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1 Introduction

The purpose of this paper is to study qualitative properties of evolution varia-
tional inclusions in a setting of functional reflexive Banach spaces. Motivated
by technological applications of nonlinear mechanics, the analysis is based on
mixed variational formulations that permit the simultaneous computational
treatment of primal and dual fields, as those of temperature- or concentration-
flux and pressure-velocity in diffusive and fluid flows, and of velocity-stress
for quasistatic solid deformations. Then, under the convention that the mixed
variational modeling of physical systems assigns a primal character to the inter-
active field equation of balance or constitutivity, with the surrounding exterior,
the evolution mixed problems may result of a primal or a dual classical type
[15, 12, 20]. Furthermore, due to the importance of handling big and heteroge-
neous physical systems, with multi-scale and multi-constitutive behavior, it is
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convenient to perform the analysis for macro-hybrid mixed variational formu-
lations, where by non-overlapping spatial decompositions, mixed subsystems
are studied in parallel with dualized interface transmission conditions. Fol-
lowing the theory proposed in [5, 6] on evolution mixed variational inclusions,
the strategy here in the analysis will be based on composition duality princi-
ples that determine primal-dual and dual-primal relations for the variational
equations of macro-hybrid mixed evolution inclusion models.

Complementary to the primal and dual evolution analysis, we will also
elaborate on the corresponding stationary analysis, determining conditions for
compatibility and existence. As applications of the theory, distributed control
nonlinear diffusion, primal and dual evolution problems will be considered.

The present analysis corresponds to an extension of our previous work [8],
on linear evolution mixed variational problems, to subdifferential nonlinear
evolution Cauchy problems.

2 Evolution Macro-Hybrid and Mixed

Variational Inclusions

In this section, we introduce the evolution macro-hybrid mixed inclusion prob-
lems of the theory, and we established composition duality principles for their
qualitative analysis. Here, we shall follow a local to global approach, con-
ceiving global evolution physical processes as local multi-processes coexisting
through interface continuity transmission conditions (see [6, 7], for a spatially
global to local approach).

Hence, let us consider a dynamical system of a physical process evolving
in a spatial bounded domain Ω ⊂ �d, d ∈ {1, 2, 3}, along a fixed time interval
(0, T ), T > 0. To this system, for localization, we introduce non-overlapping
decompositions in terms of disjoint and connected subdomains {Ωe}, Ω =⋃E

e=1 Ωe, with internal boundaries Γe = ∂Ωe ∩ Ω, e = 1, 2, ..., E, and interfaces
Γef = Γe ∩ Γf , 1 ≤ e < f ≤ E, assumed to be Lipschitz continuous. Thereby,
for a localized mixed analysis, we further introduce primal and dual Ω-field
spaces, V (Ω) and Y ∗(Ω), reflexive Banach spaces decomposable in the sense

V (Ω) =

{
{ve} ∈ V {Ωe} ≡

E∏
e=1

V (Ωe) : {πΓeve} ∈ Q

}
,

Y ∗(Ω) = Y ∗
{Ωe} ≡

E∏
e=1

Y ∗(Ωe),

(1)

where [πΓe ] is the continuous linear internal boundary trace operator of the
primal product space V {Ωe}, with values in B{Γe} ≡ ∏E

e=1B(Γe), satisfying
the macro-hybrid compatibility condition
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(C[�Γ� ]
) [πΓe ] ∈ L(V {Ωe},B{Γe}) is surjective.

Also, Q ⊂ B{Γe} is the primal transmission admissibility subspace, with polar,
the dual transmission admissibility subspace of the dual B∗

{Γe} ≡
∏E

e=1B
∗(Γe),

Q∗ =
{
{μ∗

e} ∈ B∗
{Γe} : 〈{μ∗

e}, {μe}〉B{Γe}
= 0, ∀{μe} ∈ Q

}
. (2)

Furthermore, for primal and dual Hilbert pivot spaces H(Ω) and Z∗(Ω), that
is, V (Ω) ⊂ H(Ω) ⊂ V ∗(Ω) and Y ∗(Ω) ⊂ Z∗(Ω) ⊂ Y (Ω) with continuous
and dense embeddings, we consider that H(Ω) = H{Ωe} ≡ ∏E

e=1H(Ωe) and
Z∗(Ω) = Z∗

{Ωe} ≡ ∏E
e=1 Z

∗(Ωe). On the other hand, we shall consider as
operators for the dynamical system, two time independent monotone subd-
ifferentials, ∂F : V (Ω) → 2V ∗(Ω) and ∂G∗ : Y ∗(Ω) → 2Y (Ω), with proper
convex and lower semicontinuous superpotentials, F : V (Ω) → � ∪ {+∞}
and G∗ : Y ∗(Ω) → � ∪ {+∞}, respectively. Moreover, as the local coupling
operators of the mixed system, we introduce linear continuous local operators
Λe ∈ L(V (Ωe), Y (Ωe)), with transpose ΛT ∈ L(Y ∗(Ωe), V

∗(Ωe)), e = 1, 2, ..., E.

2.1 Primal evolution macro-hybrid mixed variational
inclusion

Then, as a primal evolution macro-hybrid mixed variational model for the
theory, we pose the localized problem,

(MH)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find ({ue}, {p∗e}) ∈ W{Ωe} × Y�{Ωe} :

−{ΛT
e p

∗
e} − {πT

Γe
λ∗e} ∈

{
due

dt

}
+ {∂Fe(ue)} − {f ∗

e }, in V�{Ωe},

{Λeue} ∈ {∂G∗
e(p

∗
e)} + {ge}, in Y{Ωe},

{ue(0)} = {u0e},
synchronized by the internal boundary dual transmission problem

(T )

⎧⎪⎨⎪⎩
Find {λ∗e} ∈ B∗

{Γe} :

{πΓeue} ∈ ∂IQ∗({λ∗e}), in B{Γe}.

Here, the primal and dual evolution product spaces are the reflexive Ba-
nach spaces defined by V{Ωe} = Lp(0, T ; V {Ωe}), 2 ≤ p < ∞, and Y∗

{Ωe} =

Lp∗(0, T ; Y ∗
{Ωe}), p

∗ = p/(p − 1), with topological duals V∗
{Ωe} = Lp∗(0, T ;
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V ∗
{Ωe}) and Y{Ωe} = Lp(0, T ; Y {Ωe}). Moreover, the solution primal space is

given by W{Ωe} = {{ve} : {ve} ∈ V{Ωe}, {dve/dt} ∈ V∗
{Ωe}}, continuous and

densely embedded in the vector Hilbert space C([0, T ]; H{Ωe}) of time continu-
ous vector functions, with initial values such that {{ve(0)} : {ve} ∈ W{Ωe}} =
H{Ωe}. Also, the macro-hybrid dual space is given by B∗

{Γe} = Lp∗(0, T ; B∗
{Γe}),

with dual B{Γe} = Lp(0, T ; B{Γe}).
Next, in order to give a global interpretation to macro-hybrid problem

(MH), we apply the following duality result, established in [6] (see [7], too).

Lemma 2.1 Under compatibility condition (C[�Γ� ]
), the macro-hybrid com-

positional dualization

{πΓeue} ∈ ∂IQ∗({λ∗e}) ⇐⇒ {πT
Γe
λ∗e} ∈ ∂(IQ ◦ [πΓe ])({ue}), (3)

holds true.

Hence, according to Lemma 2.1, dualization of transmission problem (T ) leads
to the macro-hybridized primal evolution mixed problem

(MMH)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find ({ue}, {p∗e}) ∈ W{Ωe} × Y∗
{Ωe} :

−{ΛT
e p

∗
e} ∈

{
due

dt

}
+ {∂Fe(ue)} + ∂(IQ ◦ [πΓe ])({ue})

−{f ∗
e }, in V∗

{Ωe},

{Λeue} ∈ {∂G∗
e(p

∗
e)} + {ge}, in Y{Ωe},

{ue(0)} = {u0e},

which in turn, recognizing the macro-hybrid term ∂(IQ◦[πΓe ])({ue}) as the im-
posed primal transmission constraint of decomposition (1)1, can be interpreted
as a macro-hybridization of the global primal evolution mixed problem

(M)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Given f ∗ ∈ V∗, g ∈ Lp(0, T ;R(Λ)) and u0 ∈ H(Ω),

find (u, p∗) ∈ W × Y∗ :

−ΛTp∗ ∈ du

dt
+ ∂F (u) − f ∗, in V∗,

Λu ∈ ∂G∗(p∗) + g, in Y ,

u(0) = u0.
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Here, the global functional framework corresponds to the primal evolution
reflexive Banach space V = Lp(0, T ;V (Ω)) = {v : [0, T ] → V (Ω)| ‖v‖V =
[
∫ T
0 ‖v(t)‖p

V (Ω) dt]
1/p < ∞}, 2 ≤ p < ∞, with topological dual V∗ = Lp∗(0, T ;

V ∗(Ω)), p∗ = p/(p − 1), and the primal solution space W = {v : v ∈
V, dv/dt ∈ V∗} ⊂ C([0, T ];H(Ω)), with the operator norm ‖v‖W = ‖v‖V +
‖dv/dt‖V∗. Moreover, the dual solution space is the reflexive Banach space
Y∗ = Lp∗(0, T ;Y ∗(Ω)), with dual Y = Lp(0, T ;Y (Ω)). Also R(Λ) ⊂ Y (Ω) is
the range of the global coupling operator Λ ∈ L(V (Ω), Y (Ω)), with transpose
ΛT ∈ L(Y ∗(Ω), V ∗(Ω)).

Therefore, by construction, we can conclude that decomposed problem
(MH), with dual synchronization (T ), and macro-hybridized mixed prob-
lem (MMH) as well as global mixed problem (M), are all equivalent in a
solvability sense. This equivalent solvability structure will be of fundamental
importance through the analysis.

