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Abstract

We prove a related fixed point theorem for three mappings in three metric spaces
using an implicit relation. This result generalizes and unifies several of well-known
fixed point theorems in complete metric spaces.
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1. Introduction
In [8] and [4] the following theorems are proved:

Theorem 1.1 (Nung)[8] Let (X,d),(Y,p) and (Z,o) be complete metric
spaces and suppose T is a continuous mapping of X into Y, S is a continuous
mapping of Y into Z and R is a continuous mapping of Z into X satisfying the
inequalities
d(RSTx, RSy) < cmax{d(x, RSy),d(x, RSTx), p(y,Tx),c(Sy,STx)}
p(TRSy, TRz) < cmax{p(y,TRz), po(y,TRSy),o(z,Sy),d(Rz, RSy)}
o(STRz,STx) < cmax{o(z,STx),o(z,STRz),d(x,Rz), p(Tx,TRz)}

forall x in X, y inY and z in Z,where 0<c<1.Then RST has a unique fixed
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point u in X, TRS has a unique fixed point v in Y and STR has a unique fixed
point w in Z . Further, Tu=v,Sv=w and Rw=u.

Theorem 1.2 (Jain etal.)[7] Let (X,d),(Y,p) and (Z,0) be complete

metric spaces and suppose T is a mapping of X into Y, S isa mapping of Y into
Z and R isamapping of Z into X satisfying the inequalities

d?(RSy,RSTx) <cmax {d(x,RSy)p(y,Tx), p(y,Tx)d (x, RSTx),
d(x,RSTx)o(Sy, STx), o(Sy, STX)d (x, RSy)}
p>(TRz,TRSy) <cmax {p(y,TRz)c(z,Sy),c(z,Sy)p(y,TRSY),
p(y, TRSy)d(Rz, RSy),d(Rz, RSy) p(y, TRz)}
o’ (STx,STRz) <cmax {o(z,STx)d(x,Rz),d(x,Rz)o(z, STRz),
o(z,STRz) p(Tx,TRz), p(Tx,TRz)o(z,STX)}

forall x in X, yinY and z in Z,where 0<c<1. If one of the mappings R,S,T

is continuous, then RST has a unique fixed point u in X, TRS has a unique fixed
point v in Y and STR has a unique fixed point w in Z . Further, Tu=v,Sv=w and

Rw=u.

2. Main results

This result generalizes and unifies several well-known fixed point theorems
obtained in [8,4,10,9]. For this, we will use the implicit relations.

Let ™ be the set of continuous functions with k variables
@ :[0,+0) = [0, +0)
satisfying the properties:
a. ¢ isnon decreasing in respect with each variable t,t,,...,t,
b. o(t,. . t)<t" meN.
Denote I, ={1,2,...,k}.For k, <k, we have ®{" e (.

For k =6 we can give these examples:
Example 2.1 o(t,,t,,t;,t,,t,t,) = max{t,,t,, t,,t,,t;, t.}, with m=1.

Example 2.2 o(t,t,,t;,t,,t,t) = max{tt; :i, je I}, with m= 2.
Example 2.3 o(t,,t,,t,,t,,t.,t,) = max{t",t,t7 ,t7,t" 7}, with m=p.



Generalized fixed point theorem 1997

Example 2.4 o(t,t,,t,,t,,t,t) = max{t”,t;,t7,t;}, with m= p, etc.

t+t, +t t +t .
Example 2.5 ¢(t1,t2,t3,t4,t5,t6):% or % with m=1 etc.

Theorem 2.6. Let (X,d),(Y,p) and (Z,0) be complete metric spaces and
suppose T is a mapping of X into Y, S is a mapping of Y into Z and R is a
mapping of Z into X, such that at least one of them is a continuous mapping. Let
@ e ®" for i=1,2,3. If there exists q [0,1) and the following inequalities hold

Q) d™(RSy,RSTX) < qe,(d(x, RSy),d (x, RSTx), p(y, Tx),
p(Y, TRSy), p(Tx, TRSy, o(Sy, STx))
(2) p" (TRz, TRSy) < dg,(p(Y,TRz), p(y,TRSY), o(z, Sy),
o(z,STRz),0(Sy,STRz),d (Rz, RSy))
(3) 0" (STx,STRz) < qe,(o(z,STx),0(z,STRz),d (X, Rz),
d(x,RSTx),d(Rz, RSTx), p(Tx,TRz))
forall xe X,yeY and zeZ, then RST has a unique fixed point @ € X , TRS has
a unique fixed point feY and STR has a unique fixed point y € Z. Further,
Ta=4,Sp=y and Ry =« .
Proof. Let x, € X be an arbitrary point. We define the sequences (Xx,),(Y,)
and (z,) in X,Y and Z respectively as follows:

