12. ([15]) Let M, N are fuzzy sets from X2 × (0,∞) → [0, 1]
such that M(x, y, t) + N(x, y, t) ≤ 1 for all x, y ∈ X and t > 0. The 3-
tuple (X, ζM,N , F ) is said to be a modified intuitionistic fuzzy metric space
if X is an arbitrary non empty set, F is a continuous t-representable and
ζM,N : X2 × (0,∞) → L∗ is a mapping satisfying, for every x, y ∈ X and
t, s > 0,

(MF-1) ζM,N (x, y, t) >L∗ 0L∗ ;
(MF-2) ζM,N (x, y, t) = 1L∗ if and only if x = y;
(MF-3) ζM,N (x, y, t) = ζM,N(y, x, t);
(MF-4) ζM,N (x, y, t + s) ≥L∗ F (ζM,N(x, z, t), ζM,N (z, y, s));
(MF-5) ζM,N (x, y, ·) : (0,∞) → L∗ is continuous.

In this case, ζM,N is called a modified intuitionistic fuzzy metric. Here
ζM,N (x, y, t) = (M(x, y, t), N(x, y, t)).

Remark 1.13. ([14]) Let (X, ζM,N , F ) be a modified intuitionistic fuzzy
metric space. Then M(x, y, ·) is non-decreasing and N(x, y, ·) is non-increasing
for all x, y ∈ X. Hence ζM,N(x, y, t) is non-decreasing with respect to t for all
x, y ∈ X.

Definition 1.14. ([15]) Let (X, ζM,N , F ) be a modified intuitionistic fuzzy
metric space. Then a sequence {xn} in X is said to be

(1) a Cauchy sequence if for each ε > 0 and t > 0, there exists n0 ∈ N such
that ζM,N(xn, xm, t) >L∗ (1 − ε, ε) for each n, m ≥ n0 and t > 0,

(2) convergent to x ∈ X, denoted by xn → x, if limn→∞ ζM,N (xn, x, t) = 1L∗

for all t > 0.

Definition 1.15. ([15]) A modified intuitionistic fuzzy metric space (X,
ζM,N , F ) is said to be complete if every Cauchy sequence in X is convergent.

Definition 1.16. ([15]) Let f and g be self-mappings of a modified in-
tuitionistic fuzzy metric space (X, ζM,N , F ). Then f and g are said to be
compatible if limn→∞ ζM,N (fgxn, gfxn, t) = 1L∗ whenever {xn} is a sequence
in X such that limn→∞ fxn = limn→∞ gxn = z for some z ∈ X.

Definition 1.17. Let f and g be self-mappings of a modified intuitionistic
fuzzy metric space (X, ζM,N , F ). Then f and g are said to be, for all x ∈ X
and t > 0,

(1) R-weakly commuting if there exists R > 0 such that ζM,N(fgx, gfx, t)
≥L∗ ζM,N(fx, gx, t/R),

(2) R-weakly commuting of type (Ag) if there exists R > 0 such that
ζM,N (fgx, gfx, t) ≥L∗ ζM,N(fx, gx, t/R),

(3) R-weakly commuting of type (Af) if there exists R > 0 such that
ζM,N (fgxn, ggxn, t) ≥L∗ ζM,N (fx, gx, t/R),

(4) R-weakly commuting of type (P ) if there exists R > 0 such that
ζM,N (ffxn, ggxn, t) ≥L∗ ζM,N(fx, gx, t/R).
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2 A Fixed Point Theorem in a Fuzzy Metric

Space

For our main result, we need the following lemmas.

Lemma 2.1. ([10]) Let (X, M, ∗) be a fuzzy metric space. If there exists
a number k ∈ (0, 1) such that M(x, y, kt) ≥ M(x, y, t) for all x, y ∈ X and
t > 0, then x = y.

Lemma 2.2. ([6]) Let (X, M∗) be a fuzzy metric space and {yn} be a se-
quence in X. If there exists a number k ∈ (0, 1) such that M(yn, yn+1, kt) ≥
M(yn−1, yn), t) for all n ∈ N and t > 0, then {yn} is a Cauchy sequence in X.

Now, we are ready to give our main theorem.

Theorem 2.3. Let f and g be weakly reciprocally continuous self-mappings
of a complete be fuzzy metric space (X, M, ∗) satisfying

(C1) f(X) ⊂ g(X),
(C2) there exists k ∈ (0, 1) such that

M(fx, fy, kt) ≥ min{M(gx, gy, t), M(fx, gx, t), M(fy, gy, t)}
for any x, y ∈ X and t > 0.

