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Abstract

In this paper we generalize the theorem due to Lewy and Pinchuk
by dispensing with the hypothesis of strict pseudoconvexity for M and
M ′ by Only, the strict pseudoconvexity for M .
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1. Introduction

The analytic extension of CR mappings has had several success the work of
H. Lewy in the 50’s, several techniques have been used, citing for example, the
method related to the construction of analytic discs attached to a hypersurface
M of Cn, witch can include phenomena of the extension and Regularity to the
boundary of maps, used by Al Boggess and John C. Polking. We call an
analytic disc in Cn, a holomorphic function ϕ attached to M if ϕ(∂∆) ⊂ M ,
where ∆ := {z ∈ C : z ≤ 1} in Cn.
If M is pseudonvex, then the analytic extension of CR functions on M is a
direct consequence of analytic discs in pseudoconvex side of M , with boundary
on M .

In the case of strict pseudoconvexity of M and M ′, we have the following result
due to Lewy and Pinchuk [9, 11]

Theorem [Lewy-Pinchuk] IfM andM ′ ⊂ Cn+1 are two strictly pseudoconvex
real-analytic hypersurfaces and f : M −→ M ′ is a smooth (i.e., of class C∞)
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CR diffeomorphism, then f extends holomorphically to a neighborhood of M.

In the following, M is a real analytic hypersurface in Cn and p is a point belong
in M , we recall that a CR function If for every CR vector field L on M we
have Lf ≡ O.
Our main result in this paper is the above theorem by replacing the assumption
of strict pseudoconvexity for M and M ′ indicated in the theorem of Lewy-
Pinchuk by Only, the strict pseudoconvexity for M .

Theorem 1.1 Let M , and M ′ ⊂ Cn are real-analytic hypersurfaces, p ∈ M .
Suppose that M is strictly pseudoconvex at p and f : M −→ M ′ is a smooth
CR diffeomorphism such that f(p) = p′ ∈M ′. Then f extends holomorphically
to a neighborhood of p.

2. Preliminary

For a more analytical characterization, we introduce the notion of pseudocon-
vexity, which is characterized by the fact that the function -logarithme the
distance to the boundary is plurisubharmonic. We will now give a characteri-
zation of pseudoconvex domains.

Definition 2.1 Let Ω ⊂ Cn be a domain and ρ a real function. The Levi
form of Ω at the point p is the Hermitian form

Hρ(p, a) = Σn
µ,ν=1ρµν(p)aµāν , a ∈ Cn.

Denote by ρµν = ∂2ρ
∂zµ∂z̄ν

A function ρ called a defining function for Ω, if Ω = {z ∈ Cn : ρ(z) < 0} and
dρ 6= 0 on ∂Ω.

Definition 2.2 The hypersurface M is called pseudoconvex at p if the Levi
form is positive semidefinite at every point in a neighborhood of p in M , or
is negative semidefinite at every point in this neighborhood, so, M is called
strictly pseudoconvex at p ∈ M if the Levi form is positive definite or negative
definite at p ∈M . The hypersurface M is strictly pseudoconvex if M is strictly
pseudoconvex at every point p ∈ M .

Strict and weak pseudoconvexity do not depend on the choice of the defining
function. The notions of defining function and pseudoconvexity, essentially, do
not depend on the domain itself but only on the boundary.

Proposition 2.3 Every strongly convex domain with C2 boundary is strongly
pseudoconvex.
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Proof. This is a consequence of the fact that a strictly convex function of
class C2 is strictly plurisubharmonic

Examples 2.4 1. The unit ball is strictly pseudoconvex at every point on
boundary. In fact : The ball Bn = { z ∈ Cn : |z| = 1}, for every point a ∈ ∂Bn,
a defining function is ρ(z) = ∑n

ν=1 zν z̄ν − 1, the Levi form is La(ρ, ω) =∑n
ν=1 ωνω̄ν = |ω|2 > 0 for ω 6= 0.

2. D = {(z1, z2) ∈ C2 : |z1|2 + |z2|4 < 1}. Then ρ(z) = |z1|2 + |z2|4 − 1 is a
defining function, and the Levi form is |ω1|2 + 4|z2|2|ω2|2. Thus ∂D is strongly
pseudoconvex except at circle {|z1| = 1, z2 = 0}, where it is pseudoconvex.

Present the link between a Segre variety and a essentially finite variety at a
point given. For the detail, see [7].

Definition 2.5 The segre variety Qω of M (CR real analytic subvariety of
type (m, d) in Cn; (z, w) ∈ Cm × Cd) associated at a point w is sufficiently
close to 0 is the complex subvariety defined in a neighborhood of 0 by

Qω = {(z, w) / ρ(z, w̄) = 0,  = 1, ...d},

where ρ(z, w̄) is the complexification of defining functions of M.

