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Abstract

This paper is concerned with some asymptotic properties of maxi-
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and the rate of convergence in distribution (O(n−1/2)) are settled. This
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1 Introduction

Let (Xn)n∈N be a non linear autoregressive process defined by:

{
X0 = x0, X−1 = x−1., ..., X−d = x−d+1

Xn = f(Xn−1, Xn−2, ...., θ) + εn
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x0, x−1, ..., x−d+1,are real numbers, the parameter θ lies on

the compact parametric set Θ ∈ Rd′ .

(εn)n∈N is a sequence of unobserved real valued random variables

on the probability space (Ω, A, P ) . (Xn)n∈N are observed.

We are interested by asymptotic properties of the maximum likelihood

estimators.

Under suitable assumptions, the consistency, the asymptotic

normality and the rate of convergence in distribution

o(n−1/2) are settled. This rate is the same that in i-d-d case.

Let us denote (Yn)n∈N the d.dimensional random vector

Yn =t (Xn, Xn−1, ..., Xn−d+1)

Y0 = y0 =t (x0, x−1, ..., x−d+1)

e =t (1, 0, ...., 0) ∈ Rd

Therefore

{
Yn = F (Yn−1, θ) + εn

Y0 = y0

where F (y, θ) = (f(x1, ..., xd, θ), x1, ..., xd−1)

y =t (x1, ...., xd)

Py,θ the distribution of (Yn)n∈N on RN of the chain (Yn)n∈N

with Y0 = y0.The transition probability of (Yn)n∈N is defined by:

P (y, dz) = g(zd − f(y, θ))dzdδ{yd}dzd−1...δ{y2}(dz1)

δx is the Dirac measure in x.
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Part I

Probabilistic Study

2 Assumptions (HP)

(i) (εn)n∈N are real valued , i.d.d , centred random variables defined

on the the space probability (Ω, A, P ) with distribution G admitting a

density

g with respect to Lebesgue measure on R.

(ii) g is positive on R

(iii) A positive real number δ can be found such that∫
R

|ε|δ g(ε)dε < ∞

(iv) f : Rd × Θ → R is continous , satisfies the following condition:

There exist two positive real numbers a1, a2, ..., ad verifying∑d

i=1
ai < ρd such that for any vector θ

f(x, θ) ≤ M + a1 |x1| + a2 |x2| + ... + ad |xd|
(v) There exist two real numbers λ0 and α0 such that∫

R

exp(λ0 |ε|α0)g(ε)dε < ∞
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3 Assumptions1 (HP)

(i) (εn)n∈N are real valued , idd, centred random variables defined on

the probability space (Ω, A, P ) with distribution G admitting a

density g with respect to the Lebesgue measure on R.

(ii) g is positive on R.

(iii) Lim|ε|→∞g(ε) = 0

(iv) A positive number δ can be found such that∫
|ε|δ g(ε)dε < ∞

4 Theorem1

Under assumptions (HP), the markov chain (Yn)n∈N is ergodic,

aperiodic, Harris recurrent with an invariant measure of probability

υθequivalent to Lebesgue measure l⊗dof Rd.

Moreover this invariant measvre υθhas a finite moment of order δ.

4.1 Proof

Condition(C) [Mok]

For any compact in K in Rdand any borelian set B in Rd

with l⊗d(B) > 0,there exists an integer n0 such that

infy∈K P n0(y, B) > 0

We use the framework of [Mokh] .

The transition probability satisfies [Mok]condition C.

Let k a positive integer and Zn = Ynd
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The transition probability P kd(., dz)of thischain is equivalent

to the Lebesgue measure l⊗d.

If k is such that (kd + 1)δ−1ρkdδ < 1.

(Zn)n∈N is an Harris recurrent, ergodic and

geometrically ergodic chain with stationnary distribution

equivalent to the Lebesgue measure and admitting a finite moment

of order δ.

