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Abstract

In this paper, using Fourier series theory coupled with the techniques
of real analysis inequalities, with the loss of the differentiability of f , we
investigate the existence and uniqueness of periodic solutions for a class
of neutral differential equations with delays. Some new sufficient and
necessary conditions are presented to ensure the existence and unique-
ness of periodic solutions. We also provide two examples to illustrate
the main results and to show that our conditions are easy to verify and
apply in practice.
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1. Introduction

Neutral differential equations (NDE) arise in practical problems and numerous

applications, and play a significant role in many fields. Theory of NDEs with

delay has undergone a rapid development in the last fifty years. Neutral differ-

ential equations have many applications. For example, these equations arise in

the study of two or more simple oscillatory systems with some interconnections

between them [2, 14], and in modeling physical problems such as vibration of

masses attached to an elastic bar [14]. We refer the readers to [1-20] and the

references therein for a wealth of reference materials on the subject.

1The NSF(09XLR04) of Xuzhou Normal University.
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1886 Maozhong Shi and Guangwa Wang

In the present paper, we are mainly devoted to studying a kind of neutral

differential equations with delay as follows:

x′′(t) + a1x
′(t) + a2x(t) + cx′′(t − h) + c1x

′(t − h) + c2x(t − h) = f(t), (1)

in which h � 0, c, ai, ci(i = 1, 2) are constants, f(t) is a continuous and peri-

odic function with period 2π. Assume that f(t) admits the following Fourier

expansion:

f(t) = k0 +
∞∑

n=1

(kn cos nt + dn sinnt),

where k0, kn, dn(n = 1, · · · ,∞) are Fourier coefficients.

Recently, more researchers have given special attentions to the study of the

existence of periodic solutions of NDE and some results have been obtained in

[1, 6-13, 15-19]. In the literature, many authors consider usually the periodic

solution problems of NDE by using fixed point theory [8, 12], or Mawhin’s con-

tinuation theorem [9, 10, 11, 13, 15, 16, 17, 18]. To the best of our knowledge,

few authors, see [1, 6, 7, 19], have considered existence and uniqueness of pe-

riodic solutions for general delayed NDE by Fourier series theory, which is one

of the most important theoretical tools in industry and technology fields. It is

well known that Fourier series were introduced by Joseph Fourier for the pur-

pose of solving the heat equation in a metal plate. A Fourier series decomposes

a periodic function or periodic signal into a sum of simple oscillating functions,

namely sines and cosines (or complex exponentials). The study of Fourier se-

ries is a branch of Fourier analysis. Although the original motivation was to

solve the heat equation, it later became obvious that the same techniques could

be applied to a wide array of mathematical and physical problems.

In this paper, by using Fourier series theory and the techniques of real

analysis inequalities, existence and uniqueness of periodic solutions for a class

of NDEs with delays are further investigated. Some new criteria are presented

to ensure the existence and uniqueness of periodic solutions. These conditions

are easy to verify and apply in practice. Some conditions of the results in the

article depend only on the coefficients of the delayed NDE system, and are

independent of the delays. A novel feature of our work is that we do not need

the differentiability of f , which is an important condition in the literature.

Thus some previous results of [1, 6, 7, 19] are included, extended or improved.

We also provide two examples to demonstrate the theorems in this paper and

compare with their previous results.

Throughout the paper, our standing assumption is that the Fourier series

of f(t) is uniformly convergent.

The rest of this paper is organized as follows. In Section 2, we state and
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prove the four main results. In Section 3, two examples are illustrated to show

that our results are sharp. Finally, conclusions are drawn in Section 4.

2. Main results

The main results of this paper are the following four theorems:

Theorem 1. Let |c| �= 1. Then Eq. (1) has a continuously differential periodic

solution with period 2π if and only if for every natural number n, the following

algebraic equation with respect to (b0, bn, ln)⎧⎨
⎩

(a2 + c2)b0 = k0

p(n)bn + q(n)ln = kn

−q(n)bn + p(n)ln = dn

(2)

has a solution. Here,{
p(n) = −n2(1 + c cos nh) + nc1 sinnh + c2 cos nh + a2

q(n) = n2c sinnh + n(c1 cos nh + a1) − c2 sinnh.

