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Abstract

In the paper, a Fourier series with vector-valued coefficients is con-
sidered the analogies of Riesz-Fisher and Hardy-Littlewood theorems
on the relation between the Fourier coefficients and the function of the
space under consideration are obtained.
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1 Introduction

It is well known that the theory of Fourier series plays an important part in
solving numerous problems of natural science many papers and monographs
[1], [6], [14] and etc. have been devoted to this theory. By solving the problems
of partial equations, mechanics, mathematical physics, physics and other fields
of mathematics by the Fourier method, as is known [13], the solution in sought
in the form of the Fourier series in eigh vectors of definite ordinary differential
equation. Therewith, the relation between the Fourier coefficients and the
function of the space under consideration is of importance. As regards this,
in the space L2 it is known [9] the Parseval equality and Riesz-Fisher theorem
saying that the space of the coefficients of the orthogonal basic consider with l2.
This result partially extends to the space Lp (p �= 2) by the Hausdorff-Young
theorem for trigonometric system [8]. Later this theorem was obtained by F.
Riesz for general orthonormal and uniformly bounded system in the following
form:
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Theorem(of F.Riesz [8]). Let {ϕn(y)}n∈N -be an orthonormed system
on [c, d] such that almost everywhere on [c, d] |ϕn(y)| ≤ M (n ∈ N), M is
independent n.

Then

1)∀f ∈ Lp(c, d), 1 < p ≤ 2, ∃ {ck} ∈ lq, q =
p

p − 1
: ‖{ck}‖lq

≤ M
2−p

p ‖f‖Lp
;

2)∀ {ck} ∈ lp, 1 < p ≤ 2, ∃f ∈ Lq(c, d), q =
p

p − 1
: ‖f‖Lq

≤ M
2−p

p ‖{ck}‖lp
;

here ck - are the Fourier coefficients of the function f(y) in the system
{ϕn(y)}n∈N .

The theory of Fourier series with vector-valued coefficient was considered
in [4;5;7;10;12]. Our aim is to get the analogies of Riesz-Fisher and Hardy-
Littlewood theorems for the series with vector-valued coefficient. In this
note we suggest one generalization of Hausdorff-Young’s classical theorem (see
[13;14]). It should be noted that the result of the work [2;3] closely adjoin the
issue under consideration.

2 Analogies of Riesz-Fisher, Hardy and Little-

wood theorems

At first we give definition of some spaces used in the paper.

Let T - be some measurable set, B - a Banach space. By Lp(T, B), p ≥ 1,
we denote a Banach space of functions u = u(t) : T → B such that ‖u(t)‖p is
measurable and summable on T , equipped by the norm

‖u‖Lp(T,B) =
(∫

T
‖u(t)‖p dt

)1/p
.

Denote by lp(a, b), 1 ≤ p, a set of sequences measurable on (a, b) functions

c(x) = {ck(x)}k∈N , for which
∑∞

k=1

∫ b
a |ck(x)|p dx < +∞. lp(a, b) is a Banach

space by the norm

‖c‖lp(a,b) =

( ∞∑
k=1

∫ b

a
|ck(x)|p dx

)1/p
.

Further, everywhere by Π we denote a rectangle [a, b] × [c, d]. We give the
analogy of the F. Riesz theorem.
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Theorem 2.1 Let {ϕn(y)}n∈N - be an orthonormed system on [c, d] such
that almost everywhere on [c, d] |ϕn(y)| ≤ M (n ∈ N), M is independent of
n. Then for any measurable a Π function f ∈ Lq([a, b], Lp(c, d)), 1 < p ≤ 2,

q = p
p−1

, the sequence c(x) = {ck(x)}k∈N∈lq(a, b), where

ck(x)=
∫ d
c f(x, y)ϕk(y)dy and

∥∥∥{ck}k∈N

∥∥∥
lq(a,b)

≤ M
2−p

p ‖f‖Lq([a,b],Lp(c,d)) . (1)

