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Abstract

An analysis is performed to study the influence of radiation and
magneto hydrodynamic effects on the unsteady laminar free convection flow
over a moving vertical cylinder. The fluid is a gray, absorbing-emitting but
non-scattering medium and the Rosseland approximation is used to describe
the radiative heat flux in the energy equation. The governing boundary layer
equations are converted into a non-dimensional form and a Crank-Nicolson
type of implicit finite-difference method is used to solve the governing non-
linear set of equations. Numerical results are obtained and presented for air and
water with different parameters such as Hartmann number, radiation parameter
and Prandtl number. Transient effects of velocity and temperature are
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analyzed. It is also observed that owing to an increase in the value of radiation
parameter N, both the momentum and thermal boundary layer thickness
increase and also it is noted that the presence as well as increase in the strength
of magnetic field leads to a decrease in the velocity field and rise in thermal
boundary layer thickness. The heat transfer characteristics are analyzed with
the help of average skin-friction coefficient and Nusselt number and are shown
graphically.
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Nomenclature

Cp specific heat at constant temperature
M Hartmann number
Gr thermal Grashof number
g acceleration due to gravity
N radiation parameter
Nu average Nusselt number
Nux local Nusselt number
Pr Prandtl number
qr the radiative heat flux in the r-direction
X dimensionless axial co-ordinate
R dimensionless radial co-ordinate
ro radius of cylinder
T temperature
T′ temperature of the fluid near the cylinder

∞′T temperature of the fluid at infinity

wT′ temperature of the cylinder

t time
U dimensionless velocity components in X-direction
V dimensionless velocity components in R-direction
Greek symbols
α thermal diffusivity
β volumetric coefficient of thermal expansion

*κ mean absorption coefficient
 kinematic viscosity
ρ density
σ Stefan-Boltzmann constant
τx local skin-friction
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τ average skin-friction
Subscripts
w condition on the wall
∞ free stream condition

1  Introduction

Boundary layer flows over a moving vertical cylinder are of great
importance in view of their relevance to a wide variety of technical
applications, particularly in the manufacturing of fibers in glass and polymer
industries. The first and the foremost work regarding the boundary later
behavior on moving surfaces in a quiescent fluid was considered by Sakiadis
[22, 23]. Tsou et al [25] have shown experimentally that such a flow indeed
arises. Effects of convection-radiation in the presence of free convection flow
are important in the context of space technology and processes involving the
temperature, and very little is known about the effects of the radiating fluid
past a body on the boundary layer in the presence of free convection flow.
Griffin and Thorne [10] observed the growth of the thermal boundary layer on
a thick, flat, moving belt, using the shadowgraph technique. Later Minkowycz
and sparrow [16] used local velocity and temperature profiles for isothermal
cylinder placed in air. Pop et al. [19] have studied the problem of steady forced
convection boundary layer of Non-Newtonian fluid on a continuously moving
cylinder.

Not much attention has been given, however, to cases where thermal-
radiation becomes an additional factor. Studies with interaction of thermal
radiation and free convection were made Arpaci [3], Cess [6], Cheng and
Ozisik [7], Bankston [4], Rapits [20], Hossian and Takhar [11,12]. In all these
papers, flow is considered to be steady. The unsteady flow past a moving plate
in the presence of free convection and radiation was studied by Monsour [17]
and Rapits and Perdikis [21]. In literature very few authors studied the flow
past a vertical cylinder. The combined radiation and free convection flow over
a vertical cylinder was studied by Yih [26].

The natural convection boundary layer flow of an electrically conducting
fluid in the presence of magnetic field has been studied by several authors. An
exact solution for the magneto hydrodynamics flow between two rotating
cylinders under radial magnetic field was studied by Arora and Gupta[2].
Hossain and Ahmed [13] have studied the combined effect of forced and free
convection with uniform heat flux in the presence of magnetic field. In this
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case, the effect of both the viscous and Joule heating were neglected. Apd EL-
Hakien et al [1] studied the effect of viscous and Joule heating on the flow of
an incompressible, electrically conducting micropolar fluid past a semi-infinite
plate whose surface temperature linearly varies with the distance from the
leading edge. The plate is subjected to a uniform transverse magnetic field.