Theorem 2. Let |c| < 1. Then Eq. (1) has a unique continuously differential

periodic solution with period 2π if and only if for every natural number n,{
a2 + c2 �= 0

p2(n) + q2(n) �= 0
(3)

Theorem 3. Let |c| < 1, a2 + c2 �= 0, δ ≡ |c1|+
√

c21+4(1−|c|)(a2+|c2|)
2(1−|c|) < 1. Then

Eq. (1) has a unique continuously differential periodic solution with period 2π.

Theorem 4. Let |c| �= 1, a2 + c2 �= 0, h = 2kπ(k is some natural number).

Assume that any of the following conditions holds:

(i) a1 + c1 �= 0;

(ii) a2 + c2 < 0, |c| < 1 or c > 1;

(iii) a2 + c2 < 0, c < −1,
√

a2+c2
1+c

is not a natural number;

(iv) a2 + c2 > 0, c < −1;

(v) a2 + c2 > 0, |c| < 1 or c > 1;
√

a2+c2
1+c

is not a natural number.

Then Eq. (1) has a unique continuously differential periodic solution with

period 2π.
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Theorem 1 and Theorem 2 present the sufficient and necessary conditions

to ensure the existence and uniqueness of periodic solutions, while Theorem 3

and Theorem 4 show some sufficient and necessary conditions. Before proving

the four theorems, we first establish two lemmas which are used in the paper.

Lemma 1. Assume that the Fourier series of a integrable function f(t) is

uniformly convergent on [−π, π]. Then

1

π

∫ π

−π

[f(x)]2dx =
a2

0

2
+

∞∑
n=1

(a2
n + b2

n),

where

an =
1

π

∫ π

−π

f(x) cosnxdx, n = 0, 1, 2, · · · ,

bn =
1

π

∫ π

−π

f(x) sinnxdx, n = 1, 2, · · · .

Proof. Noticing that

f(x) =
a0

2
+

∞∑
n=1

(an cos nx + bn sinnx),

we have

1

π

∫ π

−π

[f(x)]2dx

=
1

π

∫ π

−π

f(x)

[
a0

2
+

∞∑
n=1

(an cos nx + bn sinnx)

]
dx

=
1

π

∫ π

−π

a0

2
f(x)dx +

1

π

∫ π

−π

∞∑
n=1

(anf(x) cos nx + bnf(x) sinnx)dx

=
a2

0

2
+

∞∑
n=1

(a2
n + b2

n),

in which the uniform convergence of Fourier series is used. Thus, the proof is

accomplished. �

Immediately, by virtue of Lemma 1, we have

Lemma 2. Assume that the Fourier series of a integrable function f(t) is

uniformly convergent on [−π, π]. Then there exists some natural number N

such that
m∑

n=N

(a2
n + b2

n) � 1

π

∫ π

−π

[f(x)]2dx,
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for any m = N, N + 1, · · · .

Proof of Theorem 1. Let x(t) be a continuously differential 2π-periodic

solution with Fourier series

x(t) = b0 +
∞∑

n=1

(bn cos nt + ln sinnt).

Then

x′(t) =

∞∑
n=1

(−nbn sin nt + nln cos nt),

x′′(t) =
∞∑

n=1

(−n2bn cos nt − n2ln sinnt).

Thus Eq. (1) can be rewritten as

(a2 + c2)b0 +
∞∑

n=1

[(p(n)bn + q(n)ln) cos nt + ( − q(n)bn + p(n)ln) sinnt]

= k0 +
∞∑

n=1

(kn cos nt + dn sin nt).

Comparing the coefficients, one has⎧⎨
⎩

(a2 + c2)b0 = k0

p(n)bn + q(n)ln = kn

−q(n)bn + p(n)ln = dn,

which indicates that Eq. (2) is solvable. Thus, we finish the proof of the

necessity. Next, we will prove the sufficiency.

