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Abstract 
 
In this paper we prove common fixed point theorem in d-complete 

topological spaces for six commuting maps satisfying an implicit relation. Our 
theorem generalizes  the results of Aliouche Abdelkrim [1] and B.K. Sharma et 
al.[8] 
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1.  Introduction  
 
Fixed point theory is a mixture of analysis topology and geometry. Fundamental 
results of fixed points are claimed by Hicks (1992) [3] and Hicks and Rhoades 
(1992) [2] in d-complete topological spaces (Kasahara, 1975 a and b) [4,5]). Popa 
(1990) [7] has improved previous results on fixed points for expansion maps 
(Khan et al.1986 [6]) by using an additional condition. 
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2. Preliminaries  
 

2.1   Let (X,t) be a topological space and d: X×X → [0, ∞) be a map such that 

d(x,y) = 0 iff x=y. (X,t) is said to be d-complete, if ∑
∞

=
+

1
1 ),(

n
nn xxd < ∞ 

implies sequence {xn} is Cauchy sequence in X.  

2.2 A map T:X→X is said to be w-continuous self map at x ∈ X if 

xn → x ⇒ Txn → Tx, when ever {xn} is sequence in topological space X.  

2.3 Two self maps S, T on topological space (X,t) are said to be semi 
compatible maps if  

(i) Sp = Tp for some p ∈ X  ⇒ STp = Tsp  

(ii) T is w-continuous at p ∈ X ⇒ 
∞→n

lim  STxn = Tp, when ever {xn}is a 

sequence in X such that 
∞→n

lim  Sxn = 
∞→n

lim  Txn = p for some p ∈ X. 

2.4 Let R+
  be set of all non negative reals. A symmetric on set X is a function 

d: X × X → R+ such that for all x, y ∈ X we have 

(i) d(x,y) = 0 ⇔ x = y. 

(ii) d(x, y) = d(y,x). 

2.5  From [2] we define a topology τ(d) on X given by 

τ(d) = {U ⊂ X⎪ for each x ∈ X there exists an open ball  B(x,r) (r > 0) in X 
satisfying B(x, r) ⊂ U}.  

2.6 A symmetric d is a semi-metric if for each x ∈ X and for each r > 0, B (x, 
r) is a neighborhood of x in τ(d). 

2.7 A semi-metric space is a topological space (X, t(d)), whose topology t(d) 
on X is induced by semi-metric d.  

Examples of d-complete topological spaces are complete metric spaces and 
complete quasi metric spaces 

2.8 Two self maps S, T on topological space (X, t) are said to be weakly 
compatible if Su = Tu for some u ∈ X ⇒ STu = TSu  

Remark 2.9  Every semi-compatible map is weakly compatible, but converse need 
not be true.  

 

3. Implicit Relation 
Let F:R+6→R+ be a continuous map such that 
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(3.1) There exists h > 1 such that for all  u, v, w ≥ 0 with  

F(u, v, v, u, 0, w) ≥ 0    (3.11)      or  F(u, v, u, v, w, 0)  ≥ 0,       
(3.12) 

we have u ≥ hv. 

(3.2) F(u, u, 0, 0, u, u) < 0 for all u > 0. 

 Let F6 be the  family of all continuous  real maps F: R+6→R+ satisfying (3.1) and 
(3.2)  
 

4. Main Result 
 

 Let(X,t) be a Hausdorff topological space with d-symmetric and M is a 
subset of X. Let A, B, S, T, I, J be self maps of M satisfying the following 
conditions: 

 AB (M) ⊂ J(M) and ST(M) ⊂ I(M),       
 (4.1) 
 F(d(Ix, Jy), d(ABx, STy), d(ABx, Ix), d(STy, Jy), d(Ix, STy), d(ABx, Jy)) 
≥ 0 (4.2) 

for all x, y ∈ M and F ∈ F6 satisfies (3.1 ) and (3.2)  

 Assume that one of I(M) or J(M) is d-complete. Pairs (AB, I) and (ST, J) 
are weakly compatible. Pairs (A, B), (A, I), (B, I), (S, T), (S, J) and (T, J) are 
commuting pairs of maps. Then A, B, S, T, I and J have a unique common fixed 
point in M.  

Proof.  Pick x0 ∈ M . By (4.1), we can define inductively a sequence {yn}in M 
such that  

    y2n = ABx2n = Jx2x+1 and y2n+1 = Ix2n+2 = STx2n+1    (4.3) 

    for all n = 0, 1, 2, 3,.... 

