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1 Introduction

Fixed point theorems give the conditions under which maps (single or mul-
tivalued) have solutions. The theory itself is a beautiful mixture of analysis,
topology, and geometry. Over the last 50 years or so the theory of fixed points
has been revealed as a very powerful and important tool in the study of nonlin-
ear phenomena. In particular fixed point techniques have been applied in such
diverse fields as biology, chemistry, economics, engineering, game theory, and
physics. historically fixed point started In 1922, the Polish mathematician,
Banach proved a theorem which ensures under appropriate conditions, the
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existence and uniqueness of a fixed point, his result is called Banach’s contrac-
tion principle or Banach’s fixed point theorem. many author have extended,
generalized and improved Banach’s fixed point theorem in different ways and
different spaces such as D∗-metric spaces in [10]. in [6] Jungck introduced
more generalized commuting mappings called compatible mappings, which are
more general than commuting and weakly commuting mappings. this concept
has been useful for obtaining more comprehensive fixed point theorem (e.g)
[1], [4], [5], [8] and [11]. in [2], [7] and [3] with a particular implicit relation a
common fixed point theorem stated and proved.
Now in this paper we introduce a new concept between maps and one implicit
relation between them. we prove a common fixed point theorem for arbitrary
mappings that aren’t necessarily continuous.

2 Metrically adjoint and Metrically equivalent

maps

Let H be a Hilbert space, if T : H → H be an operator, the operator S with
the following property, called the adjoint of T ,
(i). < Tx, y >=< x, Sy > (∀x, y ∈ H)
(ii). ||T || = ||S||
such that < x, y > is the inner product of the Hilbert space H and ||T || is the
norm of T (for see a full discussion about Hilbert spaces see chapter 12 of [9]).

With this motivation we define the metrically adjoint and metrically equiv-
alent concepts of two maps and similarly for two families of maps

Definition 2.1 Self-maps, S and T of a metric space (X, d) are called to
be metrically adjoint if for each x, y ∈ X

d(Sx, Ty) = d(Tx, Sy)

and similarity for two families of self-maps, S = {Sα}α and T = {Tβ}β we say
that S and T are metrically adjoint if for each x, y ∈ X and ∀α, β

d(Sαx, Tβy) = d(Tβx, Sαy)

Example 2.2 Let S be a non-zero map on R with the metric d(x, y) =
|x − y| and put T := −S, then S and T are metrically adjoint.

Definition 2.3 Self-maps, S and T of a metric space(X, d) are called to be
metrically equivalent if for each x,∈ X

d(Sx, x) = d(Tx, x)
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and similarly for two families of self-maps, S = {Sα}α and T = {Tβ}β we say
that S and T are metrically equivalent if for each x ∈ X and ∀α, β

d(Sαx, x) = d(Tβx, x)

Example 2.4 Let S and T are self-maps on R, Sx = αx and Tx = βx
where α, β ∈ R and α + β = 2 then S and T are metrically equivalent

Example 2.5 Let S and T are self-maps on X = {−1, 1} with metric,
d(x, y) = |x − y|, Sx = αx and Tx = βx where α, β ∈ R and α + β = 2 then
S and T are metrically adjoint and metrically equivalent.

One of interesting property of metrically adjoint concept is the following propo-
sition:

Proposition 2.6 Let T be a self-map on a complete and separable metric
space (X, d) that is metrically equivalent with Id(identity map), then T is onto.

proof. Since (X, d) is a separable space, there exsist a countable dense
subset {xn}. Let x0 ∈ X be an arbitrary element. since {xn} is dense in X,
there exist xkm such that, d(Tx0, xkm) < 1

m
. Put ym = xkm , we show that {ym}

is a cauchy sequence.

d(yn, ym) ≤ d(Tx0, yn) + d(Tx0, ym) <
1

n
+

1

m

so {ym} is a cauchy sequence and since X is complete there exist p ∈ X
such that yn → p. We have, 0 ≤ d(Tx0, yn) < 1

n
, for all n, and this implies

d(Tx0, p) = 0. Since T and Id are metrically adjoint maps we have d(Tx0, p) =
d(x0, T p) so Tp = x0.

Through out this paper if S and T be two metrically adjoint or metri-
cally equivalent we say that {S, T} is m.a(metrically adjoint) or m.e(metrically
equivalent).