Pop et al [18] studied the boundary layer solution for the conjugate
forced convection flow of an electrically conducting fluid over a semi-infinite
plate in the presence of a transverse magnetic field. Jones et al [14] developed
a new implicit algorithm for solving the time dependent, non-ideal
magnetohydrodymic equation. Kumari and Nath [15] studied the development
of two-dimensional boundary layer with an applied magnetic field due to an
impulsive motion. Emerly [8] studied the effect of a magnetic field upon the
free convection flow of a conducting fluid. Recently, combined heat and mass
transfer affect on moving vertical cylinder that of steady and unsteady flow
was analyzed by Takhar et al [24] and Ganesan and Loganathan [9]. They were
using an implicit finite difference scheme of Crank-Nicolson type. The
problem of thermal radiation effects on hydrodynamic flow past a moving
vertical cylinder has important applications in the study of geological
formations; in the exploration and thermal recovery of oil; and in the
assessment of aquifers, geothermal reservoirs and underground nuclear waste
storage sites. In literature no one has attempted to study the combined effect of
radiation and MHD flow past a moving semi-infinite vertical cylinder.

The objective of present investigation is to study the effects of radiation
and MHD flow past a moving vertical cylinder when the fluid is
incompressible, viscous and electrically conducting. Here intrusive magma
may be taken as an isothermal vertical cylinder with impulsive motion
subjected to radiative flux. The fluid considered is a gray, absorbing-emitting
but non-scattering medium and the Rosseland approximation is used to
describe the radiative heat flux in the energy equation. In this analysis, the
cylinder is moving in the vertical direction against gravitational force with a
constant velocity. The governing non-dimensional unsteady partial differential
equations are solved numerically using the implicit finite-difference scheme.
Effect of the radiation and Hartmann number on the velocity and temperature
with respect to time, and on the skin-friction coefficient and the average
Nusselt number are shown.
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2 Mathematical Analysis

Considered the flow of an incompressible viscous radiating fluid past an
impulsively started semi-infinite vertical cylinder of radius 0r in the presence

of transverse magnetic field. Here the x-axis is taken along the axis of the
cylinder in the vertical direction and the radial coordinate r is taken normal to
the cylinder. The following assumptions concerning the magnetic field are
made:

1. The radiation heat flux in the x-direction is negligible as compared
to that in the radial coordinate r-direction.

2. The magnetic field is constant in a direction perpendicular to the
cylinder.

3. The induced current does not distort the magnetic field.
4. The coefficient of electrical conductivity is a constant and scalar

throughout the fluid.
5. The Joule heating of the fluid is neglected.
6. The viscous dissipation term is also assumed to be negligible in the

energy equations.

All physical properties are assumed to be constant except for the density
in the buoyancy term, which is given by the usual Boussinesq approximation.
Under these assumptions, the flow of a radiative conducting fluid can be
shown to be governed by the following system of equations:
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Under the boundary conditions are



262 P. Loganathan, M. Kannan and P. Ganesan

0 0

0

0 : 0, 0, 0 0

0 : , 0,

0, 0, 0

0, 0, .

w

t u v T T for all x and r

t u u v T T at r r

u v T T at X and r r

u v T T as r

∞

∞

∞

′ ′ ′≤ = = = ≥ ≥
′ ′ ′> = = = =

′ ′= = = = ≥
′ ′→ → → → ∞

(4)

We now assume the Rosseland approximation (Brewster [5]), which
then leads to
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where σ is the Stefan-Boltzmann constant and *κ is the mean
absorption coefficient.