2.2 Dual evolution macro-hybrid mixed variational
inclusion

As a dual evolution macro-hybrid mixed variational model for the theory, we
introduce the localized problem,

(MH∗)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find ({ue}, {p∗e}) ∈ V{Ωe} × X ∗
{Ωe} :

−{ΛT
e p

∗
e} − {πT

Γe
λ∗e} ∈ {∂Fe(ue)} − {f ∗

e }, in V∗
{Ωe},

{Λeue} ∈
{
dp∗e
dt

}
+ {∂G∗

e(p
∗
e)} + {ge}, in Y{Ωe},

{p∗e(0)} = {p∗0e
},

synchronized, as in the primal evolution case, by the internal boundary dual
transmission common problem (T ). For this dual evolution model, the solution
dual space is given by X ∗

{Ωe} = {{q∗e} : {q∗e} ∈ Y∗
{Ωe}, {dq∗e/dt} ∈ Y{Ωe}},

which is continuous and densely embedded in the vector Hilbert space of time
continuous functions, C([0, T ]; Z∗

{Ωe}), with initial values such that {{q∗e(0)} :
{q∗e} ∈ X ∗

{Ωe}} = Z∗
{Ωe}.

Proceeding as for the primal case, a global interpretation to macro-hybrid
problem (MH∗) is obtained by applying the macro-hybrid compositional dual-
ization of Lemma 2.1, (3), dualizing transmission problem (T ), and concluding
the macro-hybridized dual evolution mixed problem
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(M∗
MH)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find ({ue}, {p∗e}) ∈ V{Ωe} × X ∗
{Ωe} :

−{ΛT
e p

∗
e} ∈ {∂Fe(ue)} + ∂(IQ ◦ [πΓe ])({ue}) − {f ∗

e }, in V∗
{Ωe},

{Λeue} ∈
{
dp∗e
dt

}
+ {∂G∗

e(p
∗
e)} + {ge}, in Y{Ωe},

{p∗e(0)} = {p∗0e
},

which can be interpreted as a macro-hybridization of the global dual evolution
mixed problem

(M∗)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Given f ∗ ∈ Lp(0, T ;R(−ΛT ), g ∈ Y and p∗0 ∈ Z∗(Ω),

find (u, p∗) ∈ V × X ∗ :

−ΛTp∗ ∈ ∂F (u) − f ∗, in V∗,

Λu ∈ dp∗

dt
+ ∂G∗(p∗) + g, in Y ,

p∗(0) = p∗0.

Here, the global functional framework is given by the dual evolution reflexive
Banach space Y∗ = Lp∗(0, T ;Y ∗(Ω)), 2 ≤ p∗ < ∞, with topological dual
Y = Lp(0, T ;Y (Ω)), p = p∗/(p∗ − 1), with dual solution space X ∗ = {q∗ : q∗ ∈
Y∗, dq∗/dt ∈ Y} ⊂ C([0, T ];Z∗(Ω)), endowed with the operator norm. Further,
the primal solution space is the reflexive Banach space V = Lp(0, T ;V (Ω)),
with dual V∗ = Lp∗(0, T ;V ∗(Ω)).

As for the primal evolution case, by construction, we have that decomposed
problem (MH∗), synchronized by dual transmission problem (T ), and macro-
hybridized mixed problem (M∗

MH) and global mixed problem (M∗), are all
equivalent in a solvability sense.

3 Evolution Duality Principles

We now proceed to establish duality principles for the primal and dual evolu-
tion macro-hybrid mixed variational problems (MH) and (MH∗). Toward
this end, we shall utilize the solvability equivalence of the local macro-hybrid
problems with their corresponding global primal and dual evolution mixed
problems (M) and (M∗). Here, we shall follow the duality approach of paper
[10], which has been inspired on the book of Le Tallec [18] (Chapter 4), as well
as the classical duality approach applied in our previous study [6].
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3.1 Primal evolution duality principles

We first define the primal admissibility set of evolution mixed problems (M),
to which any primal component solution belongs, for a.e. t ∈ (0, T ),

Sp(t) = {v ∈ V (Ω) : Λv = p + g(·, t), p ∈ ∂G∗(p∗) ⊂ Y (Ω)}. (4)

Hence, introducing the coupling compatibility condition

(CΛ� ) ΛT ∈ L(Y ∗(Ω), V ∗(Ω)) has a closed range, R(ΛT ),

we conclude the following dual compatibility condition of the problem.

Lemma 3.1 Under condition (CΛ� ), the dual admissibility set of evolution
mixed problem (M) is characterized by

∂ISp(t)(v) =

⎧⎪⎨⎪⎩
R(ΛT ), v ∈ Sp(t),

∅, otherwise,
(5)

the subdifferential of the indicator functional ISp(t).

Proof Considering that D(∂ISp(t)) = Sp(t) = D(ISp(t)), for u ∈ Sp(t),

∂ISp(t)(u) = {v∗ ∈ V ∗(Ω) : 0 ≥ 〈v∗, v − u〉V (Ω), ∀ v ∈ Sp(t)}

= {v∗ ∈ V ∗(Ω) : 0 ≥ 〈v∗, (ṽ + u) − u〉V (Ω), ∀ ṽ ∈ N (Λ)}

= N ◦(Λ),

where ṽ + u belongs to Sp(t), ∀ ṽ ∈ N (Λ), and N ◦(Λ) ⊂ V ∗(Ω) is the polar
subspace of the kernel N (Λ) ⊂ V (Ω). Further, N ◦(Λ) = R(ΛT ), due to
condition (CΛ� ) and the Closed Range Theorem.

Therefore, the following primal evolution duality principle for problem (M)
is achieved.

Theorem 3.2 Let condition (CΛ� ) be satisfied. Then primal evolution
mixed problem (M) is solvable if, and only if, the primal evolution problem

(P)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ W :

0 ∈ du

dt
+ ∂F (u) + ∂ISp(u) − f ∗, in V∗,

u(0) = u0,
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is solvable. That is, if u ∈ W is a solution of primal problem (P) then there
is an admissible dual function p∗ ∈ Y∗, with ΛTp∗ ∈ ∂ISp(u), such that (u, p∗)
is a solution of mixed problem (M) and, conversely, if (u, p∗) ∈ W × Y∗ is a
solution of mixed problem (M) then primal admissible function u is a solution
of primal problem (P).

Proof Solutions u ∈ W of primal evolution problem (P) necessarily belong to
Sp(t) for a.e. t ∈ (0, T ) and, consequently, satisfy the dual equation of mixed
problem (M), with p ∈ ∂G∗(p∗) for some p∗ ∈ Y ∗(Ω). Moreover, primal
equation of mixed problem (M) is further satisfied since ΛTp∗ ∈ ∂ISp(u). On
the other hand, mixed solutions (u, p∗) ∈ W × Y∗ of problem (M) are such
that u ∈ Sp and, then, ΛTp∗ ∈ ∂ISp(u). Thus, u is a solution of primal problem
(P).
From the equivalence of global primal evolution mixed problem (M) and pri-
mal evolution macro-hybrid mixed problem (MH), we have the corresponding
macro-hybrid duality principle.

Corollary 3.3 Under condition (CΛ� ), primal evolution macro-hybrid mixed
problem (MH) has a solution if, and only if, primal evolution problem (P)
has a solution.

In relation with the composition duality methodology established in [6], we
next give compositional interpretations of dual admissibility characterization
(5).

Lemma 3.4 The dual inclusion of problem (M) necessarily satisfies the
compositional dualization

Λu ∈ ∂G∗(p∗) + g =⇒ ΛTp∗ ∈ ∂(G ◦ Λ)(u− vg), (6)

where vg ∈ V is a fixed Λ-preimage of function g: Λvg = g.

Proof By dualization Λu ∈ ∂G∗(p∗) + g ⇔ p∗ ∈ ∂G(Λ(u− vg)). Then, the
compositional dualization p∗ ∈ ∂G(Λ(u − vg)) ⇒ ΛTp∗ ∈ ∂(G ◦ Λ)(u − vg) is
valid since the variational inequality of the former subdifferential equation,

Λ(u−vg) ∈ D(G) : G(q) ≥ G(Λ(u−vg))+ 〈p∗, q−Λ(u−vg)〉Y (Ω), ∀q ∈ D(G),

implies, taking variations q = Λv, v ∈ V (Ω), the variational inequality of the
latter,

u−vg ∈ D(G◦Λ) : G◦Λ(v) ≥ G◦Λ(u−vg)+〈ΛTp∗, v−(u−vg)〉Y , ∀v ∈ D(G◦Λ).

Note that Λ(u− vg) ∈ D(G) ⇔ u− vg ∈ D(G ◦Λ), and D(G ◦Λ) = D(G|R(Λ)).
Therefore, from Lemma 3.4 and Theorem 3.2, the following primal evolu-

tion composition duality principle for problem (M) is concluded.
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Theorem 3.5 Primal evolution mixed problem (M) is solvable, only if the
primal evolution problem

(P̃)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ W :

0 ∈ du

dt
+ ∂F (u) + ∂(G ◦ Λ)(u− vg) − f ∗, in V∗,

u(0) = u0,

is solvable. That is, if (u, p∗) ∈ W × Y∗ is a solution of problem (M) then
component u is a primal admissible solution of problem (P̃). Moreover, com-
positional primal problem (P̃) is solvable if primal evolution problem (P) is
solvable.

Also, taking into account the equivalence between global problem (M) and
macro-hybrid problem (MH), we conclude the macro-hybrid composition du-
ality principle.

Theorem 3.6 Primal evolution macro-hybrid mixed problem (MH) has a
solution, only if primal evolution problem (P̃) has a solution.