3 Main Results

Let Φ be the class of continuous functions, φ : (R+)4 → R with the following
property

(φ1). φ(x, y, z, w) is decreasing in y, z and w.
(φ2). φ(x, y, y, x + y) ≤ 0 implies x ≤ ky for some k ∈ (0, 1).
(φ3). φ(x, y, x + y, y) ≤ 0 implies x ≤ ky for some k ∈ (0, 1).
(φ4). φ(2x, x, x, x) ≤ 0 implies x = 0.

Example 3.1 φ(x, y, z, w) = x − 1
8
(y + z + w).
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Example 3.2 φ(x, y, z, w) = x − 1
3
max{y, z, w}.

Theorem 3.3 Let S and T be two arbitrary maps on a complete metric
space (X, d), such that

(i). {S,T } is m.e and {S,Id } is m.a.
(ii). for some φ in Φ and for all x,y in X we have,

φ(d(Sx, Ty), d(x, y), d(Sx, y), d(x, Ty)) ≤ 0

and for all x,y in X such that x �= y,

φ(d(Sx, y) + d(x, Ty), d(x, y), d(Sx, y), d(x, Ty)) ≤ 0

Then S and T have a unique common fixed point in X.

proof. Let x0 ∈ X be an arbitrary point. There exists x1, x2 ∈ X such
that Sx0 = x1 and, Tx1 = x2. With induction we construct sequence {xn}
in X such that Sx2n = x2n+1 and Tx2n+1 = x2n+2. We prove that {xn} is a
cauchy sequence. Putting x = x2n and y = x2n+1 in (ii), we get

φ(d(Sx2n, Tx2n+1), d(x2n, x2n+1), d(Sx2n, x2n+1), d(x2n, Tx2n+1) ≤ 0

from definition of {xn} we have

φ(d(x2n+1, x2n+2), d(x2n, x2n+1), d(x2n+1, x2n+1), d(x2n, x2n+2) ≤ 0

Let dm = d(xm, xm+1), so

φ(d2n+1, d2n, 0, d(x2n, x2n+2)) ≤ 0

φ is decreasing in t3, t4 and d2n ≥ 0 and d(x2n, x2n+2) ≤ d2n + d2n+1, so we get

φ(d2n+1, d2n, d2n, d2n + d2n+1) ≤ 0

thus with use of (φ2), d2n+1 ≤ qd2n for some 0 < q < 1. Putting x = x2n+2

and y = x2n+1 in (ii) we get

φ(d(Sx2n+2, Tx2n+1), d(x2n+2, x2n+1), d(Sx2n+2, x2n+1), d(x2n+2, Tx2n+1)) ≤ 0

so

φ(d(x2n+2, x2n+3), d(x2n+1, x2n+2), d(x2n+1, x2n+3), d(x2n+2, x2n+2)) ≤ 0

and
φ(d2n+2, d2n+1, d(x2n+1, x2n+3), 0) ≤ 0
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by (φ1) and triangular inequality we have

φ(d2n+2, d2n+1, d2n+1 + d2n+2, d2n+1) ≤ 0

from (φ3), d2n+2 ≤ qd2n+1.Thus for each n we have, dn+1 ≤ qdn. Now prove
that {xn} is a cauchy sequence.

dn = d(xn, xn+1) ≤ qdn−1 ≤ q2dn−2 ≤ ... ≤ qnd(x0, x1)

so

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + ... + d(xm−1, xm)
≤ qnd(x0, x1) + qn+1d(x0, x1) + ... + qm−1d(x0, x1)

≤ qnd(x0, x1)(1 + q + ... + qm−n+1)
≤ qn

1−q
d(x0, x1).

Since 0 < q < 1, qn → 0 as n → ∞. hence sequence {xn} is cauchy in X.
Since X is a complete metric space, there exists p ∈ X such that xn → p.