4.2 Definition

Let υ a positive σ − finite measure on (E, BE) a Markov chain (Zn)n∈N on

(E, BE) is said to

(i) be υ − irreductible if :

∀B ∈ BE υ(B) < 0 → P (
⋃

n∈N(Zn ∈ B)/Z0 = x) > 0, ∀x ∈ E

(ii) be Harris recurrent if

υθ(B) > 0 → P (
⋃

n∈N (Zn ∈ B)/Z0 = x) = 1, ∀x ∈ E

Then(Yn)n∈N can be shown to be an harris recurrent

aperiodic chain.

Using the Orey theorem [Revuz] ,the geometric ergodicity

of the chain can be proved in the following way:

Given any positive integer n, let us set:

n = qd + r; 0 ≤ r ≤ d − 1∥∥∥P n
(x,.) − υθ

∥∥∥ ≤
∥∥∥P qd+r

(x,.) − υθ

∥∥∥ =
∥∥∥P rP qd

(x,.) − ρrυθ

∥∥∥ ≤
‖Pr‖ ‖P − υθ‖ ≤
≤ ‖Pr‖

∥∥∥P qd
(x,.) − υθ

∥∥∥ ≤ Kρq ≤ (K
ρ
)ρn/d.



1210

5 Proposition

(i) Under assumptions (HP), for all α(0 < α ≤ δ),

there exist positive real constants Mα, ρ, Cα(0 < ρ < 1) such that :

E [‖Yn(y)‖α] ≤ Mα + Cαρnα ‖y‖α

(ii) If there exist two positive constants α, β such that

E [exp β |ε1|α] < ∞, then there exists a constant λ(0 < λ < β) such that :

E [exp λ ‖Yn(y)‖α] < B(exp λCαρn ‖y‖α)

B is a constant depending on εj

5.1 The proof is technical

6 Assumptions (HS)

(i) (εn)n∈N are , i.i.d real valued , centred variables admitting

a density strictly, positive on R

(ii) lim|ε|→∞ g(ε) = 0

(iii)
∫ |ε|2r g(ε) < ∞ (2r ≥ d + 1)

(iv) The density g is continously derivable with derivative g′.

We suppose that Iδ =
∫

R

∣∣∣g′(ε)
g(ε)

∣∣∣δ g(ε)dε is finite

We set : I(2) =
∫

R

∣∣∣g′(ε)
g(ε)

∣∣∣2 g(ε)dε



1211

(v) There exist two positive real constants C and ρ such that

∣∣∣g′
g
(u) − g′

g
(v)

∣∣∣ < C |u − v| (1 + |u|p+1 + |v|p+1)∣∣∣g′′
g

(u) − g′′
g

(v)
∣∣∣ < C |u − v| (1 + |u|p + |v|p)

For any x in Rd the function f of the vector parameter

θ = (θ1, ..., θd′) has continous and bounded partial

derivatives in ⊗

(vi) For any x in Rd, the function f of the vector parameter

θ = (θ1, ..., θd′) has continous and bounded partial derivatives

in ⊗

(vii) Let Df(x, θ) be the gradient vector t( ∂f
∂θ1

(x, θ), ..., ∂f
∂θd′

(x, θ))

∫
Df(x, θ)tDf(x, θ)dx is not singular.

(vii) There exist two positive real numbers C and q(2q < δ)such that

a-‖Df(x, θ)‖ ≤ C(1 + ‖x‖q)

b-‖Df(x, θ) − Df(x, θ′)‖ ≤ C ‖θ − θ′‖ (1 + ‖x‖q)

‖.‖ denote the euclidian norm in Rd′.

(ix) For any x in Rd , f(x, θ) has a function of the vector parameter θ

has continous and partial derivatives .

