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Abstract

Hagler and Azimi have introduced a class of hereditarily �1 Banach
spaces (Xα,p) which fails the Schur property [3] and in 2002, Azimi
generalized this spaces to Xα,p (1 < p < ∞) as hereditarily �p Banach
spaces [1]. We show that Xα,1 has not the anti-Daugavet property for
compact operators and for operators of rank 1. Also, the Banach spaces
Xα,p fail the DP ∗-property. Some other properties of this spaces are
studied.
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1 Introduction

In [3] classes of spaces containing �1 hereditarily which fail the Schur property
were constructed. In this paper a further geometric investigations of the spaces
is carried out.

We say that X has the anti-Daugavet property (for a class of operators) if
no other operators (in this class) satisfy

||Id + T || = 1 + ||T ||.
A result In [9] shows that the anti-Daugavet property is closely related to

a smoothness property of X which introduced below in Definition 2.1. In fact,
we are able to characterize the anti-Daugavet property for compact operators
along these lines. The main result of this paper, theorem 2.6, shows that
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any member of the Xα,1 spaces fails the anti-Daugavet property for compact
operators. Also, Xα,1 has not the anti-Daugavet property for operators of rank
1.

Now, in this section the definition of the Xα,1 spaces is given. First, by a
block we mean an interval F (finite or infinite) of integers. For a block F and
x = (t1, t2, ...) a sequence of scalars such that

∑
j tj converges, define

< x, F >=
∑

j∈F

tj .

To define the norm, we consider special sequences of blocks and special se-
quences of nonnegative reals. Specifically, we call a sequence (finite or infinite)
Fl, F2, ..., Fn, ... (where each Fi is a finite block) admissible if

maxFi < min Fi+1,

for i = 1, 2, 3,· · ·.
Let us now consider a sequence (αi) of nonnegative reals (whose terms are

used as weighting factors in the definition of the norm) which satisfies the
following properties:

(1) α1 = 1 and αi+1 ≤ αi for i = 1,2,3,... ,
(2) limi→∞ αi = 0,
(3)

∑∞
i=1 αi = ∞.

For x = (t1, t2, t3, ...), a finitely nonzero sequence of scalars, define

||x|| = max(
n∑

i=1

αi| < x, Fi > |p) 1
p

where the max is taken over all n, and all admissible sequences F1, F2, ..., Fn.
Let Xα,p be the completion of the finitely non zero sequences of scalars

x = (tl, t2, ...) in this norm.
Let us recall the main properties of Xα,1 spaces (theorem 1 of [3].).

Theorem 1.1 (1) Xα,1 is hereditarily �1.
(2) The sequence (ei) is a normalized boundedly complete basis for Xα,1.

Thus, Xα,1 is a dual space.
(3) (i) The sequence (ei) is a weak Cauchy sequence in Xα,1 with no weak

limit in Xα,1. In particular, Xα,1 fails the Schur property
(ii) There is a subspace X0 of Xα,1 which fails the Schur property, yet which

is weakly sequentially complete.

2 Main Results

Definitions and notation are standard, but we give some of them here. The
dual space of X is denoted by X∗ and the unit sphere of X is denoted by SX .
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Definition 2.1 (a) We say that a Banach space X is alternatively convex
or smooth (acs) if for all x, y ∈ SX and x∗ ∈ SX∗ the implication

x∗(x) = 1, ||x + y|| = 2 ⇒ x∗(y) = 1

holds.
(b) We say that a Banach space X is locally uniformly alternatively convex

or smooth (luacs) if for all xn, y ∈ SX and x∗ ∈ SX∗ the implication

x∗(xn) → 1, ||xn + y|| → 2 ⇒ x∗(y) = 1

holds.
(c) We say that a Banach space X is uniformly alternatively convex or

smooth (uacs) if for all xn, yn ∈ SX and x∗
n ∈ SX∗ the implication

x∗
n(xn) → 1, ||xn + yn|| → 2 ⇒ x∗

n(yn) → 1

holds.

Theorem 2.2 (a) Xα,1 is not alternatively convex or smooth (acs).
(b) Xα,1 is not uniformly alternatively convex or smooth (uacs).
(c) Xα,1 is not locally uniformly alternatively convex or smooth (luacs).