X, = (RST)"X,, Y, =Tx, ,,2, =Sy,,n=1,2,...
Denote
d, =d (X, X1 20 = P(Ys Youa)r 0, = 0(2,,2,,4)0 =1, 2,
We will assume that x, = x Yy, # Y, and z =z, foralln, otherwise if x, =X,
forsomen,theny, ,=V.,,2,,,=2 ,wecantake a =X ,, =Y.,V =2,
By the inequality (2), for y=y, and z =1z, we get:
P" (Yas Yo < A2, (P(Y0 Ya ) AYas Yoin) 0(2,4, 2,),
0(z,4.2,),0(z,,2,), d(X,1,X,))

n+1?

or
:1 < Q¢2 (O’pmo-n—l’o-n—l’o’dn—l) (4)
For the coordinates of the point (0, p,,o, ,,0,,0,d,,) we have:
po<max{d, ,,o,,}=4,VneN (5)

because, in case that p, > max{d, ,,o, ,} for some n, if we replace the coordinates
with p. and apply the property (b) of ¢, we get:

pr:ﬂ ngpz(pnwon’pn’pn’pn'pn)qu:l
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This is impossible since0< g <1.
By the inequalities (4), (5) and properties of ¢, we get:
Py < Q0,(A A2, 4, 2,3 < 02" =0 max{d, 0 ||
Thus
0, <YgA = \/Emax{dn_l,an_l} (6)
By the inequality (3), for x=x,, and z =z, we get:
O-m(zn 1 Zn+l) S q¢3 (O-(Zn' Zn)’ O-(Zn 1 Zn+l)’ d (Xn—l’ Xn)’
d (anl’ Xn)l d (Xn ’ Xn 1 p(ynV yn+1))

or
O-r:n < q¢3(0’o-n’dn—l’dn—1’0’pn) (7)
In similar way, we get:
o, < Q/amax{dnfl,pn},Vn eN.
By this inequality and (6) we get:
o, <ylqgmax{d, ,,0, },vneN (8)
By (1) for x=x, and y =y, we get:
d " (Xn ! Xn+1) S q(”l(d (Xn ' Xn)l d (Xn ! Xn+1)’ p(yn’ yn+1)’
p(yn ! yn+1’ p(yn+1' yn+l’ O-(Zn ! Zn+1))
or
dy <ae(0.d,, p,.0,,0,0,) (9)
In similar way, we get:
d, < r{“/amax{pn,an},Vn eN.
By this inequality and the inequalities (6), (8) we get:
d, < g/amax{p,,0,}<ta(gqmax{d, 0, .}) =
= 1q(@/q) max{d, ,,o, ,} < Yqmax{d, ,,o, ,}
or

d, <tlgmax{d, ,,o, .} (10)

By the inequalities (6), (8) and (10), using the mathematical induction, we get:
d(x,,X,.,) < r""max{d(x,x,),o(z,2,)}
PYos Vo) < r" max{d(x,,X,),o(z,,2,)}
0(z,,2,.,) < r"max{d(x,x,),0(z,2,)}
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where g/q =r <1.

Thus the sequences (x,),(y,) and (z,) are Cauchy sequences. Since the metric
spaces (X,d),(Y,p) and (Z,o) are complete metric spaces, we have:
limx, =a e X’Lmy" =ﬂeY,!1iLDOZn =yel.

N—o0

Assume that T is a continuous mapping. Then by
limTx, =limy,.

it follows
Ta=p. (12)
By (1), for y=Tea and x = x, we get:
d"(RSTa, X,,;) < de (d(X,,RST ), d (X, X,.1), 2(T 2, ¥,..0),
p(Ta, TRSTa), p(Y,.,,TRSTax),0(STa, 2,,,,))
By this inequality and (11), letting n tend to infinity, we get:

d"(RSTe,a) < qe,(d(,RST),0,0, o(B,TRS B), p(B, TRS ), (S5, 7))
<q[max{p(B,TRSB),a(S5, 7)}I"
By (2), for z=1z, and y = S we get:
P" (Yo, TRS B) < A0, (0(B, Y1), P(B,TRS B), 0(2,, S ),

G(Zn ! Zn+l)’ G(Sﬂ’ Zn+1)’ d (Xn ’ RSﬂ))
By this inequality letting n tend to infinity and using (11), we get:

P"(B.TRSB) < ag,(0, p(B,TRS B),5(7,SB),0,5(S B,7),d(a,RSTa))
<q[max{d(e,RSTa),o(7,SB)}I" '
By (3) forx=«, z =z, we get:

(12)

(13)

oc"(STa,z,,) < qp,(o(z,,STa),0(z,,2,.,,),d(a, X,),
d(a,RSTa),d(x,,RSTa), p(Ter,V,.,))
By this inequality letting n tend to infinity and using (11), we have:
o"(SB,7) < qp,(c(y,S),0,0,d(e,RSTa), d(e,RST),0,)
<qd"(a,RSTa)
By the inequalities (12),(13) and (14) we get:
d™(RSTa, ) <q*d™(RST, @)

(14)

Thus
d(RSTa,a)=0 orRSTa =« (15)
By (14) and (13) we obtain



2000 K. Kikina and L. Kikina

Sp=y
TRSG=p
STRy =STR(SB)=S(TRSp)=Sp =y
Thus, we proved that the points «, # and y are fixed points of RST,TRS and

STR respectively.
In the same conclusion we would arrive if one of the mappings R or T would

be continuous.
We now prove the uniqueness of the fixed points «, f and y. Let us prove for« .

Assume that there is &' a fixed point of RST different from « .
By (1) for x=a' and y =T« we get:

d"(a,a’) =d"(RSTa,RSTa') <
< ge,(d(a',RSTa),d(a',RST&'), p(Tex, Tx'),
p(Ta, TRSTa), p(Ta',TRSTa,0(STa,STa')) =
=Qqp,(d(c,),0, p(Te,Ta'),0, p(Tet", Ta),0(STex,STx")
<g[max{d(a’,a), p(Ta",Tx),c(STex,STa')}"

or
d"(e,a") = g(max A)" (14)
where A={d(a',a); p(Ta,Ta");0(STe,STax')}.
We distinguish the following three cases:
Case I: If max A=d(a', ), then the inequality (14) implies

d"(a,a)<qd"(¢",a) @ d' = .
Case Il: If max A= p(Te,Ta'), then the inequality (14) implies
d"(a,a")<qp"(Ta,Ta") (15)
Continuing our argumentation for the Case 2, by (2) for z=STa and y=Ta'

we have:
P"(Ta,Ta') = p"(TRSTa, TRSTa') <

<o, (p(Ta', TRSTa), p(Ta', TRST&'),0(ST e, ST '),
o(STa,STRSTa),0(STa',STRST ), d (RST ', RST )) = (16)
= qp,(p(Ta', T@),0,6(STa,ST'),0,0(STa’, STa),d(a, ') =

< g(max A)"

SinceinCase Il , max A= p(Ta,Ta'), by (16) it follows
P"Ta,Ta)<qp"(Ta,Ta')

or
p(Ta,Ta')=0.
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By (15), it followsd(a,a") =0.
Case lll: If max A=o(STe,STa'), then by (14) it follows
d™(ar,a') <qo" (ST, STa') (17)

By the inequality (3), for x=RST«a,z = ST’ in similar way we obtain:
o"(STa,STa') <q(max A)" =qo" (ST, STa')

It follows
o(STe,STa')=0
and by (17) it follows
d(a,a') =0.

Thus, we have againa = a'.

In the same way, it is proved the uniqueness of S andy .

Example 2.7. Let X =[0,1],Y =[1,2],Z=[L2]and d = p=0c is the usual
metric for the real numbers. Define:

Eif O£x<1 3 Eif 1SZ<§
Tx = ;1 L 2 Sy=§ Rz = 4 5 4
—if =<x<1 lif =<z2<2
2 4
Then S is continuous but T and R are not continuous.
We have
3 3
STx=—=,RSy =1TRz=—
2 2
3 3
RSTx=1,TRSy =—,STRz =—
2 2
and
RST1=1, TRSE:E,STRE:E and T1:§,S§:§, R§:1
2 2 2 2 2 2 2 2

These inequalities (1), (2) and (3) are satisfies since the value of left hand side of
each inequality is 0.
Hence all the conditions of Theorem 2.6 are satisfies

We emphasize the fact that it is necessary the continuity of at least one of the
mappings T,S and R . The following example shows this.

