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Abstract

In the present paper two general integral operators of meromorphic
p -valent functions in the punctured open unit disk are introduced. Two
subclasses of meromorphic p -valent functions are presented. The order
of starlikeness of the above operators are also determined. As an appli-
cation to the above operators, two p -valent meromorphic functions are
defined and studied.
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1 Introduction

Let U= {z € C: |z| < 1}, be the open unit disc in the complex plane C, U* =

U\{0}, the punctured open unit disk and H(U) = {f € U — C : f isholomorphicin U} .
Fora € Cand n € N (N = {0,1,2,...}), let H[a,n] = {f € H(U), f(z) =

a+ apz" + ap12"t + ..., 2z € U} Let X, denote the class of meromorphic

functions of the form

o) =+ me (e N =N\{o}), (1)
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which are analytic and p -valent in U*.

We say that a function f € ¥, is the meromorphic p -valent starlike of order
a (0 < a < p) and belongs to the class f € X5(a), if it satisfies the inequality:

() >

A function f € X, is the meromorphic p -valent convex function of order

a (0 < a < p),if f satisfies the following inequality

()

and we denote this class by XK, («).

Many important properties and characteristics of various interesting subclasses
of the class XJ,, of meromorphically p -valent functions were investigated exten-
sively by (among others) Uralegaddi and Somanatha ([7] and [8]), Liu and
Srivastava ([12] and [13]), Mogra ([14]and [15]), Srivastava et al.[16], Aouf et
al. ([17] and [18]), Joshi and Srivastava [19], Owa et al. [20] and Kulkarni et
al. [21].

Analogous to the integral operators defined by Breaz et al. ([9] and [10]),
Frasin [6] and Mohammed and Darus ([1], [3]) on the normalized, p -valent

and meromorphic analytic functions, we now define the following two integral
operators on the space meromorphic p -valent functions in the class X,,.

Definition 1.1. Letn,p € N* i € {1,2,3,....n},7; > 0. We define the integral
0perator Fpoyy, - vy (f1, for ooy fn) 1 2 — 2y by

z

/ (uP fr(u)™...(u? fr(u)) "™ du.

0

‘7:177%7 CtYn (2) = I(f17f27 afn)(z) =

(1.2)

Definition 1.2. Letn,p € N* i € {1,2,3,....n},7; > 0. We define the integral
operator Tpwy, - - - vy (f1, for oy fn) 2 55 — 5y by

ijh CtYn (2) = I(fl; Joy s fn)(z)

— Zplﬂ/z(_fﬂf{(u))m...(_fﬂf;(u))%du. (1.3)

0




p-Valent meromorphic functions 1331

For the sake of simplicity, from now on we shall write F,,, ... ., (2) instead
0] G R

fis fas ooy fu)(2) and Jpoy -+ 1y (2) instead of Ty, - v sy (f1s f2, ooy ) (2).

If we take p = 1, we obtain the general integral operators Fi,.,, ... ,, (2) =
H(z) and Ji,yy, -+ syn (2) = Hoy, -« 1y, (2), introduced by the authors ([1] and

3])-

For the f € ¥, (p € N), we introduce the following two new subclasses.

Definition 1.3. Let a function f € ¥, be analytic in U*. Then f is in the
class 25(8) (=1 < B < p), if, and only if, f satisfies

)| ()
CRkE %(f(>+ﬁ> (14

Definition 1.4. Let a function f € ¥, be analytic in U*. Then f is in the
class QK,(8) (—1 < 8 < p), if, and only if, f satisfies

o e g e) e

The following results will be useful in the sequel.

Lemma 1.1([5]).Let n € N*, a,0 € R,y € C with R[y — ad] > 0. If p €
H[p(0),n] with p(0) € R and p(0) > «, then we have

+p

+14p

2/ (2)
%{p(z)+m} >a = Rp(z) >a, z€U.

Theorem 1.2 [23] If f € 3, satisfies the inequality
2f'(z)  2f"(2)
fz)  F@)
then f € 5 (p(1 —46)).

Theorem 1.3 [23] If f € 3, satisfies the inequality

70 (7 )| < 0o

(
then f € X7 <1 W)

—1‘<5, 0<o<1
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2  Starlikeness of the operator 7, ,... ., (%)
In this section we place conditions for the starlikeness of the integral operator
Fospr s+« sy (2) which is defined in (1.2).

