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1. INTRODUCTION

In a number of papers (see e.g. [5, 1, 6, 7, 8, 13, 11]) approximation of
classes of functions defined by symmetric or asymmetric operators of gener-
alised translation by means of algebraic polynomials is considered.

In our paper we consider the approximation of classes of functions defined by
generalised modulus of smoothness of derivatives of these functions. In more
general terms, we consider approximation by algebraic polynomials of certain
generalised Lipschitz classes of functions.
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By Ly,[a,b] we denote the set of functions f such that for 1 <p < oo fisa
measurable function on the segment [a, b] and

i, = ([ 1@ias) 7w

and for p = oo the function f is continuos on the segment [a, b] and

17l = e, 1)
In case that [a,b] = [—1, 1] we simply write L, instead of L,[—1,1].

Denote by L, . s the set of functions f such that f(x)(1—2z)*(1+ )" € L,
and put

1Fllpas = I1f (@)1 = 2)*(1+2)°]],.

By E.(f)pa,p we denote the best approximation of the function f € L, .3
by means of algebraic polynomials of degree not greater than n — 1, in L, , 3
metrics, i.e.

En(fpas = = Pallyap

where P, is an algebraic polynomial of degree not greater than n — 1.
For a summable function f we define the asymmetric operator of generalised
translation T} (f, ) by

b
(1 —a?)

></1 (1= R =2 (1= ) sin?t +4(1-2%) (1 - 22) sin’t) f(R)

1

T,(f,x) =
dz
V1—22

where R = xcost + zv/1 — x?sint.
For a function f € L, , 3 we define by means of this operator of generalised
translation the generalised modulus of smoothness by

Ti(f,2) = f(x)

(D(fa 5)p,a,ﬁ = Sup

[t|<8 D3

We say that ¢ is a function of modulus of continuity type if

1. ¢ is continuos and non-negative function on the interval (—1, 1],
2. ¢(t1) < Cpap(ta) (0 <ty <ty < 1),
3. p(2t) < Cupp(t) (0<t < 3.

We say that a function f(z) has the derivative of order r inside of the
interval (—1,1) if the function f(z) has the absolutely continuos derivative of
order r —1 in every segment [a,b] C (—1,1). From the last condition it follows
that almost everywhere on the segment [a, b] there exists the finite derivative
of order r, which is a summable function on that interval.
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Denote by D, ,,, the following operator of differentiation
2

d
E‘F(M—V—(V—F/L—FQ)x)

Dx,l/,,u, = (1 — .CIZ'2) %,

and put

Di,ll,ﬂf(x) = D'I:V#l/f(x)’
D;,V,uf(‘r) = D%MH (‘D;,_V,luf(x)) (T - 17 2) e )
We say that f € AD(p,«, 3) if f € L, 4, the function f has the derivative

4 f(x) absolutely continuos on every segment [a,b] C (—1,1) and D, . f(x) €
dx SV
L

p,a, B+

By P (z) (n=0,1,...) we denote the Jacobi’s polynomials, i.e. algebraic
polynomials of order n, orthogonal to each other with weight (1—z)"(142)" on
the segment [—1,1] and normed by the condition PY"™(1) =1 (n=0,1,...).
Let v > pu > —%. The following symmetric operators of generalised transla-

tion (see e.g. [5, 1, 6, 7, 8])) will have an auxiliary role below:
1. forv=p= —%

SiF o) = 5 Quinn) — F(Quenr))

2. forl/:,u>—%

1

I b1
Si(f, v, ) = W /1 f(Qutzn) (1 — 22) 2 dz;

3. f0r1/>,u:—%

1 ! y_1
Si(f, v, ) = W /1 f(Quinz) (1 — ZQ) 2 dz;

4. forl/>,u>—%

St(f? z,v, :U’)
1
V(v )

1 1 L
L[ @uesa (=227 s =ty e,
0 -1
where

t
Qo = weost + zuV/T—a?sint — (1 - ) (1 - z)sin® -,
! _1
v(v) :/ (1—22)V 2 dz,
-1
1 1 i B
(v, 1) =/ / (1= 227" 22 (1 — )2 dudz.
0 -1
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2. AUXILIARY STATEMENTS
We need the following lemmas in order to prove our results.

Lemma 2.1. Let P,(x) be an algebraic polynomial of order not greater than
n_17 1§p§00702070'20;

1 1
a>——, [B>—— forl<p<oo,
p p
a =0, 6>0 for p = oo.
The following inequalities hold true
1BA) s 13 < Conl|Prlys
1Pl o < Con® ™ PPl i s
where constants Cy and Cy do not depend on n.

