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Abstract

In this paper, we study the existence of positive entire large radial
solutions to the nonlinear elliptic system with gradient terms

{
div(|∇u|p−2∇u) + |∇u| = m(|x|)f1(v)f2(u), x ∈ R

N

div(|∇v|q−2∇v) + |∇v| = n(|x|)g1(v)g2(u), x ∈ R
N

(1)

The nonlinearities fi, gi (i = 1, 2) are positive and continuous, while the
potentials m, n are continuous and certain growth condition. We give
some simple conditions that gurantees the existence of infinitely many
entire positive radial solutions.
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1 Introduction

The purpose of this paper is to investigate the following elliptic system with
linear gradient terms{

div(|∇u|p−2∇u) + |∇u| = m(|x|)f1(v)f2(u), x ∈ R
N

div(|∇v|q−2∇v) + |∇v| = n(|x|)g1(v)g2(u), x ∈ R
N

(2)

where p > 1,q > 1. m(x), n(x) : R
N → [0,∞), fi, gi : [0,∞) → [0,∞).

Moreover fi and gi are strictly increasing. Define

M(r) =

∫ r

0

[
e−tt1−N

∫ t

0

essN−1m(s)ds

]1/(p−1)

dt (3)

N(r) =

∫ r

0

[
e−tt1−N

∫ t

0

essN−1n(s)ds

]1/(q−1)

dt (4)

F (r) =

∫ r

0

1

[f1(τ)f2(τ) + g1(τ)g2(τ)]1/(ν−1)
dτ, (5)

where ν := min{p, q}. Clearly, F ′(r) > 0 for r > 0 and its inverse F−1 is well
defined.

We are mainly interested in finding the entire explosive(large, blow-up)
solutions of (2), that is the positive solutions (u, v) such that u(x) → +∞ and
v(x) → +∞ as |x| → ∞.

Large solutions of elliptic equations have been studied for decades. Most
of the studies have dealt with equations of the form

Δu = g(x, u)

on a bounded or unbounded domain. See... and their references. The single
equation with gradient terms that lead to our current system is

Δu + |∇u|a = p(x)f(u), x ∈ Ω, 0 < a ≤ 2,

which was treated in [1, 5, 8, 10, 11] for both bounded and unbounded domains.
There are relatively few results dealing with the elliptic system. Most of

the literature deals with special cases{
Δu = m(|x|)f1(v)f2(u), x ∈ R

N

Δv = n(|x|)g1(v)g2(u), x ∈ R
N

(6)
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such as f2 = g1 = 1, f1(v) = vα, g2(u) = uβ, see for example [2, 9]. When
f1(v) = va, f2(u) = ub, g1(v) = vc, g2(u) = ud, the existence and exact blow-
up rate near the boundary of the solutions have been studied by [6, 7]. The
quaslilinear elliptic system of the same type has recently been studied by Wei
and Yang [12].

The goal of this paper is to give some rather simple conditions that will
gurantee the existence of entire explosive solutions to (2). Our main result is
given in the following theorem.

Theorem 1.1 If F (∞) = ∞, then system 2 has at leat one positive radial
solution (u(r), v(r)) ∈ C2([0,∞)). If limr→∞ M(r) < ∞ and lim→∞ N(r) <
∞, the solutions are bounded. If limr→∞ M(r) = ∞ and lim→∞ N(r) = ∞,
there are infinitely many positive entire large solutions.

2 Proof of the Main Result

We start by showing that 2 has positive radial solutions. To this purpose, we
consider the following ordinary equation system⎧⎪⎪⎪⎨

⎪⎪⎪⎩
(|u′|p−2u′)′ + N−1

r
(|u′|p−2u′) + u′ = m(r)f1(v(r))f2(u(r)), r > 0,

(|v′|q−2u′)′ + N−1
r

(|v′|q−2v′) + v′ = m(r)g1(v(r))g2(u(r)), r > 0,

u′, v′ ≥ 0 on [0,∞),

u(0) = a > 0, v(0) = b > 0.