Furthermore, in our previous study [6], the classical primal evolution com-
patibility condition

(C��Λ) intD(G) ∩R(Λ) �= ∅
was considered, under which the compositional operator equality

∂(G ◦ Λ) = ΛT∂G ◦ Λ (7)

holds true [15]. Here intD(G) denotes the interior of the effective domain of
the conjugate G : Y → � ∪ {+∞} of functional G∗. In [6], this compatibility
condition was shown to be appropriate for distributed control mixed diffusion
problems, exemplifying the theory. Moreover, assuming valid classical condi-
tion (C��Λ), from the dual inclusion of problem (M), equivalently expressed
by p∗ ∈ ∂G ◦ Λ(u − vg), the sufficiency of the principle of Theorem 3.5 is in
addition readily obtained (see [6], Theorem 2.2). Hence, an alternative primal
evolution duality principle is obtained.

Theorem 3.7 Let compatibility condition (C��Λ) be fulfilled. Then primal
evolution macro-hybrid mixed problem (MH), equivalent to mixed problem
(M), is solvable if, and only if, primal evolution problem (P̃) is solvable.
Moreover, under condition (CΛ� ), compositional primal problem (P̃) is equiv-
alent to primal evolution problem (P).
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3.2 Dual evolution duality principles

Following the same analysis procedure as for the primal evolution case, we start
introducing the dual admissibility set of evolution mixed problems (M∗), to
which dual component solutions belong, for a.e. t ∈ (0, T ),

Su∗(t) = {q∗ ∈ Y ∗(Ω) : −ΛT q∗ = u∗ − f ∗(·, t), u∗ ∈ ∂F (u) ⊂ V ∗(Ω)}. (4∗)

Further, introducing the coupling compatibility condition

(C�Λ) − Λ ∈ L(V (Ω), Y (Ω)) has a closed range, R(−Λ),

we have the following primal compatibility condition of the problem.

Lemma 3.1∗ Under condition (C�Λ), the primal admissibility set of evo-
lution mixed problems (M∗) is characterized by

∂ISu∗ (t)(q
∗) =

⎧⎪⎨⎪⎩
R(−Λ), q∗ ∈ Su∗(t),

∅, otherwise,
(5∗)

the subdifferential of the indicator functional ISu∗(t).

Consequently, the following dual evolution duality principle for problem (M∗)
is concluded.

Theorem 3.2∗ Under condition (C�Λ), dual evolution mixed problem
(M∗) has a solution if, and only if, the dual evolution problem

(D)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find p∗ ∈ X ∗ :

0 ∈ dp∗

dt
+ ∂G∗(p∗) + ∂ISu∗ (p

∗) + g, in Y ,

p∗(0) = p∗0,

has a solution. That is, if p∗ ∈ X ∗ is a solution of dual problem (D) then there
is an admissible primal function u ∈ V, with −Λu ∈ ∂ISu∗ (p

∗), such that (u, p∗)
is a solution of mixed problem (M∗) and, conversely, if (u, p∗) ∈ V × X ∗ is a
solution of mixed problem (M∗) then dual admissible function p∗ is a solution
of dual problem (D).

Taking into account the equivalence of global dual evolution mixed problem
(M∗) and dual evolution macro-hybrid mixed problem (MH∗), the corre-
sponding macro-hybrid duality principle is as follows.
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Corollary 3.3∗ Let condition (C�Λ) be fulfilled. Then dual evolution
macro-hybrid mixed problem (MH∗) is solvable if, and only if, dual evolu-
tion problem (D) is solvable.

In relation with our previous work [6], compositional interpretations of
primal admissibility characterization (5∗) are the following.

Lemma 3.4∗ The primal inclusion of problem (M∗) necessarily satisfies
the compositional dualization

−ΛTp∗ ∈ ∂F (u) − f ∗ =⇒ −Λu ∈ ∂(F ∗ ◦ (−ΛT ))(p∗ + rf∗), (6∗)

where rf∗ ∈ Y∗ is a fixed −ΛT -preimage of function f ∗: −ΛT rf∗ = f ∗.

In conclusion, from Lemma 3.4∗ and Theorem 3.2∗, the following dual evolution
composition duality principle for problem (M∗) is achieved.

Theorem 3.5∗ Dual evolution mixed problem (M∗) has a solution, only
if the dual evolution problem

(D̃)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find p∗ ∈ X ∗ :

0 ∈ dp∗

dt
+ ∂G∗(p∗) + ∂(F ∗ ◦ (−ΛT ))(p∗ + rf∗) + g, in Y ,

p∗(0) = p∗0,

has a solution. That is, if (u, p∗) ∈ V × X ∗ is a solution of problem (M∗)
then component p∗ is a dual admissible solution of problem (D̃). Moreover,
compositional dual problem (D̃) has a solution if dual evolution problem (D)
has a solution.

Further, the equivalence of global problem (M∗) and macro-hybrid problem
(MH∗) leads to the macro-hybrid composition duality principle.

Theorem 3.6∗ Dual evolution macro-hybrid mixed problem (MH∗) is
solvable, only if dual evolution problem (D̃) is solvable.

On the other hand, as in [6], considering the classical dual evolution com-
patibility condition

(C� ���Λ� ) intD(F ∗) ∩R(−ΛT ) �= ∅,

the compositional operator equality

∂(F ∗ ◦ (−ΛT )) = Λ∂F ∗ ◦ (−ΛT ) (7∗)
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is valid, where intD(F ∗) is the interior of the effective domain of the con-
jugate F ∗ : V ∗ → � ∪ {+∞} of functional F . As we mentioned for the
primal evolution case, this compatibility condition turned out to be appropri-
ate for distributed control mixed diffusion problems, now in a dual evolution
sense. Hence, under classical condition (C� ���Λ� ), the primal inclusion of
problem (M∗) is expressed equivalently by u ∈ ∂F ∗ ◦ (−ΛT )(p∗ + r∗f∗), and
the sufficiency of the principle of Theorem 3.5∗ is additionally obtained (see
[6], Theorem 2.2∗). Thereby, an alternative dual evolution duality principle is
the following.

Theorem 3.7∗ Under classical compatibility condition (C� ���Λ� ), dual
evolution macro-hybrid mixed problem (MH∗), equivalent to mixed problem
(M∗), has a solution if, and only if, dual evolution problem (D̃) has a solu-
tion. Moreover, due to condition (C�Λ), compositional dual problem (D̃) is
equivalent to dual evolution problem (D).

4 Evolution Macro-hybrid Mixed Well-

Posedness Analysis

On the basis of the evolution duality principles, established in Theorems 3.2
and 3.7 for the primal evolution case, and in Theorems 3.2∗ and 3.7∗ for the dual
case, we next perform a well-posedness analysis of primal and dual mixed evo-
lution problems (M) and (M∗), respectively. The evolution existence results
will follow from Akagi and Ôtani paper [2], based on Hilbert approximations.

4.1 Primal evolution analysis

Hence, according to the evolution duality principles, we determine the well-
posednedss of primal evolution mixed problem (M), equivalent to macro-
hybrid mixed problem (MH), through the analysis of primal evolution prob-
lems (P) and (P̃) (see Theorems 3.2, 3.5 and 3.7). Toward this end, and in
preparation for applying Akagi and Ôtani existence theorem, we introduce the
composition primal superpotential

G̃g(v) = G ◦ Λ(v − vg), v ∈ V (Ω), (8)

vg being the fixed Λ-preimage of Lemma 3.4, for which the effective domain
and subdifferential relations
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D(G̃g) = D(G ◦ Λ) + vg,

∂G̃g(v) = ∂(G ◦ Λ)(v − vg),

(9)

hold. Then, assuming the Moreau-Rockafellar-Robinson condition (see [16])

(C
���̃�)

) intD(F ) ∩ D(G̃g) �= ∅,

the primal subdifferential sum rule is satisfied,

∂ϕ ≡ ∂(F + G̃g) = ∂F + ∂G̃g. (10)

Therefore, primal evolution problem (P̃) can be written in the classical
subdifferential form

(
˜̃P)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ W :

0 ∈ du

dt
+ ∂ϕ(u) − f ∗, in V∗,

u(0) = u0,

to which the following existence theorem applies in accordance with [2].

Theorem 4.1 Let the coercivity and boundedness conditions

(C1�) ‖v‖p
V (Ω) − C1‖v‖2

H(Ω) − C2 ≤ C3ϕ(v), ∀v ∈ D(ϕ), 2 ≤ p <∞,

(C2�) ‖v∗‖p∗
V ∗(Ω) ≤ �(‖v‖H(Ω)){ϕ(v) + 1}, ∀v∗ ∈ ∂ϕ(v),

� a non-decreasing real function, be fulfilled. Then primal Cauchy problem (
˜̃P)

possesses a unique solution.

Remark 4.2 The uniqueness of Theorem 4.1 follows as usual from the
monotonicity of the primal subdifferential ∂ϕ, utilizing the time integration
by parts formula, for s < τ , u, v ∈ W,

∫ τ

s

〈
du

dt
(t), v(t)

〉
V (Ω)

dt

= (u(τ), v(τ))H(Ω) − (u(s), v(s))H(Ω) −
∫ τ

s

〈
dv

dt
(t), u(t)

〉
V (Ω)

dt.

(11)
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The existence result is based on Hilbert approximations defined by the classical,
uniquely solvable, Cauchy problems [11]

(
˜̃P�)n

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find un ∈ U :

0 ∈ dun

dt
+ ∂ϕH(un) − f ∗

n, in H,

un(0) = u0n ,

where U = {v : v ∈ V, dv/dt ∈ H = L2(0, T ;H(Ω))} ⊂ W is a reflexive Ba-
nach space, ϕH : H(Ω) → � ∪ {+∞} is such that ϕH = ϕ in V (Ω) and +∞
in H(Ω)\V (Ω), a proper lower semicontinuous functional whose ∂ϕH ⊂ ∂ϕ.
Further, f ∗

n → f ∗ ∈ V∗ and u0n → u0 ∈ H(Ω) are strongly convergent se-
quences as n→ +∞. Then, under conditions (C1�) and (C2�), the sequence

of problems {( ˜̃P�)n} converge weakly to problem (
˜̃P), classical subdifferential

version of primal evolution problem (P̃) (see [2], Theorem 3.2).

