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Abstract

After the works of Bernal [3] on the idea of relative order of entire
functions, Banerjee [1] introduced the idea of relative order of meromor-
phic functions. In this note we introduce relative order (p,q) of mero-
morphic functions where p and q are positive integers with p > q. Con-
sidering meromorphic functions we show that the relative order (p,q)
of a transcendental function is the same as that of its derivative. Fur-
ther we present an integral representation of relative order (p,q) of a
meromorphic function.
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1 Introduction and Definitions

Let f and g be non-constant entire functions and F (r) = max{|f(z)| :

|z| = r} and G(r) = max{|g(z)| : |z| = r}. Then F (r) is strictly increasing

and continuous function of r and its inverse

F−1 : (|f(0)|,∞) → (0,∞)

exists and limR→∞F−1(R) = ∞.

In 1988 Bernal [3] introduced the definition of relative order of f with

respect to g as
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ρg(f) = inf{μ > 0 : F (r) < G(rμ) for all r > r0(μ) > 0}.

The definition coincides with the classical definition of order ( [8], p-248)

if g(z) = expz.

Recently Banerjee [1] introduced the idea of relative order for meromorphic

functions as follows:

Definition 1.1. If f and g be meromorphic functions, then the order of f

with respect to g is defined by

ρg(f) = inf{μ > 0 : Tf (r) < [Tg(r)]
μ for all large r}.

Here Tf(r) = T (r, f) etc. denote the Nevanlinna characteristic function.

It is known [1] that if g(z) = expz then the definition coincides with the

classical definition of order of a meromorphic function f .

Following Sato [7], we write

log[0]x = x, exp[0]x = x and for a positive integer m ≥ 1, log[m]x =

log(log[m−1]x), exp[m]x = exp(exp[m−1]x).

In a recent paper [5] Lahiri and Banerjee introduced the definition of

relative order (p,q) of entire functions which is as follows :

Definition 1.2. Let p and q be positive integers with p > q. The relative

order (p,q) of f with respect to g is defined by

ρp,q(f, g) = inf{μ > 0 : F (r) < G(exp[p−1](μlog[q]r)) for all r > r0(μ) >

0}.

If f is meromorphic and g entire, Banerjee and Jana [2] then defined the

relative order (p,q) of f with respect to g by

ρp,q(f, g) = inf{μ > 0 : Tf (r) < Tg(exp[p−1]μlog[q]r)) for all r >

r0(μ) > 0}
= limsupr→∞

log[p−1]T−1
g Tf (r)

log[q]r
.

In the study of relative order, it therefore seems reasonable to define

suitably relative (p,q) order of meromorphic functions and to investigate its

basic properties, which we attempt in this paper. With this in view we intro-

duce the following definition.

Definition 1.3. Let f and g be non-constant meromorphic functions and
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let p, q be positive integers with p > q. Then relative (p,q) order of f with

respect to g, denoted by ρp,q(f, g), is defined by

ρp,q(f, g) = inf{μ > 0 : Tf (r) < exp[p−1](μlog[q]Tg(r)) for all r >

r0(μ) > 0}.
If p = 2, q = 1, then definition 1.3 coincides with the definition 1.1.

This paper is organised as follows. In Section 2 we recall a number of

preparatory results and an alternative expression for the relative (p,q) order.

Sections 3 and 4 are devoted to study some basic properties of the relative (p,q)

order in front of the usual operations and its invariance under derivation. Also

finiteness of ρp,q(f, g) is considered in Section 5 . Throughout the paper f, g

etc. will stand for non-constant meromorphic functions and Tf (r), Tg(r) etc.

their respective characteristic functions.

2 Preliminary Results

The following lemmas will be needed in the subsequent sections.

Lemma 2.1[6]. Let f(z) is a transcendental meromorphic function. Then

Tf ′(r) ≤ 2Tf (2r) + O{Tf(2r)} for all large values of r.

Lemma 2.2{[4],[9]}. Let f be a meromorphic function. Then for all large

values of r

Tf(r) < C{Tf ′(2r) + logr}, where C is a constant which is only de-

pendent on f(0).

Now we give another expression for the relative (p,q) order, which some-

times is easier to handle.

Theorem 2.3. Let f and g be meromorphic functions. Then

ρp,q(f, g) = limsupr→∞
log[p−1]Tf (r)

log[q]Tg(r)
.

Proof: Suppose that ρp,q(f, g) is finite. If ε > 0, ∃r0(ε) > 0 such that

Tf (r) < exp[p−1]((ρp,q(f, g) + ε)log[q]Tg(r)) for r ≥ r0.

.̇.
log[p−1]Tf (r)

log[q]Tg(r)
< ρp,q(f, g)+ ε ......(1)

for r ≥ r0.