Definition 2.6 The segre map associated with real analytic variety M is
defined by λ : ω −→ Qω, where Qω is the segre variety at a point w.

Definition 2.7 M is called essentially finite at p0, if there exists an integer
k such that the Segre mapping Qk is locally finite in a neighborhood of the
origin. Otherwise, if the complex-analytic set Ap0 := {w : Qw = Qp0} is of
dimension 0 at p0.

3. Finite type and minimality

Let M be a hypersurface in Cn and p ∈ M . If X1 and X2 are complex
vector fields defined on a smooth manifold M , i.e., X1, X2 ∈ Γ(M,CTM), we
denote by [X1, X2] the commutators of X1 and X2 defined by [X1, X2]f(p) =
X1(X2f)(p)−X2(X1f)(p) for any smooth function f defined on M. Note that
[X1, X2] is again a complex vector field on M .

In the following, considers p, a point of finite type in the sense of Bloom-
Graham as in the above definition.

Definition 3.1 We say that M is of finite type in the sense of Kohn and
Bloom-Graham at the point p if there existsN ∈ N andX1, ..., Xk ∈ Γ(M,T cM),
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the Xi are (1, 0) ou (0, 1) such that the smooth vector fields X1, ..., Xk together
with their commutators of all lengths span the tangent space of M at p : TpM .

Remark 3.2 M is a hypersurface in Cn+1, the vector fields Lj and L̄k together
span a space of dimension 2n, namely CT cpM , p ∈M. Since M is of dimension
2n+ 1, it is of finite type at p if and only if the commutators of the Lj and L̄k
span a new direction (i.e., one which is not in CT cpM), often referred to as the
missing direction.

Definition 3.4 A variety (M, p) is minimal at p (in the sense of Tumanov)
if there is no strict CR submanifold (N, p) contained in (M, p) and of CR
dimension equal to m = dim M.

Proposition 3.5 Let M ⊂ Cn be a CR submanifold and p ∈ M . if M is of
finite type at p, then it is minimal at p.

Proof. Suppose that p ∈ N ⊂ M , where N is a submanifold for which
T cp0M ⊂ Tp0N For all p ∈ N ⊂ M . Then all the commutators of vector fields
in Γ(M,T cM) are also tangent to N at all p0 ∈ N . Since M is of finite type at
p the space spanned by such commutators at p is of dimension m = dimRM .
Hence dimRN = dimRM , which proves that M is minimal at p.

Note that for a real-analytic CR submanifold, finite type is in fact equivalent
to minimality [2].

4. Analyticity of smooth Cauchy-Riemann mapping

Let M ⊂ Cn be a real-analytic hypersurface defined on a neighborhood of
p ∈ M . Recall that a function f : M −→ Cn′ defined on M is called Cauchy-
Riemann if if its components are vanishes by the operators of Cauchy-Riemann,
Lf ≡ 0 on M , these anti-holomorphic operators are defined by L = ∂ρ

∂z̄n
∂
∂z̄j
−

∂ρ
∂z̄j

∂
∂z̄n

, L ∈ T 0,1(M),  = 1, ...n− 1, namely the subbundle

T 0,1M := T 0,1Cn ∩ [C⊗ TM ]
Let the operator Lα = Lα1

1 ...L
αn−1
n−1 for every α ∈ Nn−1, let M ′ ⊂ Cn′ a real

analytic set to neighborhood of a point p′ ∈ M ′ defined by M ′ = {z′ ∈ Cn′ :
ρ′k(z′, z̄) = 0, k = 1, ..., d} and let f a smooth CR mapping, f : M −→ M ′

such that f(p) = p′.
For z′ to neighborhood of p′ in Cn′ and k = 1, ..., d, we consider the function
Hα
k : z′ −→ Lαρ′k(z′, f̄(z)), holomorphic to neighborhood of p′, knowing that

the function
z 7−→ ρ′k(z′, f̄(z))|z=p is of class C∞ to neighborhood of p on M .
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Definition 4.1 A characteristic variety of f at p is the germ of complex
analytic set neighborhood of p′ in Cn′ , defined by

νp(f) = {z′ : Hα
k (z′) = 0, α ∈ Nn−1, k = 1, ..., d}.

Note that p′ ∈ νp(f), since f is CR and ρ′k(f(z), f̄(z)) = 0, for every k = 1, ..., d
and z ∈M .

We present a lemma that gives the relation between characteristic variety and
essential finiteness.

Lemma 4.2 [7] If f : M −→ M ′ is a smooth CR diffeomorphism between
generic real-analytic submanifolds M , M ′ ⊂ Cn, with p ∈ M , p′ ∈ M ′ and
f(p) = p′, then A′p′ coincides with νp(f) in a neighborhood of p′.