Theorem 2.1. Fori € {1,...,n}, let v > 0and f; € ¥5(a;) (0 < oy < p). If
0< i vi(p— ;) <p, then F,,., ... . (2) is starlike by orderp—i vi(p—ay).

i=1 i=1
Proof. A differentiation of 7., ,... ,,, (2) which is defined in (1.2), we get

PF e () F (0D Fpy s (2) = (P f1(2)) ™ - (2P fu(2)) 77,
(2.1)

and

szrlf;/;le,.u, Tn (Z> + 2(]? + )pr;VYl,.” ( ) +p(p + 1>Zp 1fp7’Y1,...,'yn (Z) =

n ; pri,(z)_}_pzpilfi(z) 2P AN (P z)) ™
217( 2 fi (2) )K fr(2)) ™ (2 fa (2)) 7] (2.2)

Then from (2.1) and (2.2), we obtain

Zpﬂfgm,--- n (2) +2(p+ 1)zp}—;m,.-- (2) +p(p+1)2P~ 1}—12771,--- Y (2)
e ]:]/;m,--- n (2)+(p+ )2 F oy, m (2)

(550

i=1
By multiplying (2.3)with z yield,

Zpﬂfllylm,--- n (2) +2(p+ 1)zp}—1;m,--- n (2) +p(p+1) pil}—pm,---,vn (2)
Zp]:;/;m,...,vn (2) + (p+ 1)2P 1 Fpy o (2)

_ Z (*"fz p).

That is equivalent to

ZpH]:]/;/m,--- n () +(p+ 2);75 ‘7:]/;771,---,% (2) fp= i% (Zfi/(z) +p>. (2.4)
z fp"Yl,~~~7’Yn ( ) + (p + 1)Zp fpa’Yl,~~~,’Yn (Z> z
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And

— ( Ty o () + (P + 2)F it e n (Z)) _ 3 i (Zfi/(z) )
o DO D () ;7 fo TR

(2.5)

We can write (2.5), as the following

_ ZF vy (2) <Z-7:z/7l7“/1 ' (2) > n
Fompeom @ \ Fommom@ TP T2) S (zf/( 2) +p) L. (26)
M+p+1 i—1 ' fz(z)

fp,’yl yeee 7’Yn(z)

We define the regular function ¢ in U by

2‘7:1/)771 ’ TN (2)

q(2) = : (2.7)
fp?’Yl ’t I Yn (Z)
and ¢(0) = p. Differentiating ¢(z) logarithmically, we obtain
Zq/(Z) :’rzlyla’n 1t 9Yn (Z)
—q(z) + =1+ . (2.8)
Q(’Z) :'rpwl )ttt 9Yn (Z)

From (2.6),(2.7) and (2.8) we obtain

W)~ (2R
Q(Z)+p+1_q(z)— ;w( 70 —|—p)+p. (2.9)

Since f; € ¥5(;), for i€ {1,---,n}, we receive

%{q(z)+p+zf£q }>p Z% a;). (2.10)

It is clear that ¢ is analytic in U with ¢(0) =p > p — > vi(p — a;). We also
i=1
have R(y — da) > 0,(for y = p+ 1,0 = land @« = p — > %(p — ). ) Since
i=1
the conditions from Lemma 1.1 are met, we obtain Rq(z) > p — > vi(p — ay),
i=1
which is equivalent to

oo W"((z)) >p— Z%(p — ).

Y N -

that is Fp,, , ... 1y, (2) is starlike of order p — >~ vi(p — o).
i=1
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Theorem 2.2. Fori € {1,...,n}, let v; > 0and f; € Q5(5;) (-1 < 8; <p). If
0<> vlp—0) <p, then F,., ,... . (2)is starlike by order p—>_ v;(p—5;).
i=1 i=1

Proof. Using (2.9), we have

q(z) + L(Z) = —Z% (zf/(z) +ﬁi) +p— Z% (p—0G). (2.11)

p+1—q(2) fi(2)

Since f; € 5(5;), for i€ {1,---,n}, we get

%{q(z) + m} Z%

z'

+p’ +p=Y nlp—B5) (212)

Because Y v; ZJ{((ZZ) +p’ > 0, we obtain that
=1
%{Q(Z)+L('z)}>p—iv-(p—ﬁ-) (2.13)
p+1—q() il Z

The remaining part of the proof follows the pattern of those in Theorem 2.1.
The proof is complete.

3  Starlikeness of the operator J,,,, ... ,y, (%)
In this section we place conditions for the starlikeness of the integral operator
Tpsyn s+ sym (2) which is defined in (1.3).

Theorem 2.3. Fori e {1,...,n}, let v; > 0and f; € EK,(«;) (0 < a; <p). If
0< Zn:l%(p — ;) < p, then Ty s - - sy, (2) 1 starlike by order p — Zn:l%(p —
a;).