If f and g are either compatible or R-weakly commuting of type (Ag) or
R-weakly commuting of type (Af ) or R-weakly commuting of type (P ), then f
and g have a unique common fixed point.

Proof. Let x0 be any point in X. Then as f(X) ⊂ g(X), we can define a
sequence {yn} in X as

yn = fxn = gxn+1. (2.1)

Now, we show that {yn} is a Cauchy sequence in X. For proving this, by
(C2), we have

M(yn, yn+1, kt)

= M(fxn, fxn+1, kt)

≥ min{M(gxn, gxn+1, t), M(fxn, gxn, t), M(fxn+1, gxn+1, t)}
= min{M(yn−1, yn, t), M(yn, yn−1, t), M(yn+1, yn, t)}.

If M(yn, yn+l, kt) < M(yn−1, yn, t), then we have

M(yn, yn+1, kt) > M(yn, yn+1, kt),

which is a contraction. Thus we have

M(yn, yn+1, kt) ≥ M(yn−1, yn, t).
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Then, by Lemma 2.2, {yn} is a Cauchy sequence in X. As X is complete,
there exist a point z ∈ X such that limn→∞ yn = z. Therefore, by (2.1), we
have

lim
n→∞

yn = lim
n→∞

fxn = lim
n→∞

gxn+1 = z.

Suppose that f and g are compatible mappings. Now, by weak reciprocal
continuity of f and g implies that limn→∞ fgxn = fz or limn→∞ gfxn = gz.

Assume that limn→∞ gfxn = gz. Then compatibility of f and g gives
limn→∞ M(fgxn, gfxn, t) = 1, that is, limn→∞ M(fgxn, gz, t) = 1. Hence
limn→∞ fgxn = gz. By (2.1), we get limn→∞ fgxn+1 = ffxn = gz. Therefore,
by (C2), we get

M(fz, ffxn, kt) ≥ min{M(gz, gfxn, t), M(fz, gz, t), M(ffxn, gfxn, t)}.
As n → ∞

M(fz, gz, kt) ≥ min{M(gz, gz, t), M(fz, gz, t), M(gz, gz, t)}
= M(fz, gz, t).

Hence, by Lemma 2.1, we get fz = gz. Again compatibility of f and g implies
commutativity at a coincidence point. Hence gfz = fgz = ffz = ggz. Using
(C2) we obtain

M(fz, ffz, kt) ≥ min{M(gz, gfz, t), M(fz, gz, t), M(ffz, gfz, t)}
= min{M(fz, ffz, t), M(fz, fz, t), M(ffz, ffz, t)}
= M(fz, ffz, t),

that is, we get fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Next suppose that limn→∞ fgxn = fz. Then by f(X) ⊂ g(X), there exists
u ∈ X such that fz = gu and limn→∞ fgxn = gu. Compatibility of f and
g implies limn→∞ gfxn = gu. By virtue of (2.1), this gives limn→∞ fgxn+1 =
limn→∞ ffxn = gu. Using (C2), we get

M(fu, ffxn, kt) ≥ min{M(gu, gfxn, t), M(fu, gu, t), M(ffxn, gfxn, t)}.
As n → ∞

M(fu, gu, kt) ≥ min{M(gu, gu, t), M(fu, gu, t), M(gu, gu, t)}
= M(fu, gu, t)

so that, we get fu = gu. Compatibility of f and g yields fgu = ggu = ffu =
gfu. Finally, using (C2), we obtain

M(fu, ffu, kt) ≥ min{M(gu, gfu, t), M(fu, gu, t), M(ffu, gfu, t)}
= min{M(fu, ffu, t), M(fu, gu, t), M(ffu, gfu, t)}
= M(fu, ffu, t),
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that is, fu = ffu. Hence fu = ffu = gfu and fu is a common fixed point of
f and g.

Now, suppose that f and g are R-weakly commuting of type (Ag). Now,
weak reciprocal continuity of f and g implies that limn→∞ fgxn = fz or
limn→∞ gfxn = gz.

Let limn→∞ gfxn = gz. Then R-weak commutativity of type (Ag) of f
and g yields M(ffxn, gfxn, t) ≥ M(fxn, gxn, t/R), that is, M(ffxn, gz, t) ≥
M(z, z, t/R) = 1. This gives limn→∞ ffxn = gz. Also, using (C2) we get

M(fz, ffxn, kt) ≥ min{M(gz, gfxn, t), M(fz, gz, t), M(ffxn, gfxn, t)}.