Lemma 2.1 is proved in [3].

Lemma 2.2. Let be given numbers p, o, 3 and v such that 1 < p < oo,
v = min{q, 5};

1
vy>1—— forl<p<oo,
2p
v>1 for p = oo.
Let € be an arbitrary number from the interval 0 < € < % and let
a—pF ifa>p 0 ifa> (3
M= . V2 = .
0 if a <0, f—a ifa<p
forl<p< oo

NP L R A
K 0 if v <

M1 bl
St

forp=1

y—=1 ify>1
V3 = .
0 if v < 1.

Then the following inequality holds true

+P Hf“Pﬂ-Wsﬂ—“/s + 20 ) Hf“n@—w—%,ﬁ—vz—vs )’

where constant C' does not depend on f and t.

T, (f.@)

3 SO s + 2 Ul

p,c,

Lemma 2.2 is proved in [13].
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Lemma 2.3. Let be given positive integers q and m and let f € L1s9. The

function
1 T < mt 2q+4
Qz) = —/ T (f, ) (sm f ) sin® t dt,
0

Sin )

. 2q+4
T /sin 2N
Vm = — sin® t dt,
0 S1n )

is an algebraic polynomial of degree not greater than (q+ 2)(m — 1).

where

Lemma 2.3 is also proved in [13]
Lemma 2.4. Let f € L,,p3 and let be given numbers p, o, 3, p and o such
that 1 <p<oo,p>0,02>0;
1 1
a>—— [>—— forl<p<oo,
p p
a>0, B>0  forp=oo.
Let ¢ be a function of modulus of continuity type such that
= 1 1
1 o1, (2) < 0L an?op (=)
(1) j:;rlj w(j) < Coan®™p (

where \g = max{p,c} and constant Cy 3 does not depend on n. If there exists
a sequence of algebraic polynomials P,(x) of degree not greater than n — 1
(n=20,1,...) such that

1
IF = Pullspne < Cov (3,

then there exists a sequence of algebraic polynomials R, (x) of degree not greater
thann —1 (n=0,1,...) such that

1
IF = Rl < o (1)),
where constants C7 and Co do not depend on f and n. Also we have
RQN (l‘) = PQN (x)
Proof. We consider the sequence of algebraic polynomials @, () of degree not
greater than 2" — 1 given by

Qr(x) = Por(x) — Pyer(z) (k=1,2,...)
and Qo(z) = Pi(z). From the conditions of the lemma it follows that

HQka,a+pﬁ+a < HPQ]“ - pr,a+p,ﬂ+o’ + Hf o PQk—l Hp,a+p,,@+0’
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Considering the properties of the function ¢ we get

1
1Qulasp e < o ()

Applying Lemma 2.1 and that evaluate we obtain

1
[Qul < G2 (5.

There from

o0 o0 1
> 1l < G5 Y2 (5.
k=0 k=0

Note that considering the properties of the function ¢ we have

2k+1 1 2k+1 1
> e (3) 2 epleste (5) 3
] =2k j= —9k
1 k‘k‘()\o—l) 2kXo 1
206902722 = (g2 SR
So, we get
oo 2kl
> a2 T e (3) - (f)

kOij

Thus, inequality (1) yields

0o
D QM 05 < 0.
k=0

Hence, considering the conditions of the lemma it follows that the series
Y peo Qr(z) converge to f(z) in terms of L,[a,b] for every segment [a,b] C

(—1,1).

Now we consider the expression

I=|f = Pl

P,

From what we said above it follows that

(o] o0 1
1< 3 =0 3 2o (1)

k=N+1 k=N+1

oo 2kFl_g 00
<08 Z Z ]2)\0 1 ( ):CS Z k2/\0—1@ (%) )

k=N+1 j=2k
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Considering the inequality (1) and the properties of the function ¢ we obtain

that
1 1
I < 0922(N+1)>\O(,0 (2N+1) <— C110221\0\0(10 (QN) ;

where constant (' does not depend on f and N.