Recall that a real submanifold M ⊂ Cn at least class C1 is called generic if its
tangent space generates the tangent space Cn by complex multiplication :

TpM + ıTpM = TpCn,

for every p ∈M.

Proof. Let M ′ ⊂ Cn′ be a generic real-analytic CR submanifold of codi-
mension d′ and CR dimension m′. we may write the equations of M ′ near the
point p′ = (x′p, y′p) ∈ M ′ in the form

y′k = φ′k(x′, x′, y′), k = 1, ..., d′,

where Cn′ 3 z′ = (x′, y′) ∈ Cm′ × Cd′ is a system of local holomorphic co-
ordinates near p′ = (x′p, y′p) and the functions φ′k(ξ′, x′, y′) are holomorphic
near (x′p, x′p, y′p) satisfying φ′k(x′p, x′, y′) ≡ φ′k(ξ′, x′p, y′) ≡ y′k, k = 1, ..., d′. The
operators

L′j(z, z̄′) = ∂

∂x′j
+

d′∑
k=1

∂φ′k
∂x′j

(x̄′, x′, y′) ∂

∂ȳ′k
, j = 1, ...,m′,

form a (commuting) basis of the CR operators on M ′, and the complexified
complex-conjugate operators

L′(z′) = ∂

∂x′j
+

d′∑
k=1

∂φ′k
∂x′j

(x′, x′p, y′p)
∂

∂y′k
, j = 1, ...,m′,

form a (commuting) basis of the holomorphic operators tangent to Q′p′ , the
Segre variety of M ′ associated to the point p′.
Note that we used in the form of L′(z′) the notation φ̄(z) := φ(z̄) for any
holomorphic function φ. Other, for any α ∈ Nm′ , we have the following result:
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A function R holomorphic near p′ vanishes identically on Q′p′ , if and only if,
L′αR|p′ = 0, for all α ∈ Nm′ . Then, since f : M −→ M ′ is a smooth CR
diffeomorphism, it follows that n = n′,m = m′ and d = d′. Note that A′p′ is
the set of points z′ near p′ such that ρ′k(., z′) vanishes identically on Q′p′ , for
all k = 1, ..., d. Therefore z′ ∈ A′p′ , if and only if,
(4.2)

L′αρ′k(., z′)|p′ = 0, k = 1, ..., d, α ∈ Nm

which is clearly equivalent (after complex conjugation) to

L′αρ′k(z′, .̄)|p′ = 0, k = 1, ..., d, α ∈ Nm.

which is equivalent to

Kαρ′k(z′, f(z))|p = 0, k = 1, ..., d, α ∈ Nm

The pull-back Kj := f ∗L′j, j = 1, ...,m, of the L′j form a basis of the CR
operators on M, and consequently (4.2), is equivalent to

Lαρ′k(z′, f(z))|p = 0, k = 1, ..., d, α ∈ Nm.

So this proves that A′p′ coincides with νp(f) near p′.

Theorem 4.3 [7] Let f : M −→ M ′ be a smooth CR mapping between a
generic real-analytic submanifold M ⊂ Cn and a real-analytic subset M ′ ⊂
Cn′ , with p ∈ M , p′ ∈ M ′ and f(p) = p′. If M is minimal at p and if the
dimension of νp(f) is zero at p′, then f is real-analytic near p.

We conclude the lemma 4.2 and the theorem 4.3 the following corollary.

Corollaire 4.4 [7] Let f : M −→ M ′ be a smooth CR diffeomorphism
between generic real-analytic submanifolds M , M ′ ⊂ Cn, with p ∈M , p′ ∈M ′

and f(p) = p′. If M is minimal at p and if M ′ is essentially finite at p′ (or,
equivalently, if M is essentially finite at p), then f is real-analytic near p.

• Observation: Every hypersurface is generic − therefore CR − of CR di-
mension equal to (n− 1).

5. Proof of Theorem 1.1.

First, it is well-known that if M is strictly pseudoconvex at p, then M is min-
imal at p, this is equivalent to saying that M is of finite type at p as M is real
analytic. Second, since M is strictly pseudoconvex, then ∂M does not con-
tain a nontrivial holomorphic subvariety. Moreover, note that, D’Angelo finite
type (type 2 correspond to M is strictly pseudoconvex [6]) at p is equivalent
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to saying that it does not exist any germ of a complex analytic subvariety at
p ∈ M , therefore, M is essentially finite at p [2]. Applying thus the corollary
4.4, we deduce that f is real-analytic of p. Hence f extends holomorphically
to a neighborhood of p.

�
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