Let D2f the hessian of f. We assume the following conditions:

‖D2f(x, θ)‖ ≤ C(1 + ‖x‖q)

‖D2f(x, θ) − D2f(x, θ∗)‖ ≤ C ‖θ − θ∗‖ (1 + ‖x‖q)
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(x) For any θ in ⊗, ∃M > 0, f(θ,M) the function of the vector

x =t (x1, x2, ...., xd) has partial derivatives in Rd , There exists

a positive real number ρ(0 < ρ < 1), such that for any

(x, θ) in Rd × Θ the following relation holds:

∑d
i=1

∣∣∣ ∂f
∂xi

(x, θ)
∣∣∣ ≤ ρd

(xi) There exist two real numbers ρ1, and C(ρ1) such that

for any θ ∈ Θ, λ, positive real number and τ vector in Rd′

with ‖τ‖ = 1, we have:

E
[
Δ2(θ, τ)1(0,1)(Δ(θ, λτ)) + (1 − ρ1)1(1,∞)(Δ(θ, λτ))/Y1 = y

]
≥ λ2C(ρ1)

where Δ(θ, λτ ) = |f(Yd∗+1, θ + λτ ) − f(Yd∗+1, θ)|
and d∗ = sup(d, d′).

7 Theorem2

Under assumptions (HP),(HS), the sequence of maximum

likelihood estimators (MLE) (θ̂n)n∈N verifies :

(i) (θ̂n)n∈N is consistent

(ii) Ly,θ(
√

n(θ̂n − θ)) → N(0, I−1
θ ).

Iθ = I(2)Eυθ
[Df(., θ)tDf(., θ)]
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(iii) Large deviation inequality:

For all real positif number γ any compact set in Rd,

there exist three positive real constants A1,A2 ,

such that:

sup⊗×KPθ,y0(
∥∥∥θ̂n − θ

∥∥∥ > γ) < A1 exp−A2γ
2n

(iv) There exists a positive real number B such that:

sup ⊗×KPθ,y0

[√
nI

1/2
θ

∥∥∥θ̂n − θ
∥∥∥ > B

√
Logn

]
= 0( 1√

n
).

7.1 Proof

Let Zn(t) =
∏n

i=1
g(Xi−f(Y i−1,θ+t/

√
n))

g(Xi−f(Y i−1,θ))
be the random

likelihood ratio for t such that θ + t ∈ Θ.

We achieved the goals using the well known method

of Ibragimov and Khas’minski.

We need the convergence of finite dimensional distributions

of the process Zn(t).(Lemma 8.2)

Then a majoration of the trajectories of process (lemma 8.3)

and their modulus of continuity (Lemma 3).

The Theorem is then a consequence of th 10.1 p104

[I.A,Ibragimov and Khas′minski] .
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7.2 Lemma

Under the assumptions (HS),

LogZn(t)- 1√
n

∑n
j=1 < Df(Yj−1, θ), t)

g′
g
(εj) +1

2
< Iθt, t >→

Py,θ
0

uniformly in θ ∈ Θ, and y0 ∈ K0

7.2.1 Proof

It is sufficient to show that uniformly on Θ × K0 × N, the random function:

τ ∗ → φj(θ, τ ∗) =
g1/2(Xj−f(Yj−1,θ+τ∗))

g1/2(Xj−f(Yj−1,θ))
is differentiable in quadratic mean

at the point τ ∗ = 0 for Py,θ.

[G.Roussas.Contiguity of probability measures] .

7.3 Lemma

Under the assumptions (HS), there exists a positive real constant C such

for any θ in Θ, y in K0 and t such that θ + t√
n
∈ Θ,

Eθ,y0

[
Z

1/2
n (t)

]
≤ exp−C ‖t‖2

7.3.1 Proof

The proof is technical.
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Part II

Speed of convergence

8 Speed of M.L.E Convergence

8.1 Notations

Let l(.,.,.) the function defined by

l(., ., .) : R × Rd × Θ → R

l(x, y, θ) = Logg(x− f(y, θ))

For i=1,2,... , we set li(ω, θ) = l(Xi(ω), Yi−1(ω), θ))

l′(x, y,θ) =t ( ∂l
∂θ1

(x, y, θ), ..., ∂l
∂θk

(x, y, θ))

l”(x, y, θ) =t ( ∂2l
∂θi∂θj

(x, y, θ))i,j=1,...,k

l′i(θ) = l′(Xi, Yj−1, θ)

li”(θ) = ( ∂2l
∂θi∂θj

(Xi, Yj−1, θ))i,j=1,...,k

Df(y, θ) =t ( ∂f
∂θ1

(y, θ), ..., ∂f
∂θk

(y, θ)).