Assume Eq. (2) is solvable. Construct the following two triangular series:

b0 +

∞∑
n=1

(bn cos nt + ln sinnt)

and ∞∑
n=1

(nln cos nt − nbn sinnt).

Now we will show that the two series are convergent. It is not difficult to see

that

p2(n) = n4(1 + c cos nh)2 + n2c2
1 sin2 nh + c2

2 cos2 nh

−2n3(1 + c cos nh)c1 sinnh − 2n2(1 + c cos nh)c2 cos nh

−2n2a2 + 2nc1c2 sin nh cos nh + 2na2 sinnh + 2a2c2 cos nh,
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and

q2(n) = n4c2 sin2 nh + n2(c1 cos nh + a1)
2 + c2

2 sin2 nh

+2n3(c1 cos nh + a1)c sinnh − 2n2cc2 sin2 nh

−2n(c1 cos nh + a1)c2 sinnh.

Therefore,

p2(n) + q2(n) = n4(1 + 2c cos nh + c2)

+2n3(a1 − c1) sinnh + n2[c2
1 − 2cc2 + a2

1 − 2a2 + 2(a1c1 − c2) cos nh]

+2n(a2 − a1c2) sinnh + a2
2 + 2a2c2 cos nh + c2

2

= n4(1 − |c|)2 + 2n4(|c| − c cos nh)

+2n3(a1 − c1) sinnh + n2[c2
1 − 2cc2 + a2

1 − 2a2 + 2(a1c1 − c2) cos nh]

+2n(a2 − a1c2) sinnh + a2
2 + 2a2c2 cos nh + c2

2,

which implies that the series

∞∑
n=N

1

p2(n) + q2(n)

is convergent for some natural number N , since |c| �= 1. Obviously,

∞∑
n=N

n2

p2(n) + q2(n)

is convergent, too.

Solving {
p(n)bn + q(n)ln = kn

−q(n)bn + p(n)ln = dn,

we have ⎧⎪⎪⎨
⎪⎪⎩

bn =
p(n)kn − q(n)dn

p2(n) + q2(n)

ln =
p(n)kn + q(n)dn

p2(n) + q2(n)
.
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From Cauchy inequality, one can easily get

|bn| =
|p(n)kn − q(n)dn|

p2(n) + q2(n)

�
√

p2(n) + q2(n) · √k2(n) + d2(n)

p2(n) + q2(n)

=

√
k2(n) + d2(n)√
p2(n) + q2(n)

� |kn| + |dn|√
p2(n) + q2(n)

=
|kn|√

p2(n) + q2(n)
+

|dn|√
p2(n) + q2(n)

� 1

2(p2(n) + q2(n))
+

k2
n

2
+

1

2(p2(n) + q2(n))
+

d2
n

2

=
1

p2(n) + q2(n)
+

k2
n + d2

n

2
.

Similarly, one has

|ln| � 1

p2(n) + q2(n)
+

k2
n + d2

n

2
.

Recall Lemma 2 showing that there exists some natural number N such that

m∑
n=N

(k2
n + d2

n) � 1

π

∫ π

−π

[f(t)]2dt,

for any m = N, N + 1, · · · . This implies the series

∞∑
n=N

(k2
n + d2

n)

is convergent. Noticing that

∞∑
n=N

1

p2(n) + q2(n)

is convergent, we have
∞∑

n=N

(|bn| + |ln|)

is convergent, and then
∞∑

n=1

(|bn| + |ln|)
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is convergent. By a similar argument, it is easy to prove that

|nbn| � n(|kn| + |dn|)√
p2(n) + q2(n)

� n2

p2(n) + q2(n)
+

k2
n + d2

n

2
,

and

|nln| � n(|kn| + |dn|)√
p2(n) + q2(n)

� n2

p2(n) + q2(n)
+

k2
n + d2

n

2
,

and then ∞∑
n=1

n(|bn| + |ln|)

is convergent, noticing the convergence of the two series

∞∑
n=N

n2

p2(n) + q2(n)
and

∞∑
n=N

(k2
n + d2

n).