Put
Ry(x) = Ppv(z) (2871 <n <2Y),
we get
2N 1 2\ 1
1f = Rally0p < C10277 ¢ (Q_N) < Cyn ¢ (ﬁ) ,
Lemma 2.4 is proved. 0

Lemma 2.5. Let be given numbers p, o, 3, v, and p such that 1 < p < oo,
v Z M Z _%;

1.if1/:u:—%,thena:5:—2—1p;
2.z'f1/:,u>—%,thenoz:ﬁ,cmd
1
—§<04§V forp=1,
1< < +1 ! forl <p<
——<a<v+-—— for 00
% 2 p=0
1
O§oz<7/—|—§ for p = o0;
. 1 1
3. zfl/>,u:—§,thenﬁ:—2—p,and
1
—§<04§V forp=1,
1< < +1 ! forl <p<
5 a<v+g 5 or p < 00,
1
O§oz<7/—|—§ for p = o0;
4.z'fl/>,u>—%,thenl/—,u>oz—520,cmd
1
—§<5§u Jorp=1,
1 1 1
——<fB<putz—— l<p<
o B<ptsy o Jor 1 <p < oo,
1
0§5<,u—|—§ for p = oo.

For f(z) € AD(p, «, B) the following inequality holds true

C
En(f)pas < ) ||D$7V7,u*f(l‘)||p7a7ﬂ7
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where constant C' does not depend on f and n.

Proof. We choose the positive integer ¢ such that ¢ > v. For every positive

integer n we choose the positive integer m such that
n—1 n—1
<m<——+1.
q+2 q+2

In [6] and [7] it is proved that the function

1 ™ sin mt 2q+4 + 2v+1 " 2u+1
Q(z) = —/ Si(f,x,v, 1) ( —= ) (sin 5) (cos 5) dt,
Ym Jo Sin D)

where
T /gin Mt 2q+4 " 2v+1 + 2p+1
Ym = / ( — ) (sin 5) (cos 5) dt,
0 Sin 5

is an algebraic polynomial of degree not greater than n — 1. Applying the
generalised Minkowski’s inequality we get

1 ™
Bu(Pns 1 = Qs < = [ 18001 = (@)
Tm Jo

sin mTt 2q+4 ot 2v+1 ¢ 2u+1
X — sin — CoS — dt.
sin 3 2 2

In [9, p. 47] it is proved that under the conditions of the lemma we have

1S, v, 1) = F(@) s < Ot [Darguf ()05

where constant C does not depend on f and t. Hence we get

En(fpas < Crl|Dapnf (2)]],.0,

™ - mit\ 2q+4 2u+1 2u+1

1 sin 7t t t

X — 12 ( — ) (sin 5) (COS 5) dt.
Y Jo sin 3

Applying a standard estimate of Jackson’s kernel [4, p. 233-235] we obtain

02 C’3
En(f)pas < m2 HDm,v,uf(x)Hp,a,g < 2 HDm,v,uf(x)Hp,aﬁ‘

Lemma 2.5 is proved. U

Corollary 2.1. Let numbersp, «, 3, v, and i satisfy the conditions of Lemma 2.5.
For f(z) € AD(p, «, B) the following inequality holds true

C
En(f)p@,ﬁ < ﬁEn (D:v,u,uf)p,aﬁ )

where constant Cy does not depend on f and n.
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Proof. Let P,(x) be the algebraic polynomial of best approximation of the
function D, ,f(z) of degree not greater than n — 1. It is obvious that the
polynomial P,(z) may be written in the following form

n—1
Py(z) =Y MP(x).
k=0

Put

_ « Ak (v,1t)
o0) = 10+ 3 iy )

From Lemma 2.5 it follows that [2, p. 171]

C
E, (g)p7a”@ < ﬁ ||Dajyl/7ﬂg(l‘)||p7a7ﬂ
Ol n—1 Ak (o)
— D,, Dy, P
- D,x,
Cl n—1 , 01
= ﬁ Dm,’uf(x) — Z )‘kpk( ) (I) = ﬁEn (Dac,u,uf)p,aﬁ :
k=0 p,a,B

Thus, considering that the function f(x) — g(z) is an algebraic polynomial of
degree not greater than n — 1, we obtain

En(f)p,aﬁ < ETL (f - g)p,a,ﬁ + ETL (g)p,a,ﬁ = ETL (g)p,a,ﬁ

C1
S ﬁEn (Dac,u,uf)p’aﬁ .

The corollary is proved. O

Note that an analogue to the corollary is given in [10].