We have :l′(x, y,θ)tl′(x, y, θ) = g′2
g2 (x − f(y, θ))Df(y, θ)tDf(y, θ)

and l′(x, y, θ) = g′
g
(x − f(y, θ))Df(y, θ)

Iθ = Eυθ
[l′(., θ)tl′(., θ))] = −Eυθ

[l”(., θ)]

We denote

m(x, y,θ) = I
−1/2
θ l′(x, y, θ)

h(x, y, θ) = I
−1/2
θ l′′(x, y, θ)I

−1/2
θ + I

I is the identity operator in Rd

mn = 1√
n

∑n
i=1 I

−1/2
θ l′i(θ)hn = 1√

n

∑n
i=1(I

−1/2
θ l′′i(θ)I−1/2

θ + I)
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hn = 1√
n

∑n
i=1(I

−1/2
θ l′′i (θ)I

−1/2
θ + I)

Let Sd′ the set of symetric matrix on Rd′ and

π the bijection : Rd′ × Sd′ → Rd′(d′+3)/2 = Rd∗

(u, v) → π(u, v) =

{
ui i = 1, ..d′

wj(i),l(i) i = d′ + 1, ...d∗

where (j(i), l(i)) is the solution of d∗ + j + l( l −1)
2

= i, j ≤ l.

Conversly , given the Rd∗ vector r, u(r) = (r1, ..., rd′)

W(r) is the symetric matrix , where te term of the j-th

row and l .th colomn (j ≤ l) is

wj,l = ri, and i = d∗ + j + l(l−1)
2

.

We denote πn(ω, θ) = π(mn(ω, θ), hn(ω, θ)).

C(θ) = Eθ⊗υθ
[π(m(., θ), h(., θ))tπ(m(., θ), h(., θ)] .

Given a set A in Rd′ and a positive real number B,

Aβ = {r/ ‖r − s‖ < β for some s ∈ A} ,

A−β = C(CA)β.

Given A in Rd′ , Z(A) is the cylinder A×Rd∗−d ⊂ Rd∗ ,

For a > 0, A ⊂ Rk, Ln(a) =
{
r ∈ Rk/ ‖r‖ ≤ a−1/2n1/4

}

L′n(a) =
{
r ∈ Rd∗/ ‖r‖ ≤ a−1/2n1/4

}
We set :

An(a) = A
⋂

Ln(a)

A∗
n(a) =

{
r ∈ Rk, ‖r − s‖ ≤ a∗n−1/2 ‖s‖2 for s ∈ An(a)

}
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8.2 Theorem

Under assumptions (HP),(HS), the sequence of maximum

likelihood estimators (θ̂n)n∈N satisfies the following property:

For any compact set K in Rd , there exists a positive number

C(K) such that for every convex set in Rd

supθ∈Θ,y∈K

∣∣∣Pθ,y(I
1/2
θ (θ̂n − θ) ∈ E) − Φ(E)

∣∣∣ ≤ C(K)√
n

Where Φ is the standard normal distribution on Rd , N(0, Id′).

Id′ is the standard identity operator on Rd′.

8.3 Proof of the theorem

The result of the theorem derives mainly from Berry Essen Bound

of suitably normalized random vector sums and this following expansion:

1√
n

∑n
i=1 l′i(θ̂n) = 1√

n

∑n
i=1 l′i(θ) + 1√

n

∑n
i=1 l′′i (θ)

√
n(θ̂n − θ)+

+ 1√
n

∑n
i=1

∫ 1

0
(l′′i(θ + (θ̂n − θ)) − l′′(θ))

√
n(θ̂n − θ)du.

