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Abstract. We show that if a diffeomorphism has the periodic shadowing

property on the chain recurrent set, then the closure of the periodic set is the

chain recurrent set.
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1. Introduction, basic notions and Theorems

Let M be a closed C∞ manifold, and let Diff(M) be the space of diffeo-

morphisms of M endowed with the C1-topology. Denote by d the distance on

M induced from a Riemannian metric ‖ · ‖ on the tangent bundle TM . Let

f ∈ Diff(M). For given x, y ∈ M , we write x � y if for any δ > 0, there is a

δ-pseudo orbit {xi}b
i=a(−∞ ≤ a < b ≤ ∞) of f such that xa = x and xb = y.

We write x� y if x� y and y � x. The set of points {x ∈ M : x� x} is

called the chain recurrent set of f and is denoted by CR(f). If we denote the

set of periodic points f by P (f), then P (f) ⊂ Ω(f) ⊂ CR(f). Here Ω(f) is the

non-wandering set of f . We introduce the notion of the periodic shadowing
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property. We say that a δ-pseudo orbit {xi}i∈� is a periodic δ-pseudo orbit if

xn+i = xi for some n ∈ Z. We say that f has the periodic shadowing property

if for any ε > 0 there is δ > 0 such that for any periodic δ-pseudo orbit {xi}i∈�
with xn+i = xi, there is y ∈ P (f) such that

d(f i(y), xi) < ε

for all i ∈ Z. The notion of the periodic shadowing property was well studied

by [4]. We say that f has the Lipschitz periodic shadowing property if there

exist L, d > 0 such that if {xi}i∈� is a periodic δ-pseudo orbit of f with δ ≤ d

then there is a periodic point p such that

d(f i(p), xi) ≤ Lδ

for all i ∈ Z. In [4], the authors showed that the following are equivalent:

(a) f belongs to the set of diffeomorphisms having the periodic shadowing

property, (b) f belongs to the set of diffeomorphisms having the Lipschitz

periodic shadowing property, and (c) f satisfies both Axiom A and the no-

cycle condition. Note that there is diffeomorphisms that are not Ω-stable but

have the periodic shadowing property. Thus Ω-stability is not equivalent to

the periodic shadowing property.

In differentiable dynamical systems, the existence of the periodic points is

very important contexts. We introduce various results for the set of periodic

points as follows. We say that a point x ∈ M is well closable for f ∈ Diff(M)

if for any ε > 0 there are g ∈ Diff(M) with d1(f, g) < ε and p ∈ M such that

p ∈ P (g), g = f on M−Bε(x, f) and d(fn(x), gn(p)) ≤ ε for any 0 ≤ n ≤ π(p),

where π(p) is the period of p, and d1 is the C1-metric. Let Σf denote the set

of well closable points of f. Then Mañé showed that the following fact.

Theorem 1.1. [3, Theorem A] For any f -invariant probability measure μ, we

have μ(Σf ) = 1.

Generic properties are objects of special interest in the theory of dynamical

systems. A subset Y of a topological space X is said to be residual if it contains

the intersection of a countable family of open and dense subsets of X. We say

that a dynamic property is generic if it holds for all cascades in a residual

subset of the space of dynamical systems with a certain topology.

In [6] Pugh showed that C1-generically, P (f) = Ω(f), and Bonatti and

Crovisier [2] showed that C1-generically, P (f) = CR(f). Thus we have

Theorem 1.2. There is a residual set R ⊂ Diff(M) such that for any f ∈ R,

P (f) = Ω(f) = CR(f).
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From the results, we know that they used to the notions of several type and

showed that P (f) = CR(f).

We say that f has the shadowing property if for every ε > 0 there is δ > 0

such that for any δ-pseudo orbit {xi}i∈� of f there is a point y ∈ M such that

d(f i(y), xi) < ε for all i ∈ Z.

The following is a result of the shadowing property on the chain recurrent

set.

Theorem 1.3. [1, Theorem 3.1.2] If f has the shadowing property on CR(f),

then Ω(f) = CR(f).

But, from the result we don’t know that if f has the shadowing property on

CR(f) then is it CR(f) = P (f)?

In this paper, we will show that if f has the periodic shadowing property

on CR(f), then P (f) = CR(f).

Theorem 1.4. Suppose that f has the periodic shadowing property on CR(f).

Then P (f) = CR(f).

Proof. It is clear P (f) ⊂ CR(f). Thus we show that CR(f) ⊂ P (f), that is,

for any x ∈ CR(f) for any ε-neighborhood Bε(x) of x, there is a periodic point

y ∈ P (f) such that y ∈ Bε(x) ∩ P (f).

For ε > 0, let 0 < δ < ε be the number of the periodic shadowing property

of f. For x ∈ CR(f), there is δ > 0 such that x0 = x, d(f(xi), xi+1) < δ for 1 <

i <≤ n − 1, and xn = x. Set ξ = {xi : 0 ≤ i ≤ n}. Since f |CR(f) = CR(f)(see

[1, Theorem 3.1.6]), we know that ξ ⊂ CR(f) and ξ is a periodic δ-pseudo

orbit of f. By the periodic shadowing property, there is y ∈ P (f) such that

(i) fn(y) = y, and (ii) d(f i(y), xi) < ε for all i ∈ Z. Thus the periodic point

y ∈ Bε(x) ∩ P (f). This is a proof of Theorem 1.4

Acknowledgments. This work is supported by Basic Science Research Pro-

gram through the National Research Foundation of Korea (NRF) funded by

the Ministry of Education, Science and Technology (No. 2011-0007649).

References

[1] N. Aoki and K. Hiraide, Topological theory of dynamical systems vol. 52 of North-
Holland Math. Library. North-Holland Publ. Co. Amsterdam, 1994. Recent advances.
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