Therefore, from Theorems 3.7 and 4.1, the evolution macro-hybrid mixed
solvability of the theory is achieved.

Theorem 4.3 Let compatibility condition (C��Λ), and functional condi-
tions (C1ϕ) and (C2ϕ), be fulfilled. Then primal evolution macro-hybrid mixed
problem (MH) is uniquely solvable.

Furthermore, a priori bounds for the solutions of primal evolution problems
(M) and (MH) can be established assuming the following operator versions
of functional coercivity and boundedness conditions (C1ϕ) and (C2ϕ):

(C1��) ∃ α > 0 : 〈v∗, v〉V (Ω) ≥ α‖v‖p
V (Ω), v

∗ ∈ ∂ϕ(v), ∀v ∈ V (Ω),

(C2��) ‖v∗‖V ∗(Ω) ≤ β(‖v‖V (Ω)), v
∗ ∈ ∂ϕ(v), ∀v ∈ V (Ω),

where β is an strictly increasing continuous function from �+ → �+. Also, we
shall assume the dual coercivity condition

(C1���) ∃ β∗ > 0 : 〈q∗, q〉Y (Ω) ≥ β∗‖q∗‖p∗
Y ∗(Ω), q ∈ ∂G∗(q∗), ∀q∗ ∈ Y ∗(Ω),

and denote by mΛ the boundedness constant of the coupling operator Λ ∈
L(V (Ω), Y (Ω)).
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Theorem 4.4 Let conditions (C��Λ), (C1��), (C2��) and (C1���) be
satisfied, and let (u, p∗) ∈ W × Y∗ be a solution of primal evolution mixed
problem (M). Then the estimates

‖u(τ)‖H(Ω) ≤ ‖u0‖H(Ω) + c1

{ ∫ τ

0
‖f ∗(t)‖p∗

V ∗(Ω) dt
}1/2

, ∀τ ∈ [0, T ], (12)

‖u‖V ≤ c2(α)‖u0‖2/p
H(Ω) + c3(α)‖f ∗‖p∗/p

V∗ , (13)

∥∥∥∥dudt
∥∥∥∥V∗

≤ β(c2(α))‖u0‖2/p
H(Ω) + c3(α)‖f ∗‖p∗/p

V∗ + ‖f ∗‖V∗, (14)

and

‖p∗‖Y∗ ≤ mΛc2(α)

β∗ ‖u0‖2/p
H(Ω) +

mΛc3(α)

β∗ ‖f ∗‖p∗/p
V∗ +

1

β∗‖g‖Y , (15)

hold true. Consequently, u ∈ L∞(0, T ;H(Ω)) and the mapping (u0, f
∗, g) ∈

H(Ω) × V∗ ×Y �→ (u, p∗) ∈ W × Y∗ is bounded.

Proof Let u ∈ W be solution of primal problem (
˜̃P) and τ ∈ [0, T ]. Then,

appling integration by parts formula (11) and coercivity condition (C1��), for
u∗ ∈ ∂ϕ(u), it follows that∫ τ

0
〈f ∗(t), u(t)〉V (Ω) dt =

∫ τ

0

〈
du

dt
(t), u(t)

〉
V (Ω)

dt+
∫ τ

0
〈u∗(t), u(t)〉V (Ω) dt

≥ 1

2
‖u(τ)‖2

H(Ω) −
1

2
‖u0‖2

H(Ω) + α
∫ τ

0
‖u(t)‖p

V (Ω) dt,

and applying Young’s inequality, with constant b > 0,∫ τ

0
〈f ∗(t), u(t)〉V (Ω) dt ≤

∫ τ

0
‖f ∗(t)‖V ∗(Ω)‖u(t)‖V (Ω) dt

≤ 1

p∗bp∗
∫ τ

0
‖f ∗(t)‖p∗

V ∗(Ω) dt+
bp

p

∫ τ

0
‖u(t)‖p

V (Ω) dt.

Hence, choosing b > 0 such that c(α) = α− bp/p > 0, we obtain the estimate

1

2
‖u(τ)‖2

H(Ω) + c(α)
∫ τ

0
‖u(t)‖p

V (Ω) dt ≤
1

2
‖u0‖2

H(Ω) +
1

p∗bp∗
∫ τ

0
‖f ∗(t)‖p∗

V ∗(Ω) dt,

(16)
from which (12) and (13) are concluded. Estimate (14) is then derived from

the variational equation of problem (
˜̃P) applying condition (C2��), as well
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as estimate (15) from the dual equation of problem (M) using dual coercivity
condition (C1���).

Next, we conclude this primal evolution analysis with the corresponding
macro-hybrid a priori bounds for evolution problem (MH). Let mΛT denote
the boundedness constant of transpose coupling operator ΛT ∈ L(Y∗,V∗).
Further, taking into account the lower boundedness of the transpose primal
trace operator [πT

Γe
] ∈ L(B∗

{Γe},V∗
{Ωe}), equivalent to macro-hybrid compatibil-

ity condition(C[�Γ� ]) [22], let βπT
Γ

denote its lower boundedness constant.

Theorem 4.5 Let conditions of Theorem 4.4, as well as macro-hybrid con-
dition (C[�Γ� ]), be satisfied. Then the solutions of primal evolution macro-
hybrid mixed problem (MH), ({ue}, {p∗e}, {λ∗e}) ∈ W{Ωe}×Y∗

{Ωe}×B∗
{Γe}, are

such that estimates (12) − (15) hold true, in the corresponding product sense,
with the macro-hybrid a priori bound

‖{λ∗
e}‖B∗

{Ωe}
≤ 1

βπT
Γ

(
mΛTmΛ

β∗ + β(‖u‖V (Ω)) +mΛ

)
c2(α)‖u0‖2/p

H(Ω)

+
1

βπT
Γ

((
mΛTmΛ

β∗ + β(‖u‖V (Ω)) +mΛ

)
c3(α) + 1

)
‖f ∗‖p∗/p

V∗

+
1

βπT
Γ

‖f ∗‖p∗/p
V∗ +

mΛT

βπT
Γ
β∗‖g‖Y .

(17)

Consequently, {ue} ∈ L∞(0, T ;H(Ω)) and the mapping (u0, f
∗) ∈ H(Ω) ×

V∗ �→ ({ue}, {p∗e}, {λ∗e}) ∈ W{Ωe} × Y∗
{Ωe} × B∗

{Γe} is bounded.

Proof Estimate (17) follows from the local primal equations of problem (MH),
considering the lower boundedness of the transpose operator [πT

Γe
], equivalent

to surjectivity condition (C[�Γ� ]
).

4.2 Dual evolution analyisis

Next, we continue with the analysis of dual evolution mixed problem (M�),
equivalent to macro-hybrid mixed problem (MH�), in terms of dual evolution
problems (D�) and (D̃�) (see Theorems 3.2∗, 3.5∗ and 3.7∗). For the applica-
tion of Akagi and Ôtani existence theorem, we introduce the composition dual
superpotential

F̃ ∗
f∗(q∗) = F ∗ ◦ (−ΛT )(q∗ + rf∗), q∗ ∈ Y ∗(Ω), (8∗)

where rf∗ is the fixed −ΛT -preimage of Lemma 3.4∗, and whose effective do-
main and subdifferential are such that
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D(F̃ ∗
f∗) = D(F ∗ ◦ (−ΛT )) − rf∗ ,

∂F̃ ∗
f∗(q∗) = ∂(F ∗ ◦ (−ΛT ))(q∗ + rf∗).

(9∗)

Hence, assuming the Moreau-Rockafellar-Robinson condition [16]

(C
����̃ �

��
)
) intD(G∗) ∩ D(F̃ ∗

f∗) �= ∅,

the dual subdifferential sum rule is guaranteed:

∂ϕ∗ ≡ ∂(G∗ + F̃ ∗
f∗) = ∂G∗ + ∂F̃ ∗

f∗ . (10∗)

Thereby, dual evolution problem (D̃) is expressed in a classical subdiffer-
ential form by

(
˜̃D)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find p∗ ∈ X ∗ :

0 ∈ dp∗

dt
+ ∂ϕ∗(p∗) + g, in Y ,

u(0) = u0,

and, according to [2], the following dual existence theorem applies.

Theorem 4.1∗ Let the coercivity and boundedness conditions

(C1��) ‖q∗‖p∗
Y ∗(Ω) − C∗

1‖q∗‖2
Z(Ω) − C∗

2 ≤ C∗
3ϕ

∗(q∗), ∀q∗ ∈ D(ϕ∗), 2 ≤ p∗ <∞,

(C2��) ‖q‖p
Y (Ω) ≤ �∗(‖q∗‖Z(Ω)){ϕ∗(q∗) + 1}, ∀q ∈ ∂ϕ∗(q∗),

where �∗ is a non-decreasing real function, be satisfied. Then dual Cauchy

problem (
˜̃D) is uniquely solvable.

Remark 4.2∗ The uniqueness of Theorem 4.1∗ follows from the mono-
tonicity of the dual subdifferential ∂ϕ∗, applying the corresponding X -time
integration by parts formula. As for the primal evolution case, the existence
result is based on Hilbert approximations defined by classical, uniquely solv-
able, dual Cauchy problems [11]

(
˜̃D�)n

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find p∗n ∈ U∗ :

0 ∈ dp∗n
dt

+ ∂ϕ∗
Z(p∗n) + gn, in Z,

p∗n(0) = p∗0n
.
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Here, U∗ = {q∗ : q∗ ∈ Y∗, dq∗/dt ∈ Z = L2(0, T ;Z(Ω))} ⊂ X , a reflexive
Banach space, ϕ∗

Z : Z(Ω) → � ∪ {+∞} is such that ϕ∗
Z = ϕ∗ in Y ∗(Ω)

and +∞ in Z(Ω)\Y ∗(Ω), a proper lower semicontinuous functional for which
∂ϕ∗

Z ⊂ ∂ϕ∗. Also, gn → g ∈ Y as well as p∗0n
→ p∗0 ∈ Z(Ω), are strongly

convergent sequences for n → +∞. Moreover, under conditions (C1��) and

(C2��), the sequence of dual problems {( ˜̃D�)n} converge weakly to problem

(
˜̃D), subdifferential version of dual evolution problem (D̃) [2].