Proof. A differentiation of Jp,y, ;... .y, (2), which is defined in (1.3), we get

Zp—HjI;Wl Y (2) + (p + 1)zp‘7pa’Y1 Yt Yn (Z)

- (Zne) - (Bne) (31)
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o () (o) - (5ne) |

(3.2)

Then from (3.1) and (3.2), we obtain

Zpﬂjz;/m,-.-,vn (2) +2(p+ 1)zp‘7z;m,-.-,vn (2) +p(p + 1)zp71\7pm,--wn (2)
Zp\y};fylyu'v’}'n (Z> + (p + 1)Zp71‘7p”ylv"'7'7n (Z>

n "
:Z% (ZfZ()+p+1) (3.3)
2\ )
That is equivalent to
_z (z p””Ylww’Yn (2) + (P +2)T g, Z ( e +p + 1) +p
2T g in (2) + (0 + 1) Tpo .y (2 ( — fi
(3.4)

We can write (3.4), as the following

_ ijév"/l 1 Yn (Z) <Z\73;l7’Y1 YN (Z)

: tp2) "
JP?’Y sy (2 L7p’\/ zZ 7
: du 2 5O :_§:%<.f()+p+1>+p
e TN S| — fi'(z)
Tps Y1 (Z)
(3.5)
Define the regular function ¢ in U by
2T s+ oy (2)
q(z) = — ) 3.6
S S >0
and ¢(0) = p. Differentiating ¢(z) logarithmically, we obtain
! 2T (2
Q(Z) PIYL Yt 9Tn (’Z)

From (3.5),(3.6) and (3.7) we obtain

ﬂ@+__éﬁQsz_§:%<?@%”+p+1)+p (3.8)

p+1—gq(z fi'(2)

Since f; € XK, (o), forie{l,---,n}, we receive

ére{q(z)+ _ 2 }>p Z% —ay). (3.9)

p+1—q(z
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The remaining part of the proof follows the pattern of those in Theorem 2.1.

Theorem 2.4. Fori e {1,...,n}, let v; > 0and f; € QK,(5;) (—1 < 3; < p).

IfO < > vilp— Bi) < p, then Tppyy - - 1y, (2) 3 starlike by order p—> vi(p—
i=1 i=1

Bi).

Other work that we can look at regarding these operators is on superordination-
preseving integral operator[22] and related to it (see [2],[4], [11]).

4  Application

As an application to the integral operators Fp,, ;. . 1y, (2) and Tppyy - -« 1y, (2)
we define the following two p -valent meromorphic functions.

Definition 4.1. Let Fp,y, ,... ,y, (2) be the integral operator defined as in
(1.2). We define the following function,

P(z) =2F poy s (2) F 0+ D) F oy oo 1 (2) (4.1)

Definition 4.2 Let Jp., - - - v, (2) be the integral operator defined as in (1.3).
We define the following function,

T(2) = 2T v () @A DTp s+ (2) (4.2)

Next, we study some orders of starlikeness of ®(z) and Y(z).
Theorem 4.1. Fori € {1,..,n}, let v; € R, 7 > O0and f; € ¥5(a;) (0 <
a; <p). If 0 <> vi(p — ;) < p, then ®(z) given by (4.1) is starlike by order
i=1

p—i%@—%)

Proof. A successive differentiation of F,., ,... ,5, (2) which is defined in

(1.2), we get

PO(2) = PF () D) F 0, (2) = (P AT fa(2)
(4.3)

Using (4.3), we get

2®' (2 - zfl
cbé)) = Z —i—pZ% p. (4.4)
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Since f; € ¥5(;) we receive

2(2) 21i'(2) =
e —2}%%{—ﬁ@>}—p2;w+P

>p—>7%(p—a).
=1

But by the hypothesis, 0 < p — > 7 (p — «;) < 1. Thus ®(z) is starlike by
i=1

order p — > vi(p — ).
i=1
Theorem 4.2. Fori € {1,..,n}, let v € R, v, > p and > v < n+ 1. If
i=1

fi €%y (%) , then ®(z) belong to ¥*(0).

Now, adopting the same technique used in Theorem 4.1 and applying The-
orem 1.2 and Theorem 1.3, one can prove

Theorem 4.3. Fori e {1,...n}, let;, >0, 0<é; <1, fieX,, and

2fiz) _ 2fi(2)

O CHR R

If 0 < " vi0; < 1, then ®(2) is starlike by order p — p Y. ¥;d;.
i=1 =

— =1

Theorem 4.4. Fori € {1,...,n}, let v >0, 0<p; < 1—1), fi € X, and

< .

fi(z) 2 (z) _ 2 fi(2)
e (” f ) )

l j .
i=1 P =1 et

Ifo< >’ QZT’ZZ < 1 then ®(z) is starlike by order p —p > 4

Finally, we introduce the following results for the function Y(z).

Theorem 4.5. Fori € {1,....n}, let v, € R, v; > 0and f; € K,(o;) (0 <
a; <p). If 0 < > vi(p — ;) < p, then Y(2) given by (4.2) is starlike by order
i=1

n

p—> 7p— ).

=1
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Theorem 4.6. Fori € {1,..,n}, let v; € R, 7, > p and > v < n+ 1. If
i=1
fi € LK, <%> , then Y(z) belong to ¥*(0).
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