3. STATEMENTS OF RESULTS
Now we formulate and prove our results.
Theorem 3.1. Let be given numbers p, o, 3, v, p and r such that 1 < p < oo,
TGN;VZMZ_%;
1. z'fl/:,u:—%, thena:ﬁ:—Q—lp;
2. ifv=pu> —%, then o = 3, and

1
—§<04§u forp=1,
1< < +1 ! forl <p<
—_— V —_ —_— —
" Q@ > 2 or p < 00,

1
O§&<V+§ for p = o0;
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3. z'fl/>,u——— thenﬁ——2—lp, and
1
—§<04§V forp=1,
1< < +1 ! forl <p<
—— <a<v+-—— for 00
% 2 p=00
1
O§a<v—|—§ for p = o0;
4. if1/>,u>—— thenv —pu>a—0 >0, and
1
—§<5§u Jorp=1,
1 1 1
—— <0< - = — l<p<
3y <B<nty-g forl<p<oc
1
O<f<pts for p = oo.

Let ¢ be a function of modulus of continuity type such that

jmn1 N n

where constant Cy does not depend on n. Let f(x) € Lyqop. Necessary and
sufficient condition for the function f(x) to have the derivative of order 2r — 1
inside of the interval (—1,1) and

1
ETL (D;,V,[Af>p B = CQ@ ( )

15 that the following inequality is satisfied
_op 1
En(f)p,a,,@ S an 2 2 (5) )

where constants Cy and C3 do not depend on f and n.

Proof. The necessity of the condition is implied by induction directly from
Corollary 2.1. We prove that the condition is sufficient.

Let P,(x) be the algebraic polynomial of best approximation of the func-
tion f. We consider the sequence of polynomials Qy(x) given by

Qr(x) = Por(x) — Pyer(z) (k=1,2,...)

and Qo(xz) = Pi(z). From the conditions of the theorem, considering the
properties of the function ¢ for k£ > 1 it follows that

(2) HQkaaﬂ HPQ]“ ka_l Hpa,@ < EQI“ (f)p,a,ﬂ + EQk_l (f)p,a,,@
1

1
<28 (0 () <o (8)
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Applying Lemma 2.1 twice we get

1D uQu() 0,5 < NQK(ENp 01 51 + (It = v+ v+ 1+ 2)) | Q4 ()] 0.6
S 0622k ||Qk‘||p7a”@ 9

where constant Cg does not depend on k. Applying this inequality r times we
obtain

1050, Qu@)]| 5 < Cr2 |Qkll, 05

Thus inequality (2) yields

ZH Dy, < kf;w(%k)

Noting that

¥ N 1\ 2t 1
Z ~P (—) > C, C¢2<P (ﬁ) Z - > Cop (2_k>7
i\ prlV

considering the conditions of the theorem we have

0o oo 2kt1_ 1 00
kZHD;,V,,qu( p,a,8 _CIOZ Z ( ) <0102%(,0 (%) < Q.
=1

k=1 j=2k

Since

Qr(x) = Pon(x),

k=0

from the inequality (2) and the conditions of the theorem it follows that for
every segment [a,b] C (—1,1) the series >~ Qx(z) converges in terms of
L,la,b] metrics to the function f(x). Since the series

o0

> D, Q)

k=0

also converges in terms of L, [a, b] metrics, then [4, p. 202] these series converge
to the function D f(x). This way we showed that the function f(x) has the

T,V

derivative of order 2r—1 absolutely continuos on every segment [a, b] C (—1,1).
Now we estimate the expression

1= |1D;0uf (2) = Dy Pov (@)

a0
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From what we said above it is obvious that

I< Z }DiUV.U }paﬁS617 Z 22erQkaaﬁ

k=N+1 k=N+1

1 =1 /1
< Cuyp (?) < (g kz ?P (E) .
Hence we conclude that

1 1
I < Cip (W) Cragp (2N> :

R,(v) = D., Pon(z) (2V <n < 2N

T,V

Put

we have

B (D) < 1D 2) — R

p,o.f

<C L <C !

S Cup oN | = 154 0
Theorem 3.1 is proved. O

Note that for a power function ¢(§) = 6, the assertion of the theorem is
given in [12].

Theorem 3.2. Let be given a function ¢ of modulus of continuity type and
numbers p, a and 3 such that 1 < p < oo;

<2 B<2  forp=1,
1 1

a<d3——, [<3—- forl<p<ox.
p p

Let f € Lyop. If
(I)(f, 5)1),04,,@ S M@(5)7
then

Bulfpna < Corp (1)),

where constant C' does not depend on f, M dhe n.