Proof. Let f ∈ Lq([a, b], Lp(c, d)). Then for almost all x ∈ [a, b], the
function f(x, ·) ∈ Lp(c, d). Applying the Riesz theorem, we obtain that for

almost all x ∈ [a, b] a sequence c(x) = {ck(x)}k∈N∈lq(a, b) where ck(x) =∫ d
c f(x, y)ϕk(y)dy and

( ∞∑
k=1

|ck(x)|q
)1/q

≤ M
2
p
−1

(∫ d

c
|f(x, y)|p dy

)1/p
. (2)

From the measurability of f on Π and from the fact ‖f(x, ·)‖Lp(c,d) ∈ Lq(a, b) it

follows that the function ck(x) is measurable on [a, b]. Indeed, since ‖f(x, ·)‖Lp(c,d) ∈
Lq(a, b) and Lq ⊂ Lp, then

∫ d
c |f(x, y)|p dy ∈ L1(a, b), and, so

∫ d
c |f(x, y)| dy ∈

L1(a, b).Then by the Foubini theorem, f is summable on Π. Since the function
f(x, y)ϕn(y) is measurable and summable on Π, then by the Foubini theorem,
ck(x)=

∫ d
c f(x, y)ϕk(y)dy is measurable on [a, b]. Further, raising the both sides

of (2) to q-th power and integrating with respect to x on the segment [a, b] we
have

∞∑
k=1

∫ b

a
|ck(x)|q dx ≤ M ( 2

p
−1)q

∫ b

a

(∫ d

c
|f(x, y)|p dy

)q/p
dx. (3)

Obviously, (3) follows from (1). The theorem is proved.

Theorem 2.2 Let {ϕn(y)}n∈N - be an orthonormed system in L2(c, d) such
that almost everywhere on [c, d] |ϕn(y)| ≤ M (n ∈ N), M in independent of n.

Then for any sequence c(x) = {ck(x)}k∈N∈lp(a, b), 1 < p ≤ 2, there exists the
function f ∈ Lq([a, b], Lp(c, d)), q = p

p−1
, for which ck(x) are the coefficients of

the Fourier series in the system {ϕn(y)}n∈N and

‖f‖Lp([a,b],Lq(c,d)) ≤ M
2
p
−1
∥∥∥{ck}k∈N

∥∥∥
lp(a,b)

, (4)

Proof. Let c(x) = {ck(x)}k∈N∈lp(a, b). Then, according to the corollary
of B. Levi’s theorem for almost all x ∈ [a, b]

∑∞
k=1 |ck(x)|p < +∞ and
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∫ b

a

( ∞∑
k=1

|ck(x)|p
)

dx =
∞∑

k=1

∫ b

a
|ck(x)|p dx. (5)

Using the Riesz theorem, we obtain that for almost all x ∈ [a, b] there exists
the function f(x, ·) ∈ Lq(c, d), for which ck(x) coefficients of the Fourier series
in the system {ϕn(y)}n∈N and

(∫ d

c
|f(x, y)|q dy

)1/q
≤ M

2
p
−1

( ∞∑
k=1

|ck(x)|p
)1/p

. (6)

Show now that f is measurable on Π. Let Sn(x, y) =
∑n

k=1 ck(x)ϕk(y). It
is clear that Sn(x, y) - is a sequence of functions measurable on Π. Since
{ϕn(y)}n∈N - is an orthonormed, then for almost all x ∈ [a, b] the sequence
Sn(x, y) converges to f(x, y) in measure. Therefore,by the Riesz theorem,
from this sequence we can choose a subsequence converging to f(x, y) al-
most everywhere, and consequence f is measurable on Π. Further, since∫ d
c |f(x, y)|q dy < +∞, then by remark 2 (see[11], p. 383) to Foubini’s the-

orem, we conclude that
∫ d
c |f(x, y)|q dy is measurable on [a, b]. Then, taking

the p-th power of both parts of (6) and integrating with respect to x on the
segment [a, b] we have

∫ b

a

(∫ d

c
|f(x, y)|q dy

)p/q
dx ≤ M ( 2

p
−1)q

∞∑
k=1

∫ b

a
|ck(x)|p dx. (7)

(4) directly follows from (7). The theorem is proved.
Now cite the analogy of Hardy-Littlewood’s theorem.