Consequently, from Theorems 3.7∗ and 4.1∗, the dual evolution macro-
hybrid mixed solvability of the theory is also achieved.

Theorem 4.3∗ Let compatibility condition (C� ���Λ� ), and dual functional
conditions (C1��) and (C2��), be satisfied. Then dual evolution macro-hybrid
mixed problem (MH�) possesses a unique solution.

Moreover, proceeding as for the primal evolution case, a priori bounds for dual
evolution problems (M�) and (MH�) can be derived in terms of operator
versions of dual functional coercivity and boundedness conditions (C1��) and
(C2��):

(C1���) ∃ α∗ > 0 : 〈q∗, q〉Y (Ω) ≥ α∗‖q∗‖p∗
Y ∗(Ω), q ∈ ∂ϕ∗(q∗), ∀q∗ ∈ Y ∗(Ω),

(C2���) ‖q‖Y (Ω) ≤ β∗(‖q∗‖Y ∗(Ω)), q ∈ ∂ϕ∗(q∗), ∀q∗ ∈ Y ∗(Ω).

Here, β∗ is an strictly increasing continuous function from �+ → �+. Further,
we shall assume the primal coercivity condition

(C1�� ) ∃ β > 0 : 〈v∗, v〉V (Ω) ≥ β‖v‖p
V (Ω), v

∗ ∈ ∂F (v), ∀v ∈ V (Ω),

and denote by m∗
−ΛT the boundedness constant of the coupling operator −ΛT ∈

L(Y ∗(Ω), V ∗(Ω)).

Theorem 4.4∗ Let conditions (C� ���Λ� ), (C1���) and (C2���) be sat-
isfied, and let (u, p∗) ∈ V × X ∗ be a solution of dual evolution mixed problem
(M�). Then the estimates

‖p∗(τ)‖Z(Ω) ≤ ‖p∗0‖Z(Ω) + c∗1

{ ∫ τ

0
‖g(t)‖p

Y (Ω) dt
}1/2

, ∀τ ∈ [0, T ], (12∗)

‖p∗‖Y∗ ≤ c∗2(α
∗)‖p∗0‖2/p∗

Z(Ω) + c∗3(α
∗)‖g‖p/p∗

Y , (13∗)

∥∥∥∥dp∗dt
∥∥∥∥Y ≤ β∗(c∗2(α

∗))‖p∗0‖2/p∗
Z(Ω) + c∗3(α

∗)‖g‖p/p∗
Y + ‖g‖Y , (14∗)
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and

‖u‖V ≤ m−ΛT c∗2(α
∗)

β
‖p∗0‖2/p∗

Z(Ω) +
m−ΛT c∗3(α

∗)
β

‖g‖p/p∗
Y +

1

β
‖f ∗‖V∗, (15∗)

hold true. Consequently, p∗ ∈ L∞(0, T ;Z(Ω)) and the mapping (p∗0, g, f
∗) ∈

Z(Ω) ×Y × V∗ �→ (u, p∗) ∈ V × X is bounded.

Now, we complete the dual evolution analysis with the macro-hybrid a
priori bounds for evolution problem (MH�).

Theorem 4.5∗ Let conditions of Theorem 4.4∗, as well as macro-hybrid
condition (C[�Γ� ]

), be satisfied. Then the solutions of dual evolution macro-
hybrid mixed problem (MH�), ({ue}, {p∗e}, {λ∗e}) ∈ V{Ωe}×Y∗

{Ωe}×B∗
{Γe}, are

such that estimates (12∗)-(15∗) hold true, in the corresponding product sense,
with the macro-hybrid a priori bound

‖{λ∗
e}‖B∗

{Ωe}
≤ 1

βπT
Γ

(
m−Λm−ΛT

β
+ β∗(‖p∗‖Y ∗(Ω)) +m−ΛT

)
c∗2(α

∗)‖p∗0‖2/p∗
Z(Ω)

+
1

βπT
Γ

((
m−Λm−ΛT

β
+ β∗(‖p∗‖Y ∗(Ω)) +m−Λ∗

)
c∗3(α

∗) + 1
)
‖g‖p/p∗

Y

+
1

βπT
Γ

‖g‖p/p∗
Y +

m−Λ

βπT
Γ β

‖f ∗‖V∗.

(17∗)

Consequently, {p∗e} ∈ L∞(0, T ;Z(Ω)) and the mapping (p∗0, g) ∈ Z(Ω) × Y �→
({ue}, {p∗e}, {λ∗e}) ∈ V{Ωe} × X {Ωe} × B∗

{Γe} is bounded.

Proof Estimate (17∗) is concluded from the local dual equations of problem
(MH�), taking into account the lower boundedness of the transpose operator
[πT

Γe
], equivalent to macro-hybrid condition (C[�Γ� ]).

5 Stationary Macro-Hybrid Mixed Analysis

In this section, we analyze the stationary variational macro-hybrid mixed sys-
tem, associated to primal and dual evolution problems (MH) and (MH�),
which reads as follows.

(MH)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Find ({ues}, {p∗es
}) ∈ V {Ωe} × Y �{Ωe} :

−{ΛT
e p

∗
es
} − {πT

Γe
λ∗es

} ∈ {∂Fe(ues)} − {f ∗
es
}, in V �{Ωe},

{Λeues} ∈ {∂G∗
e(p

∗
es

)} + {ges}, in Y {Ωe},
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synchronized by the internal boundary dual transmission problem

(T )

⎧⎪⎨⎪⎩
Find {λ∗es

} ∈ B∗
{Γe} :

{πΓeues} ∈ ∂IQ∗({λ∗es
}), in B{Γe}.

This stationary macro-hybrid mixed problem, in accordance with the macro-
hybrid compositional dualization, (3), of Lemma 2.1, has the macro-hybridized
version

(M��)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Find ({ues}, {p∗es
}) ∈ V {Ωe} × Y �{Ωe} :

−{ΛT
e p

∗
es
} ∈ {∂Fe(ues)} + ∂(IQ ◦ [πΓe ])({ue}) − {f ∗

es
}, in V �{Ωe},

{Λeues} ∈ {∂G∗
e(p

∗
es

)} + {ges}, in Y {Ωe},

which, in fact, corresponds to the stationary problem of macro-hybridized pri-
mal and dual evolution mixed problems (M��) and (M�

��). Moreover, as
for the evolution problems, regarding the macro-hybrid term ∂(IQ◦[πΓe ])({ue})
as the primal transmission constraint of decomposition (1)1, problem (M��)
turns out to be the macro-hybridization of the mixed problem

(M)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Find (us, p
∗
s) ∈ V (Ω) × Y ∗(Ω) :

−ΛTp∗s ∈ ∂F (us) − f ∗
s , in V ∗(Ω),

Λus ∈ ∂G∗(p∗s) + gs, in Y (Ω),

the common stationary problem of the global primal and dual evolution mixed
problems (M) and (M�).

5.1 Primal stationary analysis

For the primal analysis of stationary macro-hybrid mixed problem (MH)-(T ),
as associated to primal evolution problem (MH), we consider the classical pri-
mal compatibility condition (C��Λ) of Section 3 that guarantees compositional
operator equality (7); that is ∂(G ◦Λ) = ΛT∂G ◦Λ. Then the following primal
stationary composition duality principle is readily obtained.

Theorem 5.1 Under compatibility condition (C��Λ), stationary problem
(M) has a solution in a primal mixed sense if, and only if, primal stationary
problem

(P )

⎧⎪⎨⎪⎩
Find us ∈ V (Ω) :

0 ∈ ∂F (us) + ∂(G ◦ Λ)(us − vgs) − f ∗
s , in V ∗(Ω),
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equivalently expressed by

(
˜̃
P )

⎧⎪⎨⎪⎩
Find us ∈ V (Ω) :

0 ∈ ∂ϕ(us) − f ∗
s , in V ∗(Ω),

has a solution, where vgs is a Λ-preimage of function gs: Λvgs = gs. That is,
if (us, p

∗
s) ∈ V (Ω) × Y ∗(Ω) is a solution of mixed problem (M) then us is a

solution of primal problem (P ) and, conversely, if us ∈ V (Ω) is a solution of
primal problem (P ) then there is a dual function p∗s ∈ ∂G◦Λ(us−vgs)) ⊂ Y ∗(Ω)
such that (us, p

∗
s) is a solution of mixed problem (M).

Therefore, from the variational equivalence of problems (M) ⇔ (MH)-
(T ), we can conclude the primal stationary duality principle of the theory.

Corollary 5.2 Let compatibility conditions (C[�Γ� ]
) and (C��Λ) be fulfilled.

Then stationary macro-hybrid problem (MH)-(T ) has a solution in a primal
mixed sense if, and only if, primal stationary problem (P ) has a solution. That
is, if ({ues}, {p∗es

}, {λ∗es
}) ∈ V {Ωe} × Y �{Ωe} × B∗

{Γe} is a solution of macro-
hybrid mixed problem (MH)-(T ) then us = {ues} is a solution of primal
problem (P ) and, conversely, if us ∈ V (Ω) is a solution of primal problem (P )
then there is a dual function p∗s ∈ ∂G ◦Λ(us − vgs) ⊂ Y ∗(Ω) and a dual macro-
hybrid function {λ∗es

} ∈ ∂IQ({πΓeues}) ⊂ B∗
{Γe} such that ({ues} = us, {p∗es

} =
p∗s, {λ∗es

}) is a solution of macro-hybrid mixed problem (MH)- (T ).