(7)

Integrating 7 we have

u(r) = a +

∫ r

0

[
e−tt1−N

∫ t

0

essN−1m(s)f1(v(s))f2(u(s))ds

]1/(p−1)

dt, r ≥ 0,

(8)

v(r) = b +

∫ r

0

[
e−tt1−N

∫ t

0

essN−1n(s)g1(v(s))g2(u(s))ds

]1/(q−1)

dt, r ≥ 0.

(9)

Let {uk} and {vk} be a sequence of continuous functions defined by

u0(r) = a, v0(r) = b,

uk(r) = a +

∫ r

0

[
e−tt1−N

∫ t

0

essN−1m(s)f1(vk−1(s))f2(uk−1(s))ds

]1/(p−1)

dt, r ≥ 0,

(10)
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vk(r) = b +

∫ r

0

[
e−tt1−N

∫ t

0

essN−1n(s)g1(vk−1(s))g2(uk−1(s))ds

]1/(q−1)

dt, r ≥ 0.

(11)

Since u0 ≤ u1, v0 ≤ v1, so u1 ≤ u2, v1 ≥ v2 for all r ≥ 0. Repeating this
process we deduce that

uk(r) ≤ uk+1(r), and vk(r) ≤ vk+1(r), for all r > 0, k ≥ 1.

We shall now show that the non-decreasing sequences {uk} and {vk} are
bounded from above under certain conditions(Need to be more specific here).
To this aim, we note the following estimates on u′

k(r) and v′
k(r).

u′
k(r) ≤

(
e−rr1−N

∫ r

0

essN−1m(s)f1(vk−1(s))f2(uk−1(s))ds

)1/(p−1)

≤ [f1(vk−1(r))f2(uk−1(r))]
1/(p−1) M ′(r)

≤ [f1(vk + uk)f2(vk + uk) + g1(vk + uk)g2(vk + uk)]
1/(p−1) M ′(r).(12)

Similarly,

v′
k(r) ≤

(
e−rr1−N

∫ r

0

essN−1n(s)g1(vk−1(s))g2(uk−1(s))ds

)1/(q−1)

≤ [g1(vk−1(r))g2(uk−1(r))]
1/(q−1) N ′(r)

≤ [g1(vk + uk)f2(vk + uk) + g1(vk + uk)g2(vk + uk)]
1/(q−1) N ′(r).(13)

Thus

∫ uk+vk

a+b

dτ

[f1(τ)f2(τ) + g1(τ)g2(τ)]1/(ν−1)
≤ M(r) + N(r), (14)

where ν = min {p, q}.
Thus F (uk + vk) − F (a + b) ≤ M(r) + N(r), or equivalently

uk + vk ≤ F−1(F (a + b) + M(r) + N(r)). (15)

Thus if F−1(∞) = ∞, {uk} and {vk} are uniformly bounded on any
bounded set [0, R]. It follows by Arzela-Ascoli theorem that {uk} and {vk}
converge uniformly to u and v on [0, R]. To show that (u, v) is the entire large
solution of (2), we remark that (8) and (9) imply

u(r) ≥ a + [f1(b)f2(a)]1/(p−1)M(r), r ≥ 0, (16)
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and

v(r) ≥ b + [g1(b)g2(a)]1/(q−1)N(r), r ≥ 0. (17)

Thus
lim
r→∞

u(r) = lim
r→∞

v(r) = ∞.

Since (a, b) ∈ (0,∞)× (0,∞) can be chosen arbitrarily, it follows that (2) has
inifinitely many positive entire large solutions. The proof of the theorem is
complete.

The following is an example of a remark.
Acknowledgements: The author wishes to thank the referees for the

helpful suggestions and comments.
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[6] J. Garćia-Melián and J. Rossi, Boundary blow-up solutions to elliptic
systems of competitive type, J. Diff. Eqns., 206(2004), 156-181.
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