Theorem 2.3 Let f ∈ Lp((a, b) × (0, 2π)), 1 < p ≤ 2. Then it holds the
following relation:

⎛
⎝ ∞∑

k=−∞
(|k| + 1)p−2

∫ b

a
|ck(x)|p dx

⎞
⎠

1/p

≤ Mp

(∫ b

a

∫ 2π

0
|f(x, t)|p dtdx

)1/p

, (8)

where cn(x)= 1
2π

∫ 2π
0 f(x, t)e−intdt, n = 0,±1,±2, .....

Proof. Let f ∈ Lp((a, b)× (0, 2π)), 1 < p ≤ 2. Consequently, by Foubini’s
theorem, for almost all x ∈ [a, b] the function f(x, ·) ∈ Lp(0, 2π). Using the
Hardy-Littlewood theorem, we get

⎛
⎝ ∞∑

k=−∞
(|k| + 1)p−2 |ck(x)|p

⎞
⎠

1/p

≤ Mp

(∫ d

c
|f(x, t)|p dt

)1/p
. (9)
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the function cn(x) is measurable on [a, b]. Indeed, from the measurability
on [a, b] × [0, 2π] of the function f(x, t)e−int by Foubini’s theorem, cn(x) is
measurable on [a, b]. Raising the both parts of (9) to the p-th power and
integrating with respect to x on the segment [a, b] we get the validity of (8).
The theorem is proved.

Theorem 2.4 Let cn(x), n = 0,±1,±2, ...., - be a sequence of measurable
on [a, b] functions such that

∞∑
k=−∞

(|k| + 1)q−2
∫ b

a
|ck(x)|q dx < +∞, q ≥ 2.

Then there exists a function f ∈ Lq((a, b) × (0, 2π)), for which cn(x) are
the coefficient of the Fourier series in the system of exponents {eint}n∈Z and

(∫ b

a

∫ 2π

0
|f(x, t)|p dtdx

)1/p

≤ Mp

⎛
⎝ ∞∑

k=−∞
(|k| + 1)p−2

∫ b

a
|ck(x)|p dx

⎞
⎠

1/p

. (10)

Proof. Let cn(x) n = 0,±1,±2, ...., be a sequence with the indicated
property. Then by the corollary of B. Levi’s theorem, for almost all x ∈ [a, b]

∞∑
k=−∞

(|k| + 1)q−2 |ck(x)|q < +∞

and

∫ b

a

⎛
⎝ +∞∑

k=−∞
(|k| + 1)q−2 |ck(x)|q

⎞
⎠ dx =

∞∑
k=−∞

(|k| + 1)q−2
∫ b

a
|ck(x)|q dx. (11)

By Hardy-Littlewood theorem, for almost all x ∈ [a, b] there exists a func-
tion f(x, ·) ∈ Lp(0, 2π),for which cn(x) are the coefficients of the Fourier series
in the system of exponents {eint}n∈Z and the following relation is valid:

(∫ d

c
|f(x, t)|p dt

)1/p
≤ Mp

⎛
⎝ ∞∑

k=−∞
(|k| + 1)p−2 |ck(x)|p

⎞
⎠

1/p

. (12)

Further, similar {eint}n∈Z to the above mentioned one it is show, that f is
measurable on [a, b] × [0, 2π]. Therefore, according to the mentioned remark
to Foubini’s theorem, we conclude the measurability of

∫ d
c |f(x, t)|q dt, and

consequently, raising the both sides of (12) to the q-th power and integrating
with respect to x on the segment [a, b], in combination with (11), we get
(10).The theorem is proved.

Remark, the obtained result may be used in grounding the Fourier method
for solving partial equality.
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