Also there exists a sequence rn → ∞ such that
log[p−1]Tf (rn)

log[q]Tg(rn)
> ρp,q(f, g)−ε .......(2)

for all large n.
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(1) and (2) give

ρp,q(f, g) = limsupr→∞
log[p−1]Tf (r)

log[q]Tg(r)
.

If ρp,q(f, g) = ∞, this easily follows from the definition.

Note 2.4. In particular when g(z) is entire then we obtain

ρp,q(f, g) = limsupr→∞
log[p−1]Tf T−1

g (r)

log[q](r)
.

and definition 1.3 coincides with that of relative (p,q) order definied by Baner-

jee and Jana [2], provided for all large r, TfTg(r) = O(TgTf(r)) i.e., for all

large r, TfT
−1
g (r) = O(T−1

g Tf(r)).

3 Sum and Product Theorems

Theorem 3.1. Let f1 and f2 be meromorphic functions having relative

(p,q) orders ρp,q(f1, g) and ρp,q(f2, g) respectively with respect to meromorphic

g. Then

(i) ρp,q(f1 ± f2, g) ≤ max{ρp,q(f1, g), ρp,q(f2, g)}
and (ii) ρp,q(f1f2, g) ≤ max{ρp,q(f1, g), ρp,q(f2, g)}.
The equality holds in (ii) if ρp,q(f1, g) �= ρp,q(f2, g). For the quotient we have

also the similar inequality.

Proof (i): We may suppose that ρp,q(f1, g) and ρp,q(f2, g) both are finite,

because if one of ρp,q(f1, g), ρp,q(f2, g) or both are infinite, the inequalities are

evident. Let

ρ1 = ρp,q(f1, g), ρ2 = ρp,q(f2, g) and ρ1 ≤ ρ2.

For arbitrary ε > 0 and for all large r, we have

Tf1(r) < exp[p−1][(ρ1 + ε)log[q]Tg(r)]

≤ exp[p−1][(ρ2 + ε)log[q]Tg(r)]

and Tf2(r) < exp[p−1][(ρ2 + ε)log[q]Tg(r)].

So for all large r,

Tf1±f2(r) ≤ Tf1(r) + Tf2(r) + O(1)

≤ 3exp[p−1](ρ2 + ε)log[q]Tg(r)

< exp[p−1](ρ2 + 3ε)log[q]Tg(r).

Therefore

ρp,q(f1 ± f2, g) = limsupr→∞
log[p−1]Tf1±f2

(r)

log[q]Tg(r)

≤ ρ2 + 3ε.

Since ε > 0 is arbitrary,

ρp,q(f1 ± f2, g) ≤ ρ2 = max{ρp,q(f1, g), ρp,q(f2, g)}
which proves (i).
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For(ii), since Tf1f2(r) ≤ Tf1(r) + Tf2(r), similarly we obtain

ρp,q(f1f2, g) ≤ max{ρp,q(f1, g), ρp,q(f2, g)}. .....(3)

Now we show that the equality will hold in (3), if ρp,q(f1, g) �= ρp,q(f2, g).

For this, let f = f1f2 and ρp,q(f1, g) < ρp,q(f2, g). Then by (3), ρp,q(f, g) ≤
ρp,q(f2, g). .......(4)

Again since f2 = f
f1

and Tf1(r) = T 1
f1

(r) + O(1), applying (3) we have

ρp,q(f2, g) ≤ max{ρp,q(f, g), ρp,q(f1, g)}.
Since we take ρp,q(f1, g) < ρp,q(f2, g), so ρp,q(f1, g) < ρp,q(f, g). Therefore

ρp,q(f2, g) ≤ ρp,q(f, g). ......(5)

Hence from (4) and (5)

ρp,q(f, g) = ρp,q(f2, g) = max{ρp,q(f1, g), ρp,q(f2, g)}.

Now we prove the inequality (ii) for the quotient. Let f = f1

f2
and

suppose ρ1 ≤ ρ2. Then f1 = ff2. If possible let ρp,q(f, g) > ρ2. Then applying

case (ii) we obtain ρ1 = ρp,q(f, g) and so ρp,q(f, g) ≤ ρ2, contradicting our

hypothesis. So

ρp,q(
f1

f2
, g) ≤ ρp,q(f2, g) = max{ρp,q(f1, g), ρp,q(f2, g)}.

This proves the theorem.

4 Relative (p,q) Order of the Derivative

Regarding the relative (p,q) order of f and its derivative f ′ with respect

to g we prove the following theorem.

Theorem 4.1. Let f be a transcendental meromorphic function and g be

not transcendental. Then ρp,q(f, g) = ρp,q(f
′, g).