As n → ∞
M(fz, gz, kt) ≥ min{M(gz, gz, t), M(fz, gz, t), M(gz, gfxn, t)}

= M(fz, gz, t)

so that, by Lemma 2.1, we get fz = gz. Again, by using R-weak commutativity
of type (Ag), M(ffz, gfz, t) ≥ M(fz, gz, t/R) = 1. This yields ffz = gfz.
Therefore, ffz = fgz = gfz = ggz. Using (C2), we get

M(fz, ffz, kt) ≥ min{M(gz, gfz, t), M(fz, gz, t), M(ffz, gfz, t)}
= min{M(fz, ffz, t), M(fz, fz, t), M(ffz, ffz, t)}
= M(fz, ffz, t),

that is, we have fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Similarly, if limn→∞ fgxn = fz, then we can easily prove.
Suppose that f and g are R-weakly commuting of type (Af ). Again, as

done above, we can easily prove that fz is a common fixed point of f and g.
Finally, suppose f and g are R-weakly commuting of type (P ). Weak recip-

rocal continuity of f and g implies that limn→∞ fgxn = fz or limn→∞ gfxn =
gz.

Let limn→∞ gfxn = gz. Then R-weak commutativity of type (P ) of f and g
yields M(ffxn, ggxn, t) ≥ M(fxn, gxn, t/R), that is, limn→∞ M(ffxn, ggxn, t)
≥ M(z, z, t/R) = 1. This gives limn→∞ M(ffxn, ggxn, t) = 1. Using (2.1), we
have gfxn−1 = ggxn → gz and ffxn → gz as n → ∞. Also, using (C2) we
get

M(fz, ffxn, kt) ≥ min{M(gz, gfxn, t), M(fz, gz, t), M(ffxn, gfxn, t)}.

As n → ∞
M(fz, gz, kt) ≥ min{M(gz, gz, t), M(fz, gz, t), M(gz, gz, t)}

= M(fz, gz, t)
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so that, by Lemma 2.1, we get fz = gz. Again, by using R-weak commutativity
of type (P ), M(ffz, ggz, t) ≥ M(fz, gz, t/R) = 1. This yields ffz = ggz.
Therefore, ffz = fgz = gfz = ggz. Using (C2), we get

M(fz, ffz, kt) ≥ min{M(gz, gfz, t), M(fz, gz, t), M(ffz, gfz, t)}
= min{M(fz, ffz, t), M(fz, fz, t), M(ffz, ffz, t)}
= M(fz, ffz, t),

that is, we get fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Similarly, if limn→∞ fgxn = fz, then we can easily prove.
Uniqueness of the common fixed point theorem follows easily in each of the

four cases by using (C2).

We now give an example to illustrate Theorem 2.3.

Example 2.4. ([12]) Let (X, M, ∗) be fuzzy metric space, where X = [2, 20]
and

M(x, y, t) =
t

t + |x − y|
for all x, y ∈ X. Define f and g : X → X by

{
fx = 2 if x = 2 or x > 5,

fx = 6 if 2 < x ≤ 5,

⎧⎪⎨
⎪⎩

gx = 2 if x = 2,

gx = 12 if 2 < x ≤ 5,

gx = (x + 1)/3 if x > 5.

Let {xn} be a sequence in X such that either xn = 2 or xn = 5 + 1/n for
each n. Then clearly, f and g satisfy all the conditions of Theorem 2.3 and
have a unique common fixed point at x = 2.

3 A Fixed Point Theorem in a Modified Intu-

itionistic Fuzzy Metric Space

For our main result, we need the following lemmas.

Lemma 3.1. ([8]) Let (X, ζM,N , F ) be a modified intuitionistic fuzzy met-
ric space. If there exists a number k ∈ (0, 1) such that ζM,N(x, y, kt) ≥L∗

ζM,N (x, y, t) and for all x, y ∈ X and t > 0, then x = y.

Lemma 3.2. ([8]) Let (X, ζM,N , F ) be a modified intuitionistic fuzzy metric
space and {yn} be a sequence in X. If there exists a number k ∈ (0, 1) such
that ζM,N (yn, yn+1, t) ≥L∗ ζM,N(yn−1, yn, t) for all n ∈ N and t > 0, then {yn}
is a Cauchy sequence in X.
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Now, we are ready to give our main theorem.

Theorem 3.3. Let f and g be weakly reciprocally continuous self-mappings
of a complete modified intuitionistic fuzzy metric space (X, ζM,N , F ) satisfying
the following conditions:

(C1) f(X) ⊂ g(X),
(C3) there exists k ∈ (0, 1) such that

ζM,N (fx, y, fkt) ≥L∗ min{ζM,N(gx, gy, t), ζM,N(fx, gx, t), ζM,N(fx, gy, t)}

for any x, y ∈ X and t > 0.
If f and g are either compatible or R-weakly commuting of type (Ag) or

R-weakly commuting of type (Af ) or R-weakly commuting of type (P ), then f
and g have a unique common fixed point.