Example 2.8. Let X =Y =Z =[0,1];d = p = ¢ such that
d(x,y) =|x-y|,Vvx,y [0,1]. We consider the mappings T,S,R:[0,1] —[0,1] such
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that
1 for x=0
TX=Rx=Sx=1x
) for xe(0,1]
We have
i for x=0
STx = RSx = TRx = { 2
X
— for xe(0,1
2 €(0,1]
and
1 for x=0
RSTx = TRSX = STRx =4 #
g for xe(0,1]

We observe that the inequalities (1), (2) and (3) are satisfied for
o =0, =0, =pec® withp(t,t,,t,,t,,t,t.) = max{t,t,,t,,t,,t,,t.}andq = % It can

be seen that none of the mappings RST,TRS,STR has a fixed point. This is because
none of the mappings T,R, S is a continuous mapping.

3. Corollaries

Corollary 3.1 Let (X,d),(Y,p) and (Z,o0) be complete metric spaces and

suppose T is a mapping of X into Y, S is a mapping of Y into Z and R is a
mapping of Z into X, such that at least one of them is a continuous mapping. If
there exists g €[0,1) and me N such that the following inequalities hold

d™(RSy, RSTx) < gmax{(d"™(x, RSy),d™ (x, RSTx), o" (Y, Tx),
p"(y,TRSy), p" (Tx,TRSy, o™ (Sy, STX)}
p"(TRz, TRSy) < gmax(p"(y,TRz), p" (y,TRSy),c"(z, Sy),
0" (z,STRz),0™(Sy,STRz),d " (Rz, RSy)}
o"(STx,STRz) < gmax(c"(z,STx),c"(z,STRz),d" (x, Rz),
d™(x,RSTx),d"(Rz, RSTx), o™ (Tx,TRz)}
forall xe X,yeY and zeZ,then RST has a unique fixed point & € X , TRS has

a unique fixed point €Y and STR has a unique fixed point y € Z . Further,
Ta=4,Sf=y and Ry =« .
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Proof. The proof follows by Theorem 2.6 in the case ¢ =@, =@, = e ®™ such
that ¢ (t,,t,,t,,t,,t;, 1) = max{t" t;,t; ;" t; ,t}.
Corollary 3.2 Theorem 1.1 (Nung [8]) is taken by theorem 2.6 for m =1and
o=@, =@, =¢ suchthat o(t,t,,t,,t,,t.,t;) = max{t,,t,,t,,t;}
Corollary 3.3 Theorem 1.2 (Jain et. al. [4]) is taken by Theorem 2.6 in case
@, =0, =p,=pe®? suchthat o(t,t,,t,,t,,t,t,) = max{tt, t,t., t.t, t.t }.
Corollary 3.4 Theorem Telci (Theorem 2 [10]).Let (X,d),(Y,p) be complete
metric spaces and T is a mapping of X into Y, S is a mapping of Y into X.
@, €®; for i=1,2. If there exists q €[0,1) such that the following inequalities hold

(1) d(Sy,STx) < e, (d(x, Sy),d(x,STx), p(y,Tx)).

(2) P(TX,TSy) < qp, (p(y,Tx), p(y,TSy), d (X, Sy).
for all xe X,yeY, then ST has a unique fixed point « € X and TS has a unique
fixed point g €Y . Further ,Ta=4,Sg=y.
Proof. The proof follows by Theorem 2.6 inthe case Z = X,o=d, m=1 and the
mapping R as the identity mapping in X . Then the inequality (1) takes the form
(19, the inequality (2) takes the form (2") and the inequality (3) is always satisfied
since his left side is o(STx, STx) = 0. Thus, the satisfying of the conditions (1), (2)
and (3) is reduced in satisfying of the conditions (1), (2").

The mappings T and S may be not continuous, while from the mappings T, S
and R for which we applied Theorem 2.6, the identity mapping R is continuous.
This completes the proof.

We have the following corollary.

Corollary 3.5 Theorem Popa (Theorem 2, [9]) is taken by Corollary 3.4 for
@, = @, = ¢ such that o(t,,t,,t;) = max{tt,, tt;,t,t.} with m=2 .

We also emphasize here that the constants c,,c, can be replaced by q = max{c,,c,}.
Conclusions.

In this paper it has been proved a related fixed point theorem for three mappings in
three metric spaces, one of mappings is continuous. This theorem generalizes and
unifies several of well-known fixed point theorems for contractive-type mappings on
metric spaces, for example the theorems of Nung [8], Jain et.al [4], Popa [9], Telci

[10] and the theorem of Fisher [1]. As corollaries of main result we can obtain other
propositions determined by the form of implicit relations.
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