Now we prove that Sp = Tp = p. without loosing of generality we can
going to a subsequence of {xn}, that we show with {yn}, s.t yn = xkn and for
all n, yn �= p. In (ii) putting x = yn and y = p then

φ(d(Syn, p) + d(yn, T p), d(yn, p), d(Syn, p), d(yn, T p)) ≤ 0

since {S, Id} is m.a, we have

φ(d(yn, Sp) + d(yn, T p), d(yn, p), d(yn, Sp), d(yn, T p)) ≤ 0

for all n. So from continuity of φ we have

φ(d(p, Sp) + d(p, Tp), d(p, p), d(p, Sp), d(p, Tp)) ≤ 0

from (i) and (φ1), we have

φ(2d(p, Sp), d(p, Sp), d(p, Sp), d(p, Sp)) ≤ 0

from (φ4) we get
d(p, Sp) = d(p, Tp) = 0

so, Sp = Tp = p. Suppose p1 is another fixed point of S, T , and p �= p1. In (ii)
putting x = p and y = p1, thus

φ(2d(p, p1), d(p, p1), d(p, p1), d(p, p1)) ≤ 0

so, d(p, p1) = 0, a contradiction with first assume. So p = p1. Thus p is the
unique common fixed point of S, T .

Remark. In the above theorem we can replace condition, {S, Id} is m.a
with continuity of S, but the main aim of this paper is investigation of common
fixed point of arbitrary maps not necessarily continuous.
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Corollary 3.4 Let S = {Sα}α∈I and T = {Tβ}β∈J be two families of arbi-
trary self-mappings on a complete metric space, (X, d) such that

(i). for all α, β, {Sα, Tβ} is m.e, and {Sα, Id} is m.a.
(ii). for some φ in Φ and for all x,y in X and for some α0 ∈ I and β0 ∈ J

we have,
φ(d(Sα0x, Tβ0y), d(x, y), d(Sα0x, y), d(x, Tβ0y)) ≤ 0

and for all x,y in X such that x �= y,

φ(d(Sα0x, y) + d(x, Tβ0y), d(x, y), d(Sα0x, y), d(x, Tβ0y)) ≤ 0

then Sα and Tβ for all α, β have a unique common fixed point in X.

proof. From theorem 3.3 there exists sequence {xn} in X such that for
some p ∈ X, xn → p and Sα0p = Tβ0p = p. Now we show Sαp = Tβp = p , for
all α, β. Without loosing of generality we can going to a subsequence of {xn},
that we show with {yn}, s.t yn = xkn and for all n, yn �= p. In (ii) putting
x = yn and y = p, then we have

φ(d(Sαyn, p) + d(yn, Tβp), d(yn, p), d(Sαyn, p), d(yn, Tβp)) ≤ 0

from (i)

φ(d(yn, Sαp) + d(yn, Tβp), d(yn, p), d(yn, Sαp), d(yn, Tβp)) ≤ 0

since S, T are m.e we have

φ(2d(p, Sαp), d(p, Sαp), d(p, Sαp), d(p, Sαp)) ≤ 0

thus from(φ4), d(Sαp, p) = d(Tβp, p) = 0 for all α ∈ I, β ∈ J and this means
Sαp = Tβp = p for all α, β. Uniqueness of p prove similar to the proof of
uniqueness of p in theorem 3.3

Corollary 3.5 Let S = {Sα}α∈I and T = {Tβ}β∈J be two families of arbi-
trary self-mappings on a complete metric space, (X, d) such that

(i). for all α, β, {Sα, Tβ} is m.e, and {Sα, Id} is m.a.
(ii). for all x, y and and for some α0 ∈ I and β0 ∈ J

d(Sα0x, Tβ0y) ≤ 1

8
(d(x, y) + d(Sα0x, y) + d(x, Tβ0y))

and for all x �= y

d(Sα0x, y) + d(x, Tβ0y) ≤ 1

8
(d(x, y) + d(Sα0x, y) + d(x, Tβ0y))

then Sα and Tβ for all α, β have a unique common fixed point in X.
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proof. In corollary 3.4, take φ(x, y, z, w) = x − 1
8
(y + z + w). from (ii)

with taking x = d(Sα0x, Tβ0y), y = d(x, y), z = d(Sα0x, y), w = d(x, Tβ0y) and
another time x = d(Sα0x, y) + d(x, Tβ0y), y = d(x, y), z = d(Sα0x, y), w =
d(x, Tβ0y), we conclude that

for some φ ∈ Φ and for all x,y in X and for some α0 ∈ I and β0 ∈ J , we
have,

φ(d(Sα0x, Tβ0y), d(x, y), d(Sα0x, y), d(x, Tβ0y)) ≤ 0

and for all x,y in X such that x �= y,

φ(d(Sαx, y) + d(x, Tβy), d(x, y), d(Sαx, y), d(x, Tβy)) ≤ 0

So, Sα and Tβ for all α, β have a unique common fixed point.