Proof. Let x0 be any point in X. Then as F (X) ⊂ g(X), we can define a
sequence {yn} in X as

yn = fxn = gxn+1. (3.1)

Now, we show that {yn} is a Cauchy sequence in X. For proving this, by
(C3), we have

ζM,N(yn, yn+1, kt)

= ζM,N(fxn, fxn+1, kt)

≥L∗ min{ζM,N(gxn, gxn+1, t), ζM,N(fxn, gxn, t), ζM,N(fxn+1, gxn+1, t)}
= min{ζM,N(yn−1, yn, t), ζM,N(yn, yn−1, t), ζM,N(yn+1, yn, t)}.

If ζM,N(yn, yn+1, kt) < ζM,N (yn−1, yn, t), then we have

ζM,N (yn, yn+1, kt) >L∗ ζM,N(yn, yn+1, kt),

which is a contraction. Thus we have

ζM,N(yn, yn+1, kt) ≥L∗ ζM,N(yn−1, yn, t).

Then, by Lemma 3.2, {yn} is a Cauchy sequence in X. As X is complete, there
exist a point z ∈ X such that limn→∞ yn = z. Therefore, by (3.1), we have

lim
n→∞

yn = lim
n→∞

fxn = lim
n→∞

gxn+1 = z.

Suppose that f and g are compatible mappings. Now, by weak reciprocal
continuity of f and g implies that limn→∞ fgxn = fz or limn→∞ gfxn = gz.

Assume that limn→∞ gfxn = gz. Then compatibility of f and g gives
limn→∞ ζM,N (fgxn, gfxn, t) = 1L∗ , that is, limn→∞ ζM,N(fgxn, gz, t) = 1L∗ .
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Hence limn→∞ fgxn = gz. By (3.1), we get limn→∞ fgxn+1 = limn→∞ ffxn =
gz. Therefore, by (C3), we get

ζM,N (fz, ffxn, kt)

≥L∗ min{ζM,N(gz, gfxn, t), ζM,N(fz, gz, t), ζM,N(ffxn, gfxn, t)}.
As n → ∞

ζM,N (fz, gz, kt) ≥L∗ min{ζM,N (gz, gz, t), ζM,N(fz, gz, t), ζM,N(gz, gz, t)}
= ζM,N(fz, gz, t).

Hence, by Lemma 3.1, we get fz = gz. Again compatibility of f and g implies
commutativity at a coincidence point. Hence gfz = fgz = ffz = ggz. Using
(C3) we obtain

ζM,N(fz, ffz, kt) ≥L∗ min{ζM,N(gz, gfz, t), ζM,N(fz, gz, t), ζM,N(ffz, gfz, t)}
= min{ζM,N(fz, ffz, t), ζM,N(fz, fz, t), ζM,N (ffz, gfz, t)}
= ζM,N (fz, ffz, t)},

that is, we get fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Next suppose that limn→∞ fgxn = fz. Then by f(X) ⊂ g(X), there exists
u ∈ X such that fz = gu and limn→∞ fgxn = gu. Compatibility of f and
g implies limn→∞ gfxn = gu. By virtue of (3.1), this gives limn→∞ fgxn+1 =
limn→∞ ffxn = gu. Using (C3), we get

ζM,N(fu, ffxn, kt)

≥L∗ min{ζM,N(gu, gfxn, t), ζM,N(fu, gu, t), ζM,N(ffxn, gfxn, t)}.
As n → ∞

ζM,N (fu, gu, kt) ≥L∗ min{ζM,N(gu, gu, t), ζM,N(fu, gu, t), ζM,N(gu, gu, t)}
= ζM,N(fu, gu, t)

so that, we get fu = gu. Compatibility of f and g yields fgu = ggu = ffu =
gfu. Finally, using (C3), we obtain

ζM,N(fu, ffu, kt)

≥L∗ min{ζM,N(gu, gfu, t), ζM,N(fu, gu, t), ζM,N(ffu, gfu, t)}
= min{ζM,N (fu, ffu, t), ζM,N(fu, fu, t), ζM,N(ffu, ffu, t)}
= ζM,N(fu, ffu, t)},

that is, fu = ffu. Hence fu = ffu = gfu and fu is a common fixed point of
f and g.