Proof 2.3 (a) Let (fi) in X∗ be the biorthogonal sequence to the usual
basis (ei) in X. We have e1, e2 ∈ SX, f1 ∈ SX∗, f1(e1) = 1, ||e1 + e2|| = 2 and
f1(e2) = 0. So Xα,1 is not alternatively convex or smooth (acs).

(b) Put xn = e2n, yn = e2n−1 and gn = f2n. Thus, we have xn, yn ∈ SX,
gn ∈ SX∗ , gn(xn) = 1, ||xn + yn|| = 2 and gn(yn) = 0. So, Xα,1 is not
uniformly alternatively convex or smooth (uacs).

(c) To see this, let V be an infinite-dimensional subspace of X. The proof
of 1(1) in [3] shows that we may assume the following:

There exist sequences (vi) ∈ V , ni of integers, and δi > 0 satisfying
(i) ||vi|| = 1.
(ii) Ni = n1 + n2 + n3 + ... + ni−1 for i > 1 and N1 = 0. Then δi > 0

satisfies lemma 3.1 of [2] for εi < εi−1 < ... < 1 and N = Ni.
(iii) For each block F and each i, | < vi, F > | ≤ δi.
(iv) For each i, there is a sequence of admissible blocks F i

1, F
i
2, ..., F

i
ni

with
1. maxF i

ni
< min F i+1

1 for each i.
2.

∑ni
j=1 αj | < vi, F

i
j > | = 1.

3. < vk, F
i
j >= 0, if k �= i.

Let ϕi ∈ X∗ defined by

ϕi(x) =
ni∑

j=1

εi
jαj+Ni

< x, F i
j >
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where εi
j = sgn(< vi, F

i
j >) for each i and j. Combining properties (ii-iv) for

vis, we have ϕi(vj) = 0 for i �= j.
Now define P ∈ X∗

α,1 by

P (x) =
∞∑

i=1

ϕ2i(x).

So, by definition of ϕis, we have,

||P || = sup{||x||=1}|P (x)|
= sup{||x||=1}|∑∞

i=1 ϕ2i(x)|
≤ sup{||x||=1}

∑∞
i=1 |ϕi(x)|

≤ sup{||x||=1}||x|| = 1,

(1)

and
1 − ε2i ≤ ϕ2i(v2i) = |P (v2i)| ≤ ||ϕ2i||||v2i|| ≤ 1.

Therefore, by choosing y = v1, we have ||xn + y|| = ||v2n + v1|| = 2 and
P (y) = 0 �= 1. so Xα,1 is not locally uniformly alternatively convex or smooth.

Remark 2.4 We remark that uniformly convex spaces and uniformly smooth
spaces are (uacs), and locally uniformly convex spaces are (luacs). Therefore
, by the above theorem, Xα,1 is not a uniformly convex and is not a uniformly
smooth space. Also, Xα,1 is not a locally uniformly convex space.

Now, we consider operators T from a Banach space X into itself. It is an
easy exercise to prove that

||Id + T || = 1 + ||T ||
if T is a bounded linear operator for which ||T || belongs to the spectrum of T .

Definition 2.5 We say that a Banach space X has the anti-Daugavet prop-
erty for a class M of operators if, for T ∈ M , the equivalence

||Id + T || = 1 + ||T || ⇔ ||T || ∈ σ(T ),

holds.

The following theorem is known [9].

Theorem 2.6 For a Banach space X, the following conditions are equiva-
lent:

(i) X has the anti-Daugavet property for compact operators.
(ii) X has the anti-Daugavet property for operators of rank 1.
(iii) X is (luacs).
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Therefore, we have the following theorem, that is, the main result of this
paper.

Theorem 2.7 (i) Xα,1 has not the anti-Daugavet property for compact op-
erators.

(ii) Xα,1 has not the anti-Daugavet property for operators of rank 1.

Definition 2.8 1. We will say that a Banach space X has the Phillips
property if the canonical projection p : X∗∗∗ → X∗ is sequentially weak∗-
norm continuous, and that X has the weak Phillips property if p is sequentially
weak∗-weak continuous.

2. X has the hereditary (weak) Phillips property if every closed subspace of
X has the (weak) Phillips property.

3. A bounded subset M of a Banach space X is called a limited subset if
for each weak∗ null sequence x∗

n in X∗, one has limn→∞ supx∈M |x∗
n(x)| = 0.