From
|bn cos nt| + |ln sinnt| � |bn| + |ln|,

|nln cos nt| + |nbn sinnt| � n(|bn| + |ln|),
we obtain that the two triangular series

b0 +

∞∑
n=1

(bn cos nt + ln sinnt)

and ∞∑
n=1

(nln cos nt − nbn sinnt)

are all absolutely convergent and uniformly convergent.

Let

x(t) = b0 +
∞∑

n=1

(bn cos nt + ln sinnt).

Then

x′(t) =
∞∑

n=1

(nln cos nt − nbn sinnt).

Obviously, x′(t) is absolutely continuous. It is easy to check that x(t) is a

continuously differential periodic solution with period 2π, which completes

the proof of sufficiency. Thus we finish the whole proof. �

Proof of Theorem 2. It is enough to notice that{
a2 + c2 �= 0

p2(n) + q2(n) �= 0
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is sufficient and necessary for the existence and uniqueness of the solutions to

the algebraic equation (2). �

Remark. In Theorem 2, inequalities (3) need to hold for every natural number

n. But in fact, noticing that

|p(n)| � n2(1 − |c|) − n|c1| − |a2| − |c2| −→ +∞ (n −→ +∞),

we get that it is sufficient for inequalities (3) to hold for finite natural numbers.

Solving the algebraic equation

δ2(1 − |c|) − δ|c1| − |a2| − |c2| = 0, (4)

one has a unique positive solution

δ =
|c1| +

√
c2
1 + 4(1 − |c|)(a2 + |c2|)

2(1 − |c|) .

Therefore, in Theorem 2, it is sufficient for inequalities (3) to hold for those

finite natural numbers not greater than δ. Similarly, it is sufficient to consider

those finite natural numbers not greater than δ in Theorem 1.

Proof of Theorem 3. The condition δ < 1 implies that Eq. (4) has no

positive integral solution. Thus |p(n)| �= 0 (n = 1, 2, · · ·). Hence

p2(n) + q2(n) �= 0, n = 1, 2, · · · ,
which, by virtue of Theorem 2, shows that Eq. (1) has a unique continuously

differential periodic solution with period 2π. �

Proof of Theorem 4. Substituting h = 2kπ(k is some natural number)

into p(n) and q(n), we obtain{
p(n) = −n2(1 + c) + a2 + c2

q(n) = n(a1 + c1).

Notice that any of the conditions (i)-(v) can deduce{
a2 + c2 �= 0

p2(n) + q2(n) �= 0,

which, by virtue of Theorem 2, shows that Eq. (1) has a unique continuously

differential periodic solution with period 2π. We complete this proof. �
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3. Two illustrative examples

Example 1. Neutral differential equation

x′′(t) + 6x′(t) +
1

16
x(t) − 1

4
x′′(t − h) − 1

9
x′(t − h) +

1

8
x(t − h) =

∣∣∣∣sin t

2

∣∣∣∣ .

By virtue of Theorem 3, it is easy to check that there exists a unique contin-

uously differential periodic solution with period 2π.

Example 2. Neutral differential equation

x′′(t) + 11x′(t) − 20x(t) +
1

2
x′′(t − 4π) − 9x′(t − 4π) + 19x(t − 4π) =

∣∣∣∣cos
t

2

∣∣∣∣ .

By virtue of Theorem 4, it is easy to check that there exists a unique contin-

uously differential periodic solution with period 2π.

Remark. Obviously, in the two examples, the two functions
∣∣sin t

2

∣∣ and
∣∣cos t

2

∣∣
are not differentiable. Thus many results in the literature, e.g. [1, 6, 7, 19],

can not apply to the two examples.

4. Conclusions

In this paper, by using Fourier series theory and the techniques of real analysis

inequalities, with the loss of the differentiability of f , existence and uniqueness

of periodic solutions for a class of NDEs with delays are investigated. Some new

sufficient and necessary conditions are presented to ensure the existence and

uniqueness of periodic solutions. We also provide two examples to demonstrate

the theorems and to show that our conditions are easy to verify and apply in

practice.
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