2266 S. Manro, S. S. Bhatia, S. Kumar and S. M. Kang

Now, suppose that f and g are R-weakly commuting of type (Ag). Now,
weak reciprocal continuity of f and g implies that limn→∞ fgxn = fz or
limn→∞ gfxn = gz.

Assume that limn→∞ gfxn = gz. Then R-weak commutativity of type
(Ag) of f and g yields ζM,N(ffxn, gfxn, t) ≥L∗ ζM,N (fxn, gxn, t/R), that is,
limn→∞ ζM,N (ffxn, gz, t) ≥L∗ ζM,N (z, z, t/R) = 1L∗ . This gives limn→∞ ffxn

= gz. Also, using (C3) we get

ζM,N (fz, ffxn, kt)

≥L∗ min{ζM,N(gz, gfxn, t), ζM,N(fz, gz, t), ζM,N(ffxn, gfxn, t)}.
As n → ∞

ζM,N (fz, gz, kt) ≥L∗ min{ζM,N (gz, gz, t), ζM,N(fz, gz, t), ζM,N(gz, gz, t)}
= ζM,N(fz, gz, t)

so that, by Lemma 3.1, we get fz = gz. Again, by using R-weak commutativity
of type (Ag), ζM,N (ffz, gfz, t) ≥L∗ ζM,N(fz, gz, t/R) = 1L∗ . This yields ffz =
gfz. Therefore, ffz = fgz = gfz = ggz. Using (C3), we get

ζM,N(fz, ffz, kt) ≥L∗ min{ζM,N(gz, gfz, t), ζM,N(fz, gz, t), ζM,N(ffz, gfz, t)}
= min{ζM,N(fz, ffz, t), ζM,N(fz, fz, t), ζM,N (ffz, ffz, t)}
= ζM,N (fz, ffz, t)},

that is, we have fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Similarly, if limn→∞ fgxn = fz, then we can easily prove.
Suppose f and g are R-weakly commuting of type (Af ). Again, as done

above, we can easily prove that fz is a common fixed point of f and g.
Finally, suppose that f and g are R-weakly commuting of type (P ). Weak

reciprocal continuity of f and g implies limn→∞ fgxn = fz or limn→∞ gfxn =
gz.

Assume that limn→∞ gfxn = gz. Then R-weak commutativity of type
(P ) of f and g yields ζM,N(ffxn, ggxn, t) ≥L∗ ζM,N (fxn, gxn, t/R), that is,
ζM,N (ffxn, ggxn, t) ≥L∗ ζM,N(z, z, t/R) = 1L∗ . This gives ζM,N(ffxn, ggxn, t)
= 1L∗ . Using (3.1), we have, gfxn−1 = ggxn → gz and ffxn → gz as n → ∞.
Also, using (C3) we get

ζM,N (fz, ffxn, kt)

≥L∗ min{ζM,N(gz, gfxn, t), ζM,N(fz, gz, t), ζM,N(ffxn, gfxn, t)}.
As n → ∞

ζM,N (fz, gz, kt) ≥L∗ min{ζM,N (gz, gz, t), ζM,N(fz, gz, t), ζM,N(gz, gz, t)}
= ζM,N(fz, gz, t),
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that is, by Lemma 3.1, we get fz = gz. Again, by using R-weak commutativity
of type (P ), ζM,N(ffz, ggz, t) ≥L∗ ζM,N (fz, gz, t/R) = 1L∗ . This yields ffz =
ggz. Therefore, ffz = fgz = gfz = ggz. Using (C3), we get

ζM,N(fz, ffz, kt) ≥L∗ min{ζM,N(gz, gfz, t), ζM,N(fz, gz, t), ζM,N(ffz, gfz, t)}
= min{ζM,N(fz, ffz, t), ζM,N(fz, fz, t), ζM,N (ffz, ffz, t)}
= ζM,N (fz, ffz, t)}

so that, we get fz = ffz. Hence fz = ffz = gfz and fz is a common fixed
point of f and g.

Similarly, if limn→∞ fgxn = fz, then we can easily prove.
Uniqueness of the common fixed point theorem follows easily in each of the

four cases by using (C3).

We now give an example to illustrate Theorem 3.3.

Example 3.4. ([12]) Let (X, ζM,N , F ) be modified intuitionistic fuzzy met-
ric space, where X = [2, 20] and

ζM,N (x, y, t) =

(
t

t + |x − y| ,
|x − y|

t + |x − y|
)

for all x, y ∈ X. Define f and g : X → X as in Example 2.4
Let {xn} be a sequence in X such that either xn = 2 or xn = 5 + 1/n for

each n. Then clearly, f and g satisfy all the conditions of Theorem 3.3 and
have a unique common fixed point at x = 2.
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