With the notations , we have :

mn(θ) + 1√
n
(hn − I)tn = Kn(., θ)‖tn‖2

(
√

n)

Under assumptions(HP)(v), (HS)(v)(viii)(ix),

there exist two positive real constantsC and k̄ such that :

sup
{
P N

θ,y(Kn(θ)) > k̄, θ ∈ Θ, n ∈ N, y ∈ K
} ≤ C√

n

Let Ãn = Ãn(θ) =
{
ω/ ‖Kn(ω, θ)‖ ≤ k̄

}
when ω ∈ Ãn , we have :∥∥∥mn(ω, θ) + 1√

n
{hn(ω, θ) − I} tn

∥∥∥ ≤ k̄ ‖tn‖2

√
n

Given a convex set E,

{tn ∈ E} =
{
(tn, W (πn)) ∈ E × Rd∗−d′

}
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et Cn(A, b) =
{
r ∈ Rd∗/

∥∥∥u(r) + (W (r)√
n

− I)t
∥∥∥ ≤ b√

n
‖t‖2 , t ∈ A ∩ Ln(b)

}
.

We have , ∀n ≥ n0, θ ∈ Θ, ω ∈ An,θ ∩ Ãn

∥∥∥mn(ω, θ) + ( 1√
n
hn(ω, θ) − I)

√
nI

1/2
θ (θ̂n − θ)

∥∥∥ ≤
b√
n

∥∥∥√nI
1/2
θ (θ̂n(ω) − θ)

∥∥∥2

.

b = K̄supθ∈Θ

∥∥∥I
−1/2
θ

∥∥∥2

∀n ≥ n0, θ ∈ Θ, ω ∈ An,θ ∩ Ãn

√
nI

1/2
θ (θ̂n − θ) ∈ E ⇒ √

nI
1/2
θ (θ̂n(ω) − θ) ∈ E ∩ Ln(b)

⇒ π(mn(ω, θ), hn(ω, θ)) ∈ Cn(E, b)

We have : Cn(E, b) ⊂ (ZE)∗n(
√

2b) ∪ L′, (2b) [Pf.7.1]

Therefore P N
θ,y |[ω ∈ Ω/πn(ω, θ) ∈ Cn(, b)] − Φ(E)| ≤ |P1| + |P2| .

P1 =
∣∣Pθ,y

[
ω ∈ Ω/πn(ω, θ) ∈ (ZE)∗n(

√
2b)

] − Φ(E)
∣∣

P2 = Py,θ

[
ω ∈ Ω/πn(ω, θ) ∈ L′

n(2b)
]
.

P2 = o( 1√
n
)

Let Sn(y) = 1√
n

∑n
i=1 V (εk, Yk−1(y))

We are interested by the speed of convergence in law of such fonctionnals:

The quantities such as will be evalued are

Pθ,y [‖Sn(y)‖ ≥ γ] , γ > 0

Ψn(t) = E
[
exp i < t, 1√

n

∑n
i=1 V (εk, Yk−1(y)) >

]
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8.4 Assumptions(HT)

Let beV(ε, y) a function R × Rd → Rr,

η is a function R→ [1,∞[, γ, δ, τ(δ < α0), threepositive real

numbers such that:

(i) ‖V (ε, y)‖ ≤ η(ε)(1 + ‖y‖1+τ )

(ii) ‖V (ε, y) − V (ε, y′)‖ ≤ η(ε)(1 + ‖y‖τ + ‖y′‖τ ) ‖y − y′‖

(iii)
∫

η6(ε) exp γ(|ε|δ)g(ε)dε < ∞

(iv) The vectors V (ε, y) are centred and reduced under g(ε)dευθ(dy).

First we introduce a Banach space and a linear operator linked to the

conditionnal expectation of the chain .

