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Abstract

In this paper, we introduce fix points for a tuple of operators on a
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Banach space and give some Conditions for a vector to be a Fix point
for the Tuple.
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1 Introduction

Let X be a Banach space and T%,75, ..., T, are commutative bounded linear
operators on X'. By an n-tuple we mean the n-component 7 = (71, T, ..., T,)
so that "n” is a finite positive integer number. For the tuple 7 = (T3, Ts, ..., T;,)
the set

F={T\"Ty*. T, k; >0,i=1,2,..,n}

is the semigroup generated by 7. For x € X take
Orb(T,z) ={Sx: S € F}.
In other hand

Orb(T,z) = {TV" 1% . T, (x) : k; > 0,i=1,2,...,n}.

2 Preliminary Notes

Definition 2.1 The set Orb(T,x) is called, orbit of vector x under T and
Tuple T = (11, Ts, ..., T,,) is called hypercyclic tuple, if there is a vector x € X
such that, the set Orb(7T ,x) is dense in X, that is

Orb(T,z) = {1V "> . T, (x) : k; > 0,i =1,2,....,n} = X.

In this case, the vector x is called a hypercyclic vector for the tuple T .

Definition 2.2 Let X is a metric space with metric d. Take

n(X) = P(X) - {¢}

and
ClUX) ={z:2 C X,z = closed, x # ¢}
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Consider an n-tuple T' = (11, T3, ...,T,)). An element x € X is called a fized
point for T if there exist non-negative integer numbers mq, ma, ..., m,, such that

My I (x) =

Fized point for a functional is defining similarly.

Definition 2.3 Let X is a Banach space and x € X, the vector x is called
a semi-periodic vector for tuple T = (11, Ts, ..., T,) if the sequence

{1 (x)}

be semi-compact. In this case T is called semi-periodic tuple.

Definition 2.4 Let X is a Banach space and T = (11,15, ..., T,,) is a Tuple,
then the dense generalized kernel of T is the set

U (Ker(Ty™" Ty ™" . Tmnk)),

k>0

Note 2.5 All of operators in this paper are commutative bounded linear
operators on a Banach space. Also, note that by {j,i} we mean a number, that
was showed by this mark and related with this indexes, not a pair of numbers.

Readers can see [1-9] for some information.

3 Main Results

Theorem 3.1 (The Hypercyclicity Criterion) Let X be a separable Ba-
nach space and T = (11, T, ..., T,,) is an n-tuple of continuous linear mappings
on X. If there exist two dense subsets Y and Z in X, and strictly increasing
sequences {mjvl}z%l’ {my2}52y, o Amyn}ss, such that :

1 TV 2 0, — 0 on'Y as j — oo,

2. There exist functions {S; : Z — X'} such that for every z € Z, S;z — 0,
and Ty 1,72 17" Sz — z, on Z as j — oo,

then T is a hypercyclic n-tuple.

J,m



646 S. N. Hoseini, M. Habibi, F. Safari, F. Ghezelbash and P. Karami

Theorem 3.2 Let X be a separable Banach space and T = (11, T, ..., 1)
1s an hypercyclic n-tuple of commutative continuous linear mappings on X.
the tuple T satisfying the hypothesis of The Hypercyclicity Criterion, if there
1s a subset S of X such that, all elements of S are semi-periodic vectors for
tuple T .

proof. Since 7 is hypercyclic tuple, then we can choice a vector z € X
such that Orb(7,x) is dense in X. Take

Vi ={z+u:ueU}.