4. A Banach space X is said to have the Gelfand-Phillips property if any
of its limited subsets is relatively compact. in this case, we say that X is a
Gelfand-Phillips space.

5. A Banach space is called a Grothendieck space if weak and weak∗ con-
vergence coincide for sequences in its dual.

6. A Banach space X has property (V ) if each subset K ⊂ X∗ satisfying

lim
n

sup
f∈K

|f(xn)| = 0,

for every wuC series
∑

xn in X is relatively weakly compact. Equivalently, for
every Banach space Y , every unconditionally converging operator T : X → Y
is weakly compact.

We will consider the Phillips property, the weak Phillips property, and
the hereditary versions of each in connection with other well-known geometric
properties such as Pelczynski’s property (V ), as well as the Dunford-Pettis and
Schur properties for Banach space Xα,1.

For the proof of the following theorems, refer to [8].

Theorem 2.9 1. Let X be a Banach space. If X has the weak Phillips
property, then X∗ is weakly sequentially complete.

2. If a Banach space has property (V ), then it has the weak Phillips prop-
erty.

3. Every infinite-dimensional dual space fails to have the Phillips property.

Theorem 2.10 A Banach space X has the Phillips property if and only if
X has the weak Phillips property and X∗ has the Schur property.

The above theorems and theorem 1.1 have the following consequence.
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Theorem 2.11 a. The predual of Xα,1 fails to have the weak Phillips prop-
erty.

b. The predual of Xα,1 fails to have the (V ) property.
c. Every Xα,p fails to have the Phillips property.

The following Theorem is an immediate consequence of theorem 1.1 and
theorem 2.9.

Theorem 2.12 The predual of Xα,1 fails to have the Phillips property.

Definition 2.13 We say that a Banach space X has the DP ∗-property if
x∗

n(xn) → 0 whenever x∗
n → 0, weak∗ in X∗ and xn → 0, weakly in X, or

equivalently, if weak∗ and Mackey convergence agree sequentially in X∗.

Theorem 2.14 The Banach spaces Xα,p fail the DP ∗-property.

Proof 2.15 Let ui = e2i−e2i−1 and fi : Xα,p −→ R be such that for any x =
(t1, t2, ...) ∈ Xα,p, we have fi(x) = ti for integers i. Then for gn = f2n − f2n−1,
we have gn(un) = 2. To complete the proof we need to show that un −→ 0
weakly, and gn −→ 0 weak∗. The first follows from Lemma 3.14. in [2]. Also,
in [2], P. Azimi claims that gn −→ 0 weakly. Recall that if x∗

n −→ x∗ weakly,
then x∗

n −→ x∗ weak∗. So gn −→ 0 weak∗.

Definition 2.16 We say that X contains asymptotically isometric copy of
c0 if for any εn ↓ 0 (0 < εn ≤ 1) X contains a norm-one sequence (xn) such
that for all m and scalars {an : 1 ≤ n ≤ m}

max
n

(1 − εn)|an| ≤ ||
m∑

n=1

anxn|| ≤ max
n

|an|.

A result in [2] shows that,

Theorem 2.17 The predual of Xα,1 contains asymptotically isometric copies
of c0.

Remark 2.18 Banach spaces with weak∗ sequentially compact dual balls
enjoy the Gelfand-Phillips property. By [7], chapter XIII, p. 226, if X is a
separable Banach space, then BX∗ is weak∗ sequentially compact. We know
that Xα,1 is separable (every normed linear space with a countable basis is
separable.). So Y , the predual of Xα,1, is separable and has weak∗ sequentially
compact dual ball. Thus, Y enjoy the Gelfand-Phillips property. On the other
hand, by Theorem 3.4. of [2], Y contains asymptotically isometric copies of c0.
Now, by theorem 3.4. of [6], Y has to contains complemented asymptotically
isometric copies of cO.

Remark 2.19 The Eberlein-Smulian theorem ensures that a non-reflexive
Grothendieck space cannot have a weak∗-sequentially compact dual ball and
so cannot be a Gateaux differentiability space. Thus, because nonreflexivity of
Xα,1 and above remark, Xα,1 can not be a Grothendieck space.
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