Proof : From Lemmas 2.1 and 2.2, we have for all large r

Tf ′(r) < [K]Tf (2r) , where K > 1 ......(6)

and Tf(r) < [K ′]Tf ′(2r) , where K ′ > 1. ......(7)

From the definition, for arbitrary ε > 0,

Tf (2r) < exp[p−1]((ρp,q(f, g) + ε)log[q]Tg(2r)) for all large r .

So from (6), for all large r

Tf ′(r) < [K]exp[p−1]((ρp,q(f, g) + ε)log[q]Tg(2r)).

Taking repeated logarithms (p-1) times we have

log[p−1]Tf ′(r) < (ρp,q(f, g) + ε)log[q]Tg(2r) + O(1)

= (ρp,q(f, g) + ε)log[q]Tg(r) + O(1) .
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since g is not transcendental we have Tg(2r) = O(Tg(r)).

Therefore

ρp,q(f
′, g) = limsupr→∞

log[p−1]Tf ′(r)
log[q]Tg(r)

≤ ρp,q(f, g) + ε.

since ε > 0 is arbitrary, so

ρp,q(f
′, g) ≤ ρp,q(f, g). ......(8)

Similarly using (7) we obtain

ρp,q(f, g) ≤ ρp,q(f
′, g). ......(9)

(8) and (9) gives

ρp,q(f, g) = ρp,q(f
′, g).

Note 4.2. Theorem 4.1 is still true even when f is a rational meromorphic

function. The following lemma give the assertion.

Lemma 4.3[2]. If f be a rational meromorphic function, then for all large

values of r,

Tf ′(r) < Tf (r)+Klogr +O(1) where K is a constant depending on f only.

5 Finiteness of ρp,q(f, g)

Definition 5.1. Let f and g be meromorphic functions and g be not

transcendental. Then we define the number α ∈ [0,∞] as

α = inf{μ ≥ 0 :
∫ ∞
r0

log[p−2]Tf (r)

(log[q−1]Tg(r))μ+1 dr, converges for some r0 = r0(μ) > 0}.

Lemma 5.2. If
∫ ∞
r0

log[p−2]Tf (r)

(log[q−1]Tg(r))μ+1 dr is convergent for some r0 > 0, then

limr→∞
log[p−2]Tf (r)

(log[q−1]Tg(r))μ
= 0, where 0 < μ < ∞.

Proof of the Lemma : Suppose
∫ ∞
r0

log[p−2]Tf (r)

(log[q−1]Tg(r))μ+1 dr is convergent.

Then for given ε > 0, there is a number r′(ε) ≥ r0 such that
∫ ∞
r

log[p−2]Tf (t)

(log[q−1]Tg(t))μ+1 dt < ε whenever r > r′(ε)

and so
∫ 2r
r

log[p−2]Tf (t)

(log[q−1]Tg(t))μ+1 dt < ε for r > r′(ε).
Therefore

log[p−2]Tf (r).(2r−r)

(log[q−1]Tg(2r))μ+1 < ε

or log[p−2]Tf (r) < ε
r
(log[q−1]Tg(2r))

μ+1.

Therefore
log[p−2]Tf (r)

(log[q]Tg(r))μ
< ε

r
log[q−1]Tg(2r)[

log[q−1]Tg(2r)

(log[q]Tg(r))
]
μ
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< ε log[q−1](2r)
r

log[q−1]Tg(2r)

log[q−1](2r)
[ log[q−1]Tg(2r)

(log[q−1]Tg(r))
]
μ
.

Since g is not transcendental, so Tg(r) = O(logr) and Tg(2r) = O(Tg(r)).

.̇. limr→∞
log[p−2]Tf (r)

(log[q]Tg(r))μ
= 0.

This proves the lemma .

Theorem 5.3. If ρp,q(f, g) be the relative order of f with respect to g and

α is defined by Definition 5.1, then ρp,q(f, g) ≤ α.

Proof : If α = ∞, then the result is trivial. Assume now that α is finite.

Then for arbitrary ε (0 < ε < 1), the integral
∫ ∞
r0

log[p−2]Tf (r)

(log[q−1]Tg(r))α+ε+1 dr is convergent.

Therefore by the Lemma 5.2

limr→∞
log[p−2]Tf (r)

(log[q−1]Tg(r))α+ε = 0.

Therefore for all sufficiently large values of r,
log[p−2]Tf (r)

(log[q−1]Tg(r))α+ε < ε.

So log[p−1]Tf (r) < logε + (α + ε)log[q]Tg(r)

i.e.,
log[p−1]Tf (r)

log[q]Tg(r)
< α + ε

for all large values of r.

Since ε > 0 is arbitrary, it follows that

ρp,q(f, g) = limsupr→∞
log[p−1]Tf (r)

log[q]Tg(r)
≤ α.

This proves the theorem.
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