Corollary 3.6 Let S = {Sα}α∈I and T = {Tβ}β∈J be two families of arbi-
trary self-mappings on a complete metric space, (X, d) such that

(i). for all α, β, {Sα, Tβ} is m.e, and {Sα, Id} is m.a.
(ii). for all x, y and and for some α0 ∈ I and β0 ∈ J

d(Sα0x, Tβ0y) ≤ 1

3
max{d(x, y), d(Sα0x, y), d(x, Tβ0y)}

and for all x �= y

d(Sα0x, y) + d(x, Tβ0y) ≤ 1

3
max{d(x, y), d(Sα0x, y), d(x, Tβ0y)}

then Sα and Tβ for all α, β have a unique common fixed point in X.

proof. In corollary 3.4, take φ(x, y, z, w) = x − 1
3
max{y, z, w}. from (ii)

with taking x = d(Sα0x, Tβ0y), y = d(x, y), z = d(Sα0x, y), w = d(x, T β0y)
and another time x = d(Sα0x, y) + d(x, Tβ0y), y = d(x, y), z = d(Sα0x, y), w =
d(x, Tβ0y), now proof follow such as the previous proof.

Theorem 3.7 Let S1, S2, T1 and T2 be arbitrary self-maps on a complete
metric space (X, d), such that

(i). {S1S2, T1T2} is m.e and {S1S2, Id} is m.a.
(ii). for some φ ∈ Φ and for all x, y ∈ X we have

φ(d(S1S2x, T1T2y), d(x, y), d(S1S2x, y), d(x, T1T2y) ≤ 0

and for all x, y ∈ X such that x �= y,

φ(d(S1S2x, y) + d(x, T1T2y), d(x, y), d(S1S2x, y), d(x, T1T2y) ≤ 0

(iii). for i = 1, 2 we have

d(Tix, T1T2x) = d(x, T1T2x)

and
d(Six, S1S2x) = d(x, S1S2x)

then S1, S2, T1 and T2 have a unique common fixed point in X.
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proof. From theorem 3.3, its easy to see that there exists a unique, p ∈ X
such that S1S2p = T1T2p = p. Now from (iii) we can see S1p = T1p = S2p =
T2p = p.

Corollary 3.8 Let S1, S2, ..., Sn, T1, T2, ..., Tn be 2n arbitrary self-maps on
a complete metric space (X, d), such that

(i). let S := S1S2...Sn, T := T1T2...Tn, {S, T} is m.e and {S, Id} is m.a.
(ii). for all x, y ∈ X and for some φ ∈ Φ we have

φ(Sx, Ty), d(x, y), d(Sx, y), d(x, Ty)) ≤ 0

and for all x, y ∈ X such that x �= y,

φ(Sx, y) + d(x.Ty), d(x, y), d(Sx, y), d(x, Ty)) ≤ 0

(iii). for i = 1, 2, ..., n we have

d(Tix, Tx) = d(x, Tx)

and
d(Six, Sx) = d(x, Sx)

then S1, S2, ..., Sn, T1, T2, ..., Tn have a unique common fixed point in X.

proof. This is a routine verification, similar to the proof of theorem 3.7

Corollary 3.9 Let S1, S2, ..., Sn, T1, T2, ..., Tn be 2n arbitrary self-maps on
a complete metric space (X, d), such that

(i). let S := S1S2...Sn, T := T1T2...Tn, {S, T} is m.e and {S, Id} is m.a.
(ii). for all x, y and

d(Sx, Ty) ≤ 1

8
(d(x, y) + d(Sx, y) + d(x, Ty))

and for all x �= y

d(Sx, y) + d(x, Ty) ≤ 1

8
(d(x, y) + d(Sx, y) + d(x, Ty))

(iii). for i = 1, 2, ..., n we have

d(Tix, Tx) = d(x, Tx)

and
d(Six, Sx) = d(x, Sx)

then S1, S2, ..., Sn, T1, T2, ..., Tn have a unique common fixed point in X.

proof. Just take, φ(x, , y, z, w) = x − 1
8
(y + z + w) in theorem 3.7.
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