Let B = Bα,λ be the set of the functions h : Rd → Rr

such that :

M(h) = supx∈Rd
|h(x)|

(1+‖x‖1+τ+c ,

L(h) = supx,y∈Rd
|h(x)−h(y)|

‖x−y‖(1+‖x‖τ+‖y‖τ )

τ > 0, c > 0.

The operator Uθ is defined on B

Uθh(y) =
∫

h(εe + F (y, θ)g(ε)dε

8.5 Lemma1:

Under assumptions (HS), Uθ is quasi-compact and admits the following

decomposition

Uθ = πθ + Qθ

where πθ is the projector, Qθ is an operator with spectral radius ρθ

less than 1.
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Moreover, there exist two real positive constants C* and ρ

(0<ρ < 1) such for any θ in Θ, we have ‖Qn
θ ‖ ≤ C∗ρn

where ‖.‖is the usual operator norm.

8.6 Proposition

Under the assumptions (HS), for every γ ∈ K (compact in Rd), there

exist a positive constant C such that :

∀s (2 ≤ s ≤ 6), P N
θ,y [‖Sn(y)‖ > γ] ≤ C

γs

8.6.1 Proof

For s ≥ 2, by Markov inequality,

Pθ,y [‖Sn(y)‖ > s] ≤ 1
n1/2γs E [‖∑n

i=1 V (εk, Yk−1(y)‖s
] = Bn

γsns/2

Let H(y) =
∫

V (ε, y)μ(dε).

Bn = Eθ,y [‖∑ V (εk, Yk−1) − H(Yk−1(y) + H(Yk−1(y)‖] ≤

2s−1(E
[‖B1

n‖s]
+ E

[‖B2
n‖s]

)

B1
n =

∑n
i=1 V (εk, Yk−1) − H(Yk−1(y))

B2
n=

∑n
i=1 H(Yk−1(y))

B′
n is a norm of increments of martingales .

E [‖B′
n‖s]≤ CsEθ,y [‖B′

n‖ 2]s/2

≤ C5n
s/2−12s

∑n
i=1 Eθ,y [‖V (εk, Yk−1)‖s] .

Using assumptions about ‖V (ε, y)‖ ,we conclude that

Eθ,y [‖B′n‖s] is bounded for all n
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8.7 A representation of the characteristic function of Sn

Let us set, for a function h : Rd → R

Uθh(y) =
∫

exp i < t, Sn > h(εe + F (y, θ))g(ε)dε

Then the characteristic function of Sn can be written

Ψn(t) = E [exp i < t, Sn >] = Uθ+ t√
n
1.

where 1 is the constant function :y→ 1.

- Uθ,t is a linear operator on Bλ,α

- Using the perturbation theory of linear, we will derive an

Edgeworth’expansion of the characteristic function of Sn

For α and λ two positive cons tan ts 0 < α < 1), (0 < λ < β),

For h : Rd → C, let

|h|λ = sup×∈Rd
|h(x)|

(1+‖x‖)1+λ expλ‖x‖α

and mλ(h) = supx,y∈Rd
|h(x)−h(y)|

‖x−y‖ expλ[‖x‖α+‖y‖α]

Bλ,α with the norm (|.|λ + mλ) is a Banach space.

8.8 Proposition

Under (HS), for h ∈ Lλ, Un
θ h =

∫
hdνθ + Q0

nh

Q0 is an operator with spectral radius less than 1 and Q01=0.

8.8.1 Proof

By Marinescu Tulcea theorem.
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8.9 Proposition

Under (HS), there exist a positive constant on such that :

‖t‖ < η, h ∈ Bλ, n ≥ 1

Un
t h = sn(t)π(t)h + Qn(t)h

where s(t) is an eigenvalue of Ut, its eigenspace E(t) has its dimension

equal to 1, π(t) is the projector of E(t)

Q(t) has its spectral radius <1.