If temperature differences within the flow are sufficiently small such

that 4T′ may be expressed as a linear function of the temperature, then the

Taylor series for 4T′ about ∞′T , after neglecting higher order terms, is given
by

4 3 44 3T T T T∞ ∞′ ′ ′ ′≅ − (6)

In view of equations (5) and (6), Equation (2) reduces to
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The following non-dimensionless parameters are introduced:
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With the non-dimensional variables Eqn(8), Eqns. (1), (2) and (7)
become
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The corresponding initial and boundary conditions in non-dimensional
quantities are given by
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3 Numerical Technique

The governing equations (9)-(11) are unsteady, coupled and non-linear
with initial boundary conditions (12). They are solved numerically by an
implicit finite-difference method of Crank-Nicolson type as described in detail
by Ganesan and Loganathan [9]. The region of integration is considered as a
rectangle with sides Xmax(=1.0) and Rmax(=14.0) where Rmax corresponds to R
= ∞ which lies very well outside the momentum, thermal and concentration
boundary layers. The time-dependent equations are marched in time until a
steady solution is obtained.

A convergence criterion based on the relative difference between the
current and previous iterations is employed. After experimenting with few sets
of mesh sizes, the mesh sizes have been fixed at the level X∆ = 0.02, R∆ =
0.2, with time step ∆ t = 0.01. In this case, spatial mesh sizes are reduced by
50% in one direction, and later in both directions, and results are compared. It
is observed that, when the mesh size is reduced by 50% in the R-direction, the
results differ in the fifth place after the decimal point while the mesh sizes are
reduced by 50% in X-direction or in both directions the results are correct to
five decimal places. Hence, the above mesh sizes have been considered as
appropriate.
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This iterative procedure is repeated for many time steps until the steady-
state solution is reached. The steady-state solution is assumed to have been
reached, when the absolute difference between the values of velocity as well as
temperature at two consecutive time steps are less than 10-5 at all grid points.
The truncation error in the employed finite-difference approximation is

)( 22 XRtO ∆+∆+∆ and tends to zero as ∆X, ∆R and ∆t → 0. Hence the system
is compatible. Also, this finite-difference scheme is unconditionally stable as
explained by Ganesan and Loganathan [9]. Stability and compatibility ensures
convergence.

4 Results and Discussion

In order to get a physical insight into the problem, a representative set of
numerical results in shown graphically in Figs. 1-10, to illustrate the influence
of physical quantities such as radiation parameter N, thermal Grashof number
Gr and magnetic field parameter M on velocity and temperature. The transient
velocity and temperature profiles for different physical parameters such as Pr,
Gr, N and M are shown in Figs. 1-6 at X = 1.0.      Figs. 1 and 2 present typical
velocity and temperature profiles in the boundary layer flow for various values
of the Grashof number Gr. Increase in the value of Gr have the tendency to
induce more flow in the boundary layer due to the effects of the thermal
buoyancy. For small buoyancy effects, the maximum flow velocity occurs at
the surface. However, as the buoyancy effects get relatively large, a distinctive
peak in the velocity profile occurs in the fluid adjacent to the wall and the peak
becomes more distinctive as Gr increases further. Along with this flow
behavior the thermal boundary layer reduces as Gr increases causing the fluid
temperature to reduce at every point other than that of the wall. Theses flow
and thermal behaviors are depicted by respective increase and decrease in the
velocity and temperature fields as Gr increases as shown in Figs. 1 and 2. The
time taken to reach the steady state increases as Gr increases.

Figures 3 and 4 illustrate the influence of the Hartmann number and
radiation parameter on the velocity and temperature profiles in the boundary
layer, respectively. Fig.3 shows that the velocity increases with increasing
values of M. The time taken to reach the steady state increases as M increases.
It is observed that the presence as well as increase in the magnetic field leads
to a decrease in the velocity field, that is, it retards the flow field. The
momentum boundary layer thickness increases with increasing value of Gr. In
the absence of magnetic field, the velocity overshoots near the cylinder.  In
Fig.4, It is observed that the temperature increases with increasing value of
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Hartmann number. From this Figs.3-4, it is observed that owing to an increase
in the value of the radiation parameter N, both the momentum and thermal
boundary layer thickness increase. However the time taken to reach the steady-
state increases as N increases.

The effects of the Prandtl number on the velocity and temperature
profiles in the boundary layer are shown in Figs. 5 and 6. It is observed that the
time taken to reach the steady state increases as Prandtl number increases.
However, as the Prandtl number increases, velocity and temperature decrease
near the cylinder.