Proof. From the properties of the function ¢ it follows that there exists a
constant 7 such that for every [ > 0 the following inequality is satisfied

p(it) < Ci(l+1)7¢(1),

where constant C'; does not depend on [ and t.
Indeed, if [ < 1, then

p(lt) < Ocp,l@(t)a
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i.e. we get v > 0. If [ > 1, then choosing the positive integer m such that
2Tl << 2m
we have
p(lt) < Cpap(2™t) < Coa1Cllap(t).
We choose the positive integer N such that
2N < 0,y < 2V,
getting
p(It) < Cpa2V™p(t) = Cpa2V2V ™ Vop(t) < Gyl + 1)V (),

ie. vy > N.
We choose a v > 0 and a positive integer ¢ such that 2¢ > =, and for every
positive integer n we choose the positive integer m satisfying the condition

(3)
q+2 q+2

It is easy to prove that under the condition of the theorem we have f € L 95.
Thus, for those ¢ and m the algebraic polynomial Q(z) defined in Lemma 2.3
is an algebraic polynomial of degree not greater than n — 1. Hence

En(f)p,aﬂ <|f(z) - Q(J7>||p,a,ﬁ
1 [T 7 sin 2t 2+t 34y
V_m/o <f(x)— t(fal’))(smz) sin” t at

2

n—1 n—1
<m< —— + 1.

p,o,3
Applying the generalised Minkowski’s inequality we obtain

1 s sin mt 2q+4
EuPros <= [ e IR I
Ym Jo pa,f \ Sl

There from by the conditions of the theorem we get

M T Si mt N\ 2q+4
En(f)pas < 7—/ o(t) ( - ) sin? ¢ dt.
m JO

Tt(fax)_f(x)

Sin§
Since
1 1
ot)y=¢nt-—) <Ci(1+nt)"p|—|,
n n
we have
M 1 4 sin 2t 2q+4
E.(pasg <Ci—op | = 1+ nt)” 2 in® ¢ dt
sz () [ (25)

1 n’ [T sin mt 24+
< CsMy (—) 1+ —/ t (—f) sin® tdt o .
n Ym Jo sin 5
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Applying now the standard estimate of Jackson’s kernel and the inequality (3)
we obtain

1 1
Eo(fpas < CiMep (—) (I1+n"m™7) < CsMyp (—) i
n n
Theorem 3.2 is proved. O

Theorem 3.3. Let be given numbers p, a and 3 such that 1 < p < 0o;
1 1
a>1——, >1—— forl<p<oo,
2p 2p
a>1, 6>1 for p = oo.

Let ¢ be a function of modulus of continuity type such that inequality (1) for

3 1 3 1
)\ — — —_ — e —_ — e
0 max{|a A, 2+2p’5 2+2p}’

and inequality
() zn: o (1) <como (L
: J¥ i) = 0,4 Q "
j=1
are satisfied, where constant C, 4 does not depend on n. Let f € Ly 5. If

1
En(f)p,aﬂ S M‘P (ﬁ) )
then
a)(fu 6)137017/@ S CM@((S))
where constant C' does not depend on f, M and 9.

Proof. Let P,(z) be the algebraic polynomial of best approximation of degree
not greater than n — 1 of the function f. Let the polynomials Q(x) be given
by

Qr(x) = Por(x) — Pyer(z) (k=1,2,...)
and Qo(z) = Pi(x). Since for k > 1 we have
||Qk“p7a7ﬂ S E2k (f)p7a”8 + E2k71 (f)p7a7ﬂ 9

considering the conditions of the theorem we have

1
) 194l < 1M (55 ).

We estimate the expression

1=\ (1,2) = 5 (@)

D3
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Let 0 < [t| < 6. Since the operator T} (f,z) is linear, for every positive
integer N we have

Tt(f—PzNaflf)_(f(x)_pQN(@)

Since Pyv (z) = Sop_, Qr(x), we get

I< T, (P, x) — Py ()

|

P, D3

N

1<||T(f = Povia) = (F(@) = P @))]| 4 D0 || Qo) = Qula)
P03 PR P,

N

=J+> L
k=1
Let N be chosen so that
T
(6) oN <6< SN

We prove that the following inequalities are satisfied

(7) J < CyM(6)
and

1
) I < Cat ().

where constants Cy and C3 do not depend on f, M, § and k.
First we consider J. Applying Lemma 2.2 to the function ®(z) = f(x) —
Py~ (), considering that |t| < 0 we obtain

Jg’

7,(2,2)

+ [|®(x
e LT

< Ca(( @], 5 + 0%+ || + 7 @

P,a—71,6—"72 p,a—73,8—"73

+ 62(71+’Y2+’Y3) HCDHp,a—’Yl_’Y&B_’m_’YS )7

where numbers 7, 72 and 73 are chosen by the conditions of Lemma 2.2.
Applying Lemma 2.4, considering the conditions of the theorem we obtain