Remark 5.3 Due to the potentiality of the stationary problems, macro-
hybrid problem (MH)-(T ) states the optimality conditions of the Lagrangian,
for ({ve}, {q∗e}, {μ∗

e}) ∈ V�Ω�� × Y �
�Ω��

× B�
�Γ��

,

LMH−T ({ve}, {q∗e}, {μ∗
e}) =

E∑
e=1

Fe(ve) −
E∑

e=1

G∗
e(q

∗
e) − IQ∗({μ∗

e})

−〈{f ∗
es
}, {ve}〉V{Ωe}

− 〈{ges}, {q∗e}〉Y ∗
{Ωe}

+ 〈{q∗e}, {Λeve}〉Y{Ωe}

+〈{μ∗
e}, {πΓeve}〉B{Γe}

,

(18)

which is, in fact, the macro-hybrid version of the two-field Lagrangian, for
(v, q∗) ∈ V (Ω) × Y ∗(Ω),

LM (v, q∗) = F (v) −G∗(q∗) − 〈f ∗
s , v〉V (Ω) − 〈gs, q

∗〉Y ∗(Ω) + 〈q∗,Λv〉Y (Ω) (19)

of mixed problem (M). Moreover, primal problem (P ) states the optimality
condition of the “potential energy” functional
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LP (v) = F (v) +G(Λv − gs) − 〈f ∗
s , v〉V (Ω), (20)

which is superpotential (10), ϕ = F + G̃g, of evolution primal subdifferntial

problem (
˜̃P).

Remark 5.4 From an optimization approach, potential primal stationary

problem (
˜̃
P ) corresponds to the minimization problem

(
˜̃
O	 )

⎧⎪⎨⎪⎩
Find us ∈ D(ϕ) ∈ V (Ω) :

ϕ(us) ≤ ϕ(v), ∀v ∈ V (Ω).

Hence, primal problem (
˜̃P) is solvable if ϕ is coercive, and its solvability is

unique if further ϕ is strictly convex (see, e.g. [11]).

As a complementary approach to the classical result of Remark 5.4, we shall
apply the primal duality principle of Corollary 5.2 for the solvability analysis
of problem (MH)-(T ). Here we shall follow the fixed-point subdifferential
strategy proposed in [9], for variational nonlinear constrained boundary value
problems. Let M : V (Ω) → V ∗(Ω) be a given m-linearly strongly monotone
and a-Lipschitz continuous operator. Then the variational equation of primal
problem (P ) is equivalently expressed by the M-preconditioned augmented
equation, for u∗s ∈ ∂F (us),

M(us) − r(u∗s − f ∗
s ) ∈ (M + r∂G̃gs)(us)

⇐⇒ us = Gr
u∗

s
(us) ≡ Jr

M,∂G̃gs

(M(us) − r(u∗s − f ∗
s )),

(21)

with exact penalization parameter r > 0. Here, G̃gs ≡ G ◦ Λ((·) − vgs) with

D(G̃gs) = D(G ◦ Λ) + vgs (see (8) and (9)), and Jr

M,∂G̃gs

= (M + r∂G̃gs)
−1 :

V ∗(Ω) → V (Ω) is the M-resolvent operator of the maximal monotone sub-
differential ∂G̃gs = ∂(G ◦ Λ)((·) − vgs), a well defined 1/m-firm contraction
[13, 4, 3]. Hence, primal problem (P ) is characterized by the M-resolvent
fixed-point problem

(P̃ )

⎧⎪⎨⎪⎩
Find us ∈ D(∂G̃gs) ⊂ V (Ω) : for u∗s ∈ ∂F (us),

us = Gr
u∗

s
(us),

in terms of which mixed existence analysis can be performed, as well as
proximal-point resolution algorithms may be derived [3]. Hence, adopting as
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sufficient condition for existence the monotonicity of the composition primal
operator,

(C
��̃��

)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂G̃gs : V (Ω) → 2V ∗(Ω) is linearly strongly monotone; i.e. ∃ α > 0 :

〈u∗ − v∗, u− v〉V (Ω) ≥ α‖u− v‖2
V (Ω), ∀u, v ∈ V (Ω),

u∗ ∈ ∂G̃gs(u), v
∗ ∈ ∂G̃gs(v),

the following existence result is established.

Theorem 5.5 Let condition (C
��̃��

) be satisfied. Then stationary primal

problem (P ) possesses a unique solution.

Proof The unique primal solvability is a consequence of the Banach Fixed-
Point Theorem. Indeed, the α-monotonicity C

��̃��
, in conjunction with the

1/m-firm contraction of M-resolvent operator Jr

M,∂G̃gs

, guarantees the contrac-

tion property of the fixed-point operator Gr
u∗

s
: D(∂G̃gs) → D(∂G̃gs), with a

sufficiently big exact penalization parameter r > 0 (see [3]).
Therefore, from Theorems 5.1, 5.4 and Corollary 5.2, the solvability of station-
ary macro-hybrid mixed problem (MH)-(T ) is achieved.

Corollary 5.6 Let conditions (C[�Γ� ]
), (C��Λ) and (C

��̃��
) be fulfilled.

Then problem (MH)-(T ), equivalent to stationary mixed problem (M), has
a unique solution in a primal mixed sense.

5.2 Dual stationary analysis

Continuing with the dual analysis of stationary macro-hybrid mixed problem
(MH)-(T ), but now in a dual sense as associated to dual evolution prob-
lem (MH�), we consider the dual compatibility condition (C� ���Λ� ) under
which compositional operator equality (7∗) holds; that is ∂(F ∗ ◦ (−ΛT )) =
Λ∂F ∗ ◦ (−ΛT ). Then the dual stationary composition duality principle can be
concluded.

Theorem 5.1∗ Let compatibility condition (C� ���Λ� ) be fulfilled. Then
stationary problem (M) is solvable in a dual mixed sense if, and only if, dual
stationary problem

(D)

⎧⎪⎨⎪⎩
Find p∗s ∈ Y ∗(Ω) :

0 ∈ ∂G∗(p∗s) + ∂(F ∗ ◦ (−ΛT ))(p∗s + q∗f∗
s
) + gs, in Y (Ω),
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equivalently expressed by

(
˜̃
D)

⎧⎪⎨⎪⎩
Find p∗s ∈ Y ∗(Ω) :

0 ∈ ∂ϕ∗(p∗s) + gs, in Y (Ω),

is solvable, where q∗f∗
s

is a −ΛT -preimage of function f ∗
s : −ΛT q∗f∗

s
= f ∗

s . That
is, if (us, p

∗
s) ∈ V (Ω) × Y ∗(Ω) is a solution of mixed problem (M) then p∗s is

a solution of dual problem (D) and, conversely, if p∗s ∈ Y ∗(Ω) is a solution of
dual problem (D) then there is a primal function us ∈ ∂F ∗◦(−ΛT )(p∗s +q∗f∗

s )) ⊂
V (Ω) such that (us, p

∗
s) is a solution of mixed problem (M).

Therefore, from the variational equivalence of problems (M) and (MH)-
(T ), the dual stationary duality principle of the theory is achieved.

Corollary 5.2∗ Let compatibility conditions (C[�Γ�]
) and (C� ���Λ� ) be

satisfied. Then stationary macro-hybrid problem (MH)-(T ) is solvable in
a dual mixed sense if, and only if, dual stationary problem (D) is solvable.
That is, if ({ues}, {p∗es

}, {λ∗es
}) ∈ V {Ωe} × Y �{Ωe} × B∗

{Γe} is a solution of
macro-hybrid mixed problem (MH)-(T ) then p∗s = {p∗es

} is a solution of dual
problem (D) and, conversely, if p∗s ∈ Y ∗(Ω) is a solution of dual problem
(D) then there is a primal function us ∈ ∂F ∗ ◦ (−ΛT )(p∗s + q∗f∗

s
) ⊂ V (Ω)

and a dual macro-hybrid function {λ∗es
} ∈ ∂IQ({πΓeues}) ⊂ B∗

{Γe} such that
({ues} = us, {p∗s} = p∗s, {λ∗es

}) is a solution of macro-hybrid mixed problem
(MH)-(T ).

Remark 5.3∗ As in the previous analysis, from the potentiality of the
stationary problems, but now in a dual mixed sense, macro-hybrid prob-
lem (MH)-(T ) states as before the optimality conditions of the Lagrangian
LMH−T , given by (18), that is the macro-hybrid version of the two-field La-
grangian LM of mixed problem (M), defined by (19). Moreover, now, dual
problem (D) states the optimality condition of the “complementary energy”
functional

LD(q∗) = G∗(q∗) + F ∗(−ΛT q∗ + f ∗
s ) + 〈gs, q

∗〉Y ∗(Ω), (20∗)

which is superpotential (10∗), ϕ∗ = G∗ + F ∗
f∗ , of evolution dual subdifferential

problem (
˜̃D).

Remark 5.4∗ Potential dual stationary problem (
˜̃
D) corresponds to the

minimization problem
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(
˜̃
O
)

⎧⎪⎨⎪⎩
Find p∗s ∈ D(ϕ∗) ∈ Y ∗(Ω) :

ϕ∗(p∗s) ≤ ϕ∗(y∗), ∀y∗ ∈ Y ∗(Ω).

Hence, dual problem (
˜̃D) is solvable if ϕ∗ is coercive, and its solvability is

unique if ϕ∗ is strictly convex.