The local as well as average skin-friction and Nusselt number in terms of
dimensionless quantities are given by
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The derivatives involved in the Eqns. (13) – (16) are evaluated using
five-point approximation formula and integrals are evaluated using Newton-
Cotes formula.

Steady state local skin friction profiles are plotted in Fig.7 against the
axial co-ordinate X.  It is observed that local skin friction decreases as X
increases. The friction coefficient is an important parameter in the heat transfer
studies since it is directly related to the heat transfer coefficient. The increased
skin friction is generally a disadvantage in technical applications, while the
increased heat transfer can be exploited in some applications such as heat
exchangers. The local shear stress increases with increasing value of M and
decreases with increasing value of N. The local Nusselt number for different
Pr, M and N are shown in fig.7. Local heat transfer rate increases with
decreasing values of M. For increasing value of radiation parameter N, the
Nusselt number decreases.
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Average skin-friction and Nusselt number are shown in Figs. 8-9,
respectively as a function of time at X = 1.0 for varies physical parameters. In
Fig. 8, it is noted that skin-friction reduces with increasing value of N, but it is
increasing with increasing value of Hartmann number throughout the transient
period and at the steady state. The surface skin-friction increases with
increasing Pr. It is also observed that the skin-friction increases as the radiation
interaction parameter N decreases. In Fig. 9., it is observed that average heat
transfer rate gets increased for increasing Pr and decreasing N. In the initial
time steps, for fixed value of Pr and N, the Nusselt number is constant at each
time level for various value of Hartmann number M. This shows that initially
there is only heat conduction.

5 Conclusions

A numerical study has been carried out for the thermal radiation effects
on MHD flow over a moving semi-infinite vertical cylinder. The fluid is a
gray, absorbing-emitting but non-scattering medium and the Rosseland
approximation is used to describe the radiative heat flux in the energy
equation. A family of governing partial differential equations is solved by an
implicit finite difference scheme of Crank-Nicolson type.  The results are
obtained for different values of radiation parameter, thermal Grashof number,
Hartmann number and Prandtl  number.  Conclusions of this study are as
follows:

1. The time required to reach the steady state increases as radiation
parameter N as well as Hartmann number M increases.

2. At small values of the Prandtl number, the velocity and temperature of
the fluid increases sharply near the cylinder as the time t increases.
However, as the Prandtl number increases, velocity and temperature
decrease near the cylinder.

3. The shear stress increases with increasing values of M and decreases
with increasing value of N.

4. The rate of heat transfer increases with decreasing values of M and N.

From the present study, it is observed that the results pertaining to the
fluid with various parameters such as radiation and Hartmann number and
Prantl number differ significantly from those of the fluid with constant
properties. Hence, the effect of radiation, Magnetic effects and Prandtl number
has to be taken into consideration in order to predict the skin friction
coefficient and heat transfer rate accurately.
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Fig.1.  Transient velocity profiles at X = 1.0
for different values of Gr
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Fig.2.  Transient temperature profiles at X = 1.0
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Fig.3.Trasient velocity profiles for different
values for M and N
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Fig.4.Trasient temperatute profiles for different  values for M and N
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Fig.5.Trasient velocity profiles for different  values for Pr
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Fig.6.Trasient temperature profiles for different  values for Pr

0

0.2

0.4

0.6

0.8

1

1 3 5 7 9 11 13 15

R

T

Gr = 5
N = 3
MHD = 2

Pr          t
0.02    3.38
1.0      6.38
7.0      7.33
10.0    6.85



Thermal radiation effects on MHD flow 273

Fig.7. Local skin-friction

0.3

0.6

0.9

1.2

1.5

1.8

2.1

2.4

0 0.2 0.4 0.6 0.8 1 1.2

X

x

Pr = 0.71
Gr = 0.2

N   MHD

 0      2

 0        1

 0       0

3       0
 5       0

Fig. 8. Local Nusselt number
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Fig. 9. Average skin-friction
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Fig. 10. Average Nusselt number
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