Using (4.2) , (4.3) we have,  

 0 ≤ F(d(Ix2n, Jx2n+1), d(ABx2n, STx2n+1), d(ABx2n, Ix2n),  

d(STx2n+1, Jx2n+1), d(Ix2n, STx2n+1), d(ABx2n, Jx2n+1)) 

 = F(d(y2n-1, y2n), d(y2n, y2n+1), d(y2n-1, y2n), d(y2n, y2n+1) d(y2n-1, y2n+1), 0) 

By (3.12), we get d(y2n-1, y2n) ≥ hd (y2n, y2n+1). Then d(y2n, y2n+1) ≤ 
h
1 d(y2n-1, y2n) 



 

2044                                                  Rahul Tiwari, D. P. Shukla and N. Bhardwaj 
 
 

 Similarly, we obtain d(y2n+1, y2n+2) ≤ 
h
1 d(y2n, y2n+1).  Therefore d(yn, yn+1) 

≤ 
h
1 d(yn-1, yn) 

By induction, we have d (yn, yn+1) ≤ nh
1 d (y0, y1). 

 Since ∑
∞

1

1
nh

is convergent, it follows ∑
∞

=
+

1
1 ),(

n
nn yyd  is convergent, 

 Now suppose that I(M) is d-complete. Then, {y2n+1} = {Ix2n+2} ⊂ I(M), 
converges to a point z = Iu for some u ∈ M, and the subsequences {ABx2n}, 
{STx2n+1}, {Ix2n}and {Jx2n+1} converges to z. 

If z  ≠ ABu, using (4.2), we have, 

 0 ≤ F(d(Iu, Jx2n+1), d(ABu, STx2n+1), d(ABu, Iu) d(STx2n+1, Jx2n+1), d(Iu, 
STx2n+1) d(ABu, Jx2n+1)) 

Taking n→∞, we obtain F(0, d(ABu, z) d(ABu, z), 0, 0 d(ABu, z)) ≥ 0. 

By (3.11), we get z = ABu = Iu. Since AB(M) ⊂ J(M), there exists v ∈ M such 
that z = ABu = J(v). If z ≠ STv, using (4.2), we have  

 F(d(Iu, Jv), d(ABu, STv), d(ABu, Iu), d(STv, Jv), d(Iu, STv), d(ABu, Jv)) 

 = F(0, d (z, STv), 0, d(z, STv), d(z, STv), 0) ≥ 0.  

 By (3.12), we get z = STv = Jv. Since (AB, I) is weakly compatible, we get 
ABz = Iz. If z ≠ Iz, using (4.2), we have 

 F(d(Iz, Jv), d(ABz, STv), d(ABz, Iz), d(STv, Jv), d(Iz, STv), d(ABz, Jv)) 

 = F (d(Iz, z), d(Iz, z), 0, 0, d(Iz, z), d(Iz, z)) ≥ 0, contradiction of (3.2). 
Therefore z = Iz = ABz. 

Since (ST, J) is weakly compatible, we get STz = Jz. 

If z ≠ Jz, using (4.2) we have 

 F(d(Iz, Jz), d(ABz, STz), d(ABz, Iz), d(STz, Jz), d(Iz, STz), d(ABz, Jz)) 

 = F (d(z, Jz), d(z, Jz), 0, 0, d(z, Jz), d(z, Jz)) ≥ 0, a contradiction of (3.2). 
Therefore z = Jz = STz. 

⇒ z is a common fixed point of AB, ST, I and J. Now, suppose that J(M) 
is d-complete. 

 Then {y2n} = {Jx2n+1} ⊂ J(M) converges to a point z = Jv for some v ∈ X, 
and the subsequences {ABx2n}, {STx2n+1}, {Ix2n} and {Jx2n+1} converges to z. 

If z ≠ STv, using (4.2) we get z = STv = Jv, as in case of I(M) is complete. 
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Since ST(M) ⊂ I(M), there exists u ∈ M such that z = STv = Iu. 

If z ≠ ABu, using (4.2), we get z = ABu = Iu, as in case of I(M) is complete. 

The rest of the proof follows as in the case of I(M) is complete. If AB(M) is 
complete,  

then z ∈ AB(M) ⊂ J(M) and if ST(M) is complete, therefore  z ∈ ST(M) ⊂ I(M) 

⇒ z is a common fixed point of AB, ST, I and J. 

The uniqueness of z follows from (4.2). Now we claim that z is a unique common 
fixed point of A, B, S, T, I and J. By commuting condition of pairs we have  Az = 
A(ABz) = A(BAz) = AB(Az), Az = A(Iz) = I(Az) and Bz = B(ABz) = (BA) (Bz) = 
AB(Bz), Bz = B(Iz) = I (Bz), which shows that Az and Bz are common fixed 
points of (AB, I). Then Az = z = Bz = Iz = ABz. Similarly, Sz = z = Tz = Jz = STz 
and we can conclude that z is a common fixed point of A, B, S, T, I and J. 

For uniqueness of z, let w be another common fixed point of A, B, S, T, I and J, 
then z = w. i.e. z is a unique common fixed point of AB, ST, I and J. Hence z is 
unique common fixed of A, B, S, T, I and J.   
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