Next, proceeding as in the previous subsection, and as a complementary
approach to Remark 4.5∗, we apply the dual duality principle of Corollary
5.2∗, for the solvability analysis of problem (MH)-(T ), but now in a dual
mixed sense, we introduce an m∗-linearly strongly monotone and a∗-Lipschitz
continuous operator M∗ : Y ∗(Ω) → Y (Ω), and express the variational equation
of dual problem (D) equivalently, for ps ∈ ∂G∗(p∗s), by

M∗(p∗s) − r∗(ps + gs) ∈ (M∗ + r∗∂F̃ ∗
f∗

s
)(p∗s)

⇐⇒ p∗s = F r∗
ps

(p∗s) ≡ Jr∗

M∗,∂F̃ ∗
f∗
s

(M∗(p∗s) − r∗(ps + gs)),
(21∗)

an M∗-preconditioned augmented equation, with exact penalization parameter
r∗ > 0. Here, F̃ ∗

f∗
s
≡ F ∗ ◦ (−ΛT )((·) + q∗f∗

s
) with D(F̃ ∗

f∗
s
) = D(F ∗ ◦ (−ΛT ))− q∗f∗

s

(see (8) and (9)) and Jr∗

M∗,∂F̃ ∗
f∗
s

= (M∗ + r∗∂F̃ ∗
f∗

s
)−1 : Y (Ω) → Y ∗(Ω) is the M∗-

resolvent operator of the maximal monotone subdifferential ∂F̃ ∗
f∗

s
= ∂(F ∗ ◦

(−ΛT ))((·) + q∗f∗
s
), a well defined 1/m∗-firm contraction [13, 4]. Hence, dual

problem (D) is characterized by the M∗-resolvent fixed-point problem

(D̃)

⎧⎪⎨⎪⎩
Find p∗s ∈ D(∂F̃ ∗

f∗
s
) ⊂ Y ∗(Ω) : for ps ∈ ∂G∗(p∗s),

p∗s = F r∗
ps

(p∗s),

from which we can establish mixed existence as well as proximal-point resolu-
tion algorithms [3]. Hence, adopting the monotonicity of the composition dual
operator,

(C
��̃ �

���

)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂F̃ ∗
f∗

s
: Y ∗(Ω) → 2Y (Ω) is linearly strongly monotone; i.e. ∃ α∗ > 0 :

〈p− q, p∗ − q∗〉Y ∗(Ω) ≥ α∗‖p∗ − q∗‖2
Y ∗(Ω), ∀p∗, q∗ ∈ Y ∗(Ω),

p ∈ ∂F̃ ∗
f∗

s
(p∗), q ∈ ∂F̃ ∗

f∗
s
(q∗),

as in the previous subsection the following existence result is concluded.
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Theorem 5.5∗ Let condition (C
��̃ �

���

) be fulfilled. Then stationary dual

problem (D) has a unique solution.

Consequently, from Theorems 5.1∗, 5.4∗ and Corollary 5.2∗, the solvability of
stationary macro-hybrid mixed problem (MH)-(T ) is obtained.

Corollary 5.6∗ Let conditions (C[�Γ� ]), (C� ���Λ� ) and (C
��̃ �

���

) be satis-

fied. Then problem (MH)-(T ), equivalent to stationary mixed problem (M),
possesses a unique solution in a dual mixed sense.

6 An Application: Control Mixed Nonlinear

Diffusion Problem

In order to exemplify the present evolution variational theory, we elaborate
in this final section on a distributed control macro-hybrid mixed nonlinear
diffusion problem. The controlled diffusion physical process is locally mod-
eled by the mixed system of conservation, constitutive and distributed control
equations

due

dt
+ div we = −b∗e − s∗e,

we = −grad ue,

ue ∈ ∂ψ∗
e(b

∗
e),

ue ∈ ∂φ∗
e(s

∗
e),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
in Ωe × (0, T ),

ue(0) = ue0, in Ωe,

(22)

where {Ωe}, e = 1, 2, ..., E, corresponds to the disjoint and connected subdo-
mains of a non-overlapping decomposition of the domain Ω ⊂ �d, d ∈ {1, 2, 3},
of the physical system that evolves along the time interval (0, T ), T > 0. Also,
ue denotes the diffusive local field of the process (a mass concentration or the
temperature in some practical cases), with linear flux vector field we, b

∗
e cor-

responds to the divergence of the nonlinear flux vector field to be denoted by
w̃e, and s∗e is the local control distributed source field. Further, ∂φ∗

e is the
monotone subdifferential of a dual proper convex and lower semicontinuous
local control mechanism [14]. In addition, for the local nonlinear diffusion
constitutive equation, we have its potential and subdifferential
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ψe(ue) =
1

p

∫
Ω
‖grad ue‖pdΩ, 2 < p < +∞,

∂ψe(ue) = −div (‖grad ue‖p−2 grad ue),

(23)

where the differential is in the Gâteaux sense [21].

Remark 6.1 For a classical interpretation of local nonlinear diffusion prob-
lem (22), we observe that by convex dualization, the nonlinear constitutive
equation ue ∈ ∂ψ∗

e(b
∗
e) is equivalently expressed by b∗e ∈ ∂ψe(ue), ψ

∗ standing
for the conjugate of ψ. Hence, taking into account definition b∗e = div w̃e, the
nonlinear diffusion constitutive equation of the model example, is characterized
by

w̃e = −‖grad ue‖p−2grad ue, (24)

and, consequently, the total local flux vector field of diffusion is given by the
sum we + w̃e.

For the sake of simplicity, we will consider the homogeneous Dirichlet
boundary condition: for e = 1, 2, ..., E,

ue = 0, on ∂ΩDe × (0, T ), (25)

where ∂ΩDe = ∂Ω ∩ ∂Ωe, assuming the domain boundary, ∂Ω, is Lipschitz
continuous.

6.1 Primal evolution variational problem

As a primal Ω-field space V (Ω) of u-diffusive functions, and dual Ω-field space
Y ∗(Ω) of w-linear flux vector, b∗-nonlinear flux divergence and s∗-distributed
source functions, we shall consider the spatial functional framework of reflexive
Banach Sobolev spaces [1]

V (Ω) = W 1,p
0 (Ω) = {v ∈W 1,p(Ω) : πv = 0 a.e. on ∂Ω}, 2 < p < +∞,

Y ∗(Ω) = Lp∗(Ω) ×W−1,p∗(Ω) ×W−1,p∗(Ω), p∗ = p/(p− 1),
(26)

which are decomposable in the sense of formulae (1). Hence, Y ∗(Ω) is the
topological dual of the space Y (Ω) = Lp(Ω) ×W 1,p

0 (Ω) ×W 1,p
0 (Ω), and the

continuous linear internal boundary trace operator satisfies macro-hybrid com-
patibility condition (C[�Γ� ]); that is

(C[�Γ� ]cd
) [πΓe ] ∈ L(V {Ωe},B{Γe} is surjective,
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where V {Ωe} ≡ ∏E
e=1W

1,p
0 (Ωe) and B{Γe} ≡ ∏E

e=1W
1/p∗,p(Γe). Moreover, cor-

responding primal transmission admissibility subspace Q ⊂ B{Γe} of Dirichlet
interface traces, continuous in theW 1/p∗,p-sense, has as polar subspace the dual
transmission admissibility subspace (2), Q� ⊂ B∗

{Γe} =
∏E

e=1W
−1/p∗,p∗(Γe), of

Neumann interface traces [δΓe ] ∈ L(Lp∗
{Ωe} =

∏E
e=1 Lp∗(Ωe),B

∗
{Γe}), continuous

in the W−1/p∗,p∗-weak sense.
Hence, proceeding as usual, by integration and application of the primal

variational Green’s formula, for w ∈ Lp∗
Ω ,

div w + gradTw = πT δw, in W−1,p∗(Ω), (27)

to the conservation divergence equation (22)1, the primal evolution macro-
hybrid mixed variational formulation of control nonlinear diffusion problem
(22)-(25), with spatial functional framework (26), turns out to be

(MHcd)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find {ue} ∈ W{Ωe} and ({we}, {b∗e}, {s∗e}) ∈ Y�{Ωe} :

−
(
{gradTwe} + {b∗e} + {s∗e}

)
− {πT

Γe
λ∗e}

∈
{
due

dt

}
+ {∂0(ue)}, in V�{Ωe},

{(grad ue, ue, ue)} ∈ {(we, ∂ψ
∗(b∗e), ∂φ

∗(s∗e))} , in Y{Ωe},

{ue(0)} = {u0e},
synchronized by the internal boundary dual transmission problem

(T cd)

⎧⎪⎨⎪⎩
Find {λ∗e} ∈ B∗

{Γe} :

{πΓeue} ∈ ∂IQ∗({λ∗e}), in B{Γe},

where transmission field {λ∗e} corresponds to the internal boundary normal
fluxes [δewe] = {we·ne} ∈ B∗

{Γe}. Further, in virtue of Lemma 2.1, a global
interpretation of this problem, (MHcd)-(T cd), is given by the primal evolution
mixed problem

(Mcd)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ W and (w, b∗, s∗) ∈ Y� :

−
(
gradTw + b∗ + s∗

)
∈ du

dt
+ ∂0(u), in V∗,

(grad u, u, u) ∈ (w, ∂ψ∗(b∗), ∂φ∗(s∗)) , in Y ,

u(0) = u0,
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which is equivalent in a solvability sense. Here, the presence of the zero subd-
ifferential operator ∂0 (whose inverse graph is not trivial) is just to emphasize
the subdifferential duality approach of the theory.