J S C5M(10 (QLN) <1 —+ 52(’714”}/2)2*2]\[(’}/1«#’}/2)
4 6292w 4 62(71+72+73)2—2N(71+72+73))

for A > g + &, where constant C5 does not depend on f, M and ¢, and either
€ = 0 or € is an arbitrary number from the interval 0 < ¢ < % Hence this
inequality holds true for every A > A¢. Finally, applying the inequality (6) and

the properties of the function ¢ we obtain

1
J < CeMy (Q—N) < CoM(5).
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Thus inequality (7) is proved.
Now we prove the inequality (8). It can be proved that [13]

I, < C6%2% || Q4|

P,

where constant Cy does not depend on M, § and k. Hence inequality (5) yields

1
I, < CoM§*2% (ﬁ) .

Inequality (8) is proved.
Inequalities (7) and (8) imply

I <CyoM {@(5) + 62 i 2% (Qik) } :

k=1
Note that
2ktl_1 1 1 2kt 1 1
> iy (5) > ConConyp (27) > iz 0n2%y (27) .
j=2k j=2F

Hence considering the inequality (4) we have

N 1 N 2k+l_1 1 oN+1 1
222k<P (?) < Cpp Z Z J¥ (;) < Cia Z ko (E)
k=1

k=1 k=1 j=2k
<C 22N 1)cp L <C 22N<p —1
13 IN+1 14 IN |-

There from, applying the inequality (6) we get

1
This way for 0 < [¢t| < § we proved that

Ti(f,2) = f(x) < Ciep(0),

P, 3

where constant Cg does not depend on f and ¢. Taking into consideration
that Ty (f,z) = f(x), we conclude that this inequality also holds for ¢t = 0.
Thus the last inequality implies

C‘Nj(fa 5)p,a,ﬂ S 016MSD(5)

Theorem 3.3 is proved. O
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Theorem 3.4. Let be given numbers p, o and 3 such that 1 < p < oo;

1 1
§<04§2, §<B§2 forp=1,

1 1 1 1
l——<a<3—=-, 1——<pfB<3—- forl<p<oo,
2p p 2p p
1<a<3, 1<68<3 for p = oco.

Let ¢ be a function of modulus of continuity type such hat inequality (1) for

3 1 3 1
Ao = — ——4+—0—-+ =
0 max{\a ﬁ’?Q 2+2paﬁ 2+2p}7
and inequality (4) are satisfied. Let f € L, 5. For
1
En(f)p,aﬁ < 0190 (g) )

it 1s necessary and sufficient that
a)(fu 5)p,a,,@ S 0290(5)7
where constants C7 and Csy do not depend on f, n and §.
Theorem 3.4 is implied directly by Theorems 3.2 and 3.3.

Theorem 3.5. Let be given numbers p, «, 3, v, u, v, vy and gy such that
1<p<oo, reNU{0}, IJZ,U,Z—%,

. 5 1 ) 5 1
Vg =mins v, — — — = min - — — 5
0 72 2]9 9 o ,u72 2p )

1. ifl/:,u>%, then o = (3, and

1
§<04§V0 forp=1,
1 1< < +1 ! forl<p<
——<a<y+-=—— for 00
2p 0 9 2]7 p )
1
1§C¥<V0+§ for p = oo;

2. if1/>,u>%, thenv —pu>a— >0, and

1
§<ﬁ§,uo forp=1,

1 1 1
l-—<fB<p+=-—— forl<p<oo,
2p 2 2p

1
1§ﬂ<uo+§ Jor p = o0;
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Let ¢ be a function of modulus of continuity type such that inequality (1) for

3 1 3 1
Ao = — ——+— 08—+ =
0 max{\a ﬁ’?Q 2+2paﬁ 2_'_2]7}’
and inequality (4) are satisfied. Let f € L, .. Necessary and sufficient con-
dition for

C 1
En(f)na,ﬁ < n—;ﬁo (_)

n

is that the function f(x) has the derivative of order 2r inside of the interval
(—1,1) satisfying the condition

5 (D5,,f.8), ., < Capld),

where constants C7 and Cy do not depend on f, n and 0, while Dg’y’#f(x) =
f(@).

Theorem 3.5 is implied by Theorems 3.4 and 3.1.
Note that for ¢(§) = 6%, 2Ag < A < 2 and r = 0 Theorem 3.5 is proved
in [13].
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