Q(t)π(t) = π(t)Q(t) = 0

t→ s(t), t → π(t) are C3.

THE PERTURBATION THEORY OF LINEAR YIELDS

8.10 Proposition

For ‖t‖small enough (‖t‖ < T ),the operator Uθ,t has the following

representation:

Uθ,t = sθ(t)πθ(t) + Qθ,t.

where sθ(t) is an simple eigenvalue,πθ(t) the projector on the one

dimensionnal eigenspace of sθ(t), Qθ(t), an operator with spectral

radius less than 1(sθ(0) = 1, πθ(0) = πθ, Qθ,0 = Qθ)

The functions sθ(.), π(.), Q(.), have five derivatives in a neighborhood

of the point t = 0.

These derivatives are uniformly bounded on Θ, and there exist two

positive real constants C∗
1 and ρ1 such that for any θ in Θ.

‖Qn
θ‖ ≤ C∗

1ρ
n
1 when

∥∥∥ t√
n

∥∥∥ ≤ T1

on a:Ψn( t√
n
) = Un

θ, t√
n

1 = sn
θ ( t√

n
)πθ(

t√
n
)1 + Qn

θ, t√
n

1.

= exp(nLogsθ(
t√
n
))πθ(

t√
n
)1 + Qn

θ, t√
n

1.
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8.11 Notations

s
(k)
θ = sk, π

(k)
θ = πk is the derivative k-th derivative of the

functions .These are multilinear on Rd.

s(k)(t) = s(k)(t1,...,tk);

π(k)(t) = π(k)(t1, ..., tk)

8.12 Lemma

For any θ ∈ Θ, t ∈ Rd, s
(1)
θ (0) = 0, s

(2)
θ (t) = −‖t‖2

8.12.1 Proof

For all t near zéro , we have:

1
n
E [< Sn(y), t >] →<

∫ ∫
V (ε, y)μ(dε)ν(dy), t >= 0

and 1
n
E [< Sn(y)tSy(y)t, t >] → ‖t‖2

t = (ei)
p
i=1

We take the derivative in the left and the right at the point zero , n → ∞
Un

t√
n

= sn( t√
n
)π( t√

n
) + Qn( t√

n
)

8.13 Proposition

There exist two positive constants , C, and C4 such that for
∥∥∥ t√

n

∥∥∥ < A∣∣∣Ĥn( t√
n
)
∣∣∣ =

∣∣∣∣Un
t√
n

1 − exp−‖t‖2
2

(1 + s(3)(0)t(3)

3!
√

n
+ π′(0)1 t√

n

∣∣∣∣ ≤
C
n

exp−‖t‖2

4
(‖t‖2 + ‖t‖8) + C4τ

n.
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8.14 Lemma1

For ‖t‖ < T
√

n, there exists a real positive constant C such that :∣∣∣sn( t√
n
) − exp(−‖t‖2

2
)(1 + n−1/2 s(3)(t)

6
)
∣∣∣ ≤

C((‖t‖
4

n
+ ‖t‖6

n
) exp−‖t‖2

4
)

8.14.1 Proof

Using Taylor’s expansion of s( t√
n
) about zero

s( t√
n
) = 1 − n−1

∥∥ t
2

∥∥2
+ n−3/2

3!
s(3)(t) + n−2η1(

t√
n
) ‖t‖4 .

η1,∞ = sup {|η1(t)| , θ ∈ Θ, ‖t‖ < T1} < ∞
After,

π( t√
n
) = 1 + n−1/2π(1)(t)1 + ‖t‖2

n
η2(

t√
n
).

Then

∣∣∣sn( t√
n
)π( t√

n
) − exp−‖t‖2

2
(1 + n−1/2( s(3)(t)

6
+ π(1)(t)1))

∣∣∣
≤ C ‖t‖4+‖t‖8

η
exp−‖t‖2

4
.

The norm of the term Qn
t√
n

1 will be majored by C∗
1 , ρ

n
1 .
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