Next, for the application of the composition duality principles established
in Section 3, we have as primal evolution compatibility conditions (CΛ� ) and
(C��Λ) the following:

(CΛ� cd) grad
T ∈ L(Lp∗(Ω),W−1,p∗(Ω)) has a closed range,

(C��Λcd) intD(φ)
(
⊂W 1,p

0 (Ω)
)
�= ∅,

the first one being classically satisfied [17], while the second one is a natural
condition for control mechanisms [14]. Then, under condition (C��Λcd), from
Theorem 3.7 macro-hybrid mixed problem (MHcd)-(T cd) is solvable if, and
only if, the primal evolution variational problem

(P̃cd)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ W :

0 ∈ du

dt
+ gradTgrad(u) + ∂ψ(u) + ∂φ(u), in V∗,

u(0) = u0,

is solvable. Moreover, due to property (CΛ� cd), compositional primal problem
P̃cd may be interpreted by corresponding primal problem Pcd of Theorem 3.2,
with primal admissibility set, (4), characterized by its indicator subdifferential,
(5).

Remark 6.2 We note that the primal component ∂ψ(u) as a functional in
V∗, according to definitions (23), Green’s formula (27) and boundary condition
(25), has the explicit variational form

∂ψ(u) = gradT (‖grad u‖p−2grad)(u), (28)

the nonlinear flux term of the primal evolution variational formulation.

In order to apply primal existence Theorem 4.1 to control nonlinear dif-
fusion problem (P̃ cd), we identify its superpotential and subdifferential, for
v ∈W 1,p

0 (Ω), as

ϕ(v) = (ψ + φ)(v) =
1

2

∫
Ω
‖grad v‖2dΩ +

1

p

∫
Ω
‖grad v‖pdΩ + φ(v), (29)
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∂ϕ(v) = ∂(ψ + φ)(v) = gradT (1 + ‖grad v‖p−2)grad(v) + ∂φ(v). (30)

Note that in this case the functional v �→ ‖grad v‖q
Lq , for q ≥ 2, is of class C1,

which guaranties the validity of the subdifferential sum rule. This potential
and nonlinear diffusion operator is well known to satisfy corresponding bound-
edness and coercivity conditions (C1�) and (C2�), as well as their operator
versions (C1��) and (C2��), of Section 4. In fact, the nonlinear variational
operator ∂ψ = gradT (1+‖grad v‖p−2)grad : W 1,p

0 (Ω) →W−1,p∗(Ω), is a Lip-
schitz continuous bounded, strongly monotone and coercive operator [19, 2].
On the other hand, in general lower semicontinuous convex functionals on Ba-
nach spaces are affinely bounded form below by Han -Banach theorem and,
consequently, condition (C1�) for the primal control superpotential holds true.
Therefore, assuming control mechanisms for the problem such that their su-
perpotential ∂φ satisfies the qualifying conditions, the variational results given
by Theorems 4.3, 4.4 and 4.5 apply to primal evolution macro-hybrid mixed
model example (MHcd)-(T cd). Furthermore, relative to associated primal
stationary problems, we note that the nonlinear diffusion operator ∂ψ is fur-
ther linearly strongly monotone and, consequently, with compatible distributed
controls for corresponding monotone condition (C

��̃�� cd
), from Corollary 5.5

the existence and uniqueness of solutions to the macro-hybrid stationary prob-
lem (MH cd)-(T cd) is guaranteed.

6.2 Dual evolution variational problem

Finally, we next consider the dual evolution variational formulation of local
control nonlinear diffusion mixed model example (22)-(25). For a dual ap-
proach of the problem, we shall regard now a primal Ω-field space V (Ω) of
w-linear flux vector functions, and a dual Ω-field space Y ∗(Ω) of u-diffusive
functions, given by

V (Ω) = W (div; Ω) = {v ∈ Lp(Ω) : div v ∈ Lp(Ω)}, 2 < p < +∞,

Y ∗(Ω) = Lp∗(Ω), p∗ = p/(p− 1),
(26∗)

decomposable in accordance with formulae (1), with continuous linear inter-
nal boundary trace operator, satisfying macro-hybrid compatibility condition
(C[�Γ� ]) in a dual sense; that is

(C[�Γ� ]cd∗)

⎧⎪⎨⎪⎩
[πΓe ] ∈ L(V {Ωe} =

∏E
e=1 H(div; Ωe),B{Γe} =

∏E
e=1W

−1/p∗,p∗(Γe))

is surjective.

Thus, primal transmission admissibility subspace Q ⊂ B{Γe} is of Neumann in-
terface traces, continuous in the W−1/p∗,p∗-weak sense, while its polar subspace
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(2), Q� ⊂ B∗
{Γe} =

∏E
e=1W

1/p∗,p(Γe), of Dirichlet internal boundary traces

[δΓe ] ∈ L(Lp∗
{Ωe} =

∏E
e=1 Lp∗(Ωe),B

∗
{Γe}), continuous in the W 1/p∗,p-sense.

Hence, by integration and application of dual variational Green’s formula,
for u ∈ Lp∗ ,

grad u+ divu = −π δu, in (W (div; Ω))∗, (27∗),

to the gradient linear constitutive equation (22)2, the dual evolution variational
formulation of the model example, with spatial functional framework (26∗), is
given by

(MH�
cd)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find {we} ∈ V{Ωe} and {ue} ∈ X �{Ωe} :

−{divTue} − {πT
Γe
λ∗e} = {we}, in V�{Ωe},

{div we} ∈
{
due

dt

}
+ {∂ψ(ue)} + {∂φ(ue)} in Y{Ωe},

{ue(0)} = {u0e}.
This problem is synchronized as in the primal evolution case, by the internal
boundary dual transmission common problem (T cd). Then, as before, by
macro-hybrid compositional dualization (3), a global interpretation of macro-
hybrid problem (MH�

cd)-(T cd) follows as a dual evolution mixed problem.

(M�
cd)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find w ∈ V and u ∈ X ∗ :

−divTu = w, in V�,

div w ∈ du

dt
+ ∂ψ(u) + ∂φ(u) in Y ,

u(0) = u0.

For this dual evolution formulation, compatibility conditions (C�Λ) and
(C� ���Λ� ) of the dual composition duality principles of Section 3, result to be

(C�Λcd) − div ∈ L(W (div; Ω), Lp(Ω)) has a closed range,

(C� ���Λ�
cd

) R(−divT )
(
⊂ (W (div; Ω))∗)

)
�= ∅,

the first one being a classical property [17], and the second one trivially sat-
isfied. Thereby, from Theorem 3.7∗, macro-hybrid mixed problem (MH�

cd)-
(T cd) has a solution if, and only if, the dual evolution variational problem
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(D̃cd)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find u ∈ X ∗ :

0 ∈ du

dt
+ div divT (u) + ∂ψ(u) + ∂φ(u), in Y ,

u(0) = u0,

has a solution. Moreover, due to property (C�Λcd), compositional dual prob-

lem D̃cd may be interpreted by corresponding dual problem Dcd of Theorem
3.2∗, with dual admissibility set, (4∗), characterized by its indicator subdiffer-
ential, (5∗).

Remark 6.2∗ For this dual formulation, the component ∂ψ(u), now as a
functional in Y , and according to definitions (23), dual Green’s formula (27∗)
and Dritchlet boundary condition (25), has the explicit form

∂ψ(u) = div (‖grad u‖p−2 divT )(u), (28∗)

the nonlinear flux term of the dual evolution variational formulation.

For the application of dual existence Theorem 4.1∗ to control nonlinear
diffusion problem (D̃cd), we identify its superpotential and subdifferential in a
dual sense, for v ∈ Lp∗(Ω), by

ϕ(v) = (ψ + φ)(v) =
1

2

∫
Ω
‖divT v‖2dΩ +

1

p∗

∫
Ω
‖divT v‖pdΩ + φ(v),(29∗)

∂ϕ(v) = ∂(ψ + φ)(v) = div (1 + ‖grad v‖p−2) divT (v) + ∂φ(v). (30∗)

For this dual evolution formulation, its potential and nonlinear diffusion oper-
ator, now in an Lp∗-variational sense, satisfy boundedness and coercivity con-
ditions (C1��) and (C2��), as well as their operator versions (C1���) and
(C2���), of Section 4 [19]. Consequently, assuming that control operator ∂φ
satisfies such conditions in such a sense too, the qualitative results established
by Theorems 4.3∗, 4.4∗ and 4.5∗ are valid for dual evolution macro-hybrid
mixed model problem (MH�

cd)-(T cd). On the other hand, we note that
for the associated dual stationary problems, the nonlinear diffusion operator
∂ψ is in addition linearly strongly monotone and, assuming distributed con-
trols compatible with corresponding monotone condition (C

��̃ �

��� cd

), the exis-

tence and uniqueness of solutions to the macro-hybrid dual stationary problem
(MH�

cd)-(T cd) follows from Corollary 5.5∗.
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[2] G. Akagi and M. Ôtani, Evolution inclusions governed by subdifferentials
in reflexive Banach spaces, J. Evol. Equ. 4 (2004), 519-541.

[3] G. Alduncin, Composition duality methods for mixed variational inclu-
sions, Appl. Math. Optimi. 52 (2005), 311-348.

[4] G. Alduncin, Composition duality principles for mixed variational inequal-
ities, Math. Comput. Modelling 41 (2005), 639-654.

[5] G. Alduncin, Composition duality principles for evolution mixed varia-
tional inclusions, Appl. Math. Letters 20 (2007), 734-740.

[6] G. Alduncin, Composition duality methods for evolution mixed variational
inclusions, Nonlinear Anal.: Hybrid Systems 1 (2007), 336-363.

[7] G. Alduncin, Macro-hybrid variational formulations of constrained bound-
ary value problems, Numer. Funct. Anal. and Optimiz. 28 (2007), 751-774.

[8] G. Alduncin, Analysis of evolution macro-hybrid mixed variational prob-
lems, Int. J. Math. Anal. 2 (2008), 663-708.

[9] G. Alduncin, Variational formulations of nonlinear constrained boundary
value problems, Nonlinear Anal. 72 (2010), 2639-2644.

[10] G. Alduncin, Composition duality methods for quasistatic evolution elas-
toviscoplastic variational problems, Nonlinear Anal.: Hybrid Systems 5
(2011), 113-122.
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