Since the set of hypercyclic vectors for any tuple is dense in X', so let u; € Uy
and the natural numbers m; 1, ma 1, ..., m, 1 With property

mi,1 Mm2;1 My,

Now, take us € Us. Since

mi,1+1pme1+1 Mp,1+1 m1,1+2pme,1+2 Mp,1+2 o
so there are m; 9, Mo 9, ..., M, 2 such that
mM1,2 M2,2 My
imilar re are mi¢, Moy, ..., M u a
Similarly, there are my 4, may, ..., my such that
M1t M2t M,

There are sequence {u; }7° ; of hypercyclic vectors and subsequences {my +}, {ma+}, ..., {mn+}
of natural numbers, such that

and
TP T () € Vi

Now we try to find subsequence
{mi, ) {ma, s {m, )

of
{ml,t}v {m27t}’ SE) {mn,t}
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such that , )
MY ™2t

TV T () (V) (Y(U2) # 6.

Suppose that V' = V, and U = U for any given k. If S be the set of all
semi-periodic vectors of 7 then S = X so

SN+ B0, 5) # 6

in other word, we can take

1

we SN+ B(0,57)

indeed the orbit of
{7 1™ T () }

is semi-compact, so there subsequence

{nl,t}’ {772715}’ s {nn,t}

of
{ij}) {mQ,j}) ceey {mn,]}
such that
[T T T ()}

is a convergence sequence. Suppose wy € X and

TV T T (w) — wo

1

as t — oo. With replace € = 5 we have ko,

1
T771,t n2’t...T77"’t . <
|17, At (w) = wol| < 2o

asn;: > kforj=1,2,...,nandt=1,2,.... since x be a hypercyclic vector for
S then there are natural numbers

nl,ta 772,t7 ceey nn,t

such that,
T TP Tt (W) + wl] < =
[Ty, (W) Fwl| < ok
Since lim(u;) = 0 as i — 0, then there is « such that

1
< .
|| uOé ||— Qko H Tlm,t 2772,15'“ 1717n,t H
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For k, take n;; with property n;; > k and n;; > ko for i = 1,2,...,n and
t=1,2,..., now we have

||T1771 k 772 k‘ 727nk 1771,tT2772,tngnyt (Uz) + WH

_ HTlnl k 772 k T’gn,kal,tTQQ,t'“Tgmt (uz)

+T1771k 77219. gn,k( ) Tlnlk 77219. nnk( )+W||

_ HTm k 772k T77n k(Tnlt 772t Tgn,t (uz) _ :I;)_|_
ka 77219' nnk( )—i—w||
< HTlmk 12, ko ﬂnk(Tlmt 772t T%t( ) _ x)H_+_

T T T (1) + o

< HTlmk 772k' gn,kH

T T T () — @)+ 5

IN

||T1771k 772k Tg”’kH—l—%

1 1
<ot
_1
Tk

Since
lw + T T T (u) — o) = [Jw — @ + T T T (uy)|
< lw = || + |1 T T () |

< op H IT T T L] (us) |

AN
8-
+
8-
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1
%
then h = w + Ty T .. T (u;) € Vi so

1T T T ()| = | T T Tt (w + T T T () |

= [| T T Tt (W) T Ty Tt (T Ty Tt () ||

= | T TP Tt (w) — wot

TP T T (T T T () + wo|

< TP T T () — wol -+

7™ T T (T T T (ws)) + wol

1 1
<ot
_1
— k

that is
TPeTE T (V) (Ui £ 6

By this the proof is complete.

Lemma 3.3 Let X be a separable Banach space and T = (11,15, ..., T,) is
a chaotic n-tuple of commutative continuous linear operators on X. the tuple
T satisfying the hypothesis of The Hypercyclicity Criterion.

proof.  Since the tuple 7 is a chaotic tuple, then have a set of semi-
periodic vector, so by the Theorem 3.2, the 7 satisfying the hypothesis the
Hypercyclicity Criterion.

Lemma 3.4 Let X be a separable Banach space and T = (11,15, ..., T,) is
an n-tuple of commutative bounded linear mapping on X and T have a dense
generalized kernel, then tuple T satisfying the hypothesis of The Hypercyclicity
Criterion.
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proof.  For proof of this lemma, it is sufficient to choice a vector x for

the tuple 7, by the theorem 3.2 the proof is clear.
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