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Abstract

In this paper, we present necessary optimality conditions for multi-
objective programming problems involving functions which is not nec-
essarily differential. A new concept of generalized convexity, which is
called (G, C, o, p, d)-convexity, is introduced. We also establish suffi-
cient optimality conditions for multiobjective programming problems
from a viewpoint of the new generalized convexity. When the sufficient
conditions are utilized, the corresponding duality theorems are derived
for general Mond-Weir type dual program.

Keywords: multiobjective program, (G,C,a, p,d)-convex, G-necessary
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1 Introduction

It is well known that convexity has been playing a key role in mathematical
programming, engineering and optimization theory. The research on char-
acterizations and generalizations of convexity is one of the most important
aspects in mathematical programming and optimization theory. And many
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concepts of generalized convex functions have been introduced and applied to
mathematical programming problems in the literature.

To relax convexity assumptions imposed on theorems on sufficient optimal-
ity conditions and duality, various generalized convexity notations have been
proposed. Hanson [10] introduced the concept of differentiable invexity which
is a generalization of the convexity. After the works of Hanson, other classes
of differentiable nonconvex functions have appeared with the intent of general-
izing the class of invex functions from different points of view in the literature
[5, 8, 11, 17, 13, 19, 6, 12].

In [14] and [15], Liang et al. introduced (F, «, p, d)-convexity, which was
a unified formulation of generalized convexity and which is an extension of
(F, p)-convexity [19] and generalized (F, p)-convexity [6]. They obtained some
corresponding optimality conditions and duality results for the single objective
fractional problems and multiobjective problems. In a recent paper [20], Yuan
et al. introduced (C, «, p, d)-convexity, which is a generalization of (F, «, p, d)-
convexity. Chinchuluun et al. [7] and Long [16]later studied multiobjective
fractional programming problems in the framework of (C, o, p, d)-convexity.

Recently, Antczak extended further Hanson’s invexity to G-invexity for
scalar differentiable functions[2]. Furthermore, in the natural way, Antczak’s
definition of G-invexity was also extended to the case of differentiable vector-
valued functions in [3]. Using the G-invexity as a generalization of invexity
in the vectorial case, Antczak[3, 4] established some optimality and duality
results for a larger class of smooth multiobjective programming problems than
invex vector optimization problems.

In this paper, we are motivated by Yuan et al. [20, 21, 22|, Antczak [2, 3, 4]
to consider optimality conditions and duality theorems for the general multi-
objective programming in the framework of a new generalized convexity, which
is called (G, C, a, p, d)-convexity. The paper is organized as follows. The for-
mulation of the general multiobjective programming problem along with some
definitions and notations for generalized convexity are given in Section 2. In
Section 3, we obtain the necessary optimality conditions for general multiob-
jective programming problems under some assumptions. We also establish suf-
ficient conditions for general multiobjective programming problems involving
(G,C, a, p, d)-convex functions in section 3. When the sufficient conditions
are utilized, dual problem is formulated and duality results are presented in
Section 4.

2 Notations and Preliminaries

In this section, we provide some definitions and some results that we shall use in
the sequel. The following convention for equalities and inequalities will be used
throughout the paper. For any x = (z1, 29, ,2,)", vy = (Y1, y2, -, yn)?, we



(G, C, a, p,d)-convexity 3

define:

x >y if and only if ; > y;, fort=1,2,---  n;

x >y if and only if x; > y;, fori =1,2,--- n;

x>y if and only if x; > y;, fori=1,2,--- ' n, but x # y;

x % y is the negation of x > y,x # y is the negation of x > y.

Let R} = {z € R"|x > 0} and X be a subset of R".

Definition 2.1. A function C': X x X x R" — R is conver on R" with
respect to the third argument if and only if, for any fized (x,x¢) € X x X, the
imequality

C(x,mo)<)\7—1 —+ (1 — /\)7'2) < )‘C(x,ﬂco)<7—1) -+ (1 — A)C(xwo)(T?)? Ve (0, 1)
holds for all 11,7 € R".

Throughout this paper, we assume that C(; ;,)(0) = 0 for any (z,zy) € X x
X. Now we introduce a generalized convexity based on the convex functions
Cla,zo) as follows:

Definition 2.2. Let f = (fi, -+, fr) : X — R* be a vector-valued func-
tion defined on a nonempty set X C R", I (x) be the range of fi,i € K =
{1,--- ,k}. If there exist a vector-valued function Gy = (Gy,,--- ,Gy, ) : R —
R¥ such that any its component G 5 17, (X) = R is a strictly increasing func-
tion on its domain and Gy, (f;) is a differentiable function on X. If there exist
real numbers p;(i € K), real-valued functions o; : X x X — R, \{0}(i € K),
and d; : X x X — R, (i € K) be functions with the property that d;(x,zq) =
0 & x = xo, such that for any x € X (x # xy), the inequality

Gy (fi(x)) — Gy, (fi(wo)) di(, xo)

Oéi(x, xo) %’(I, iUo)

holds for each i € K, then f is said to be (strictly) (Gy,C,a, p,d)-convex at
o € X, where a = (ay,- -+ ,a1)T, p= (p1, -, p1)T and d = (dy, -+ ,dy)T.
The function f is said to be (strictly) (Gy, C, a, p,d)-conver over X if, ¥ xy €
X, it is (strictly) (Gs,C, o, p,d)-convex at zo. In particular, f is said to
be strongly (strictly) (Gy, C, v, p, d)-convex or (strictly) (G, C, a)-convezr with
respect to p > 0 or p =0, respectively.

2 (>)Ca,20) (V(G 1 (fi)) (o)) + pi

Remark 2.3. In order to define an analogous class of (strictly) (G, C, «, p,d)-
incave functions, the function Gy, of the inequality in the above definition
should be replaced by the function —Gy,. That is the inequality

—(Gy,(fi(@)) — Gy (fi(20)))
a;(x, xq)

holds for each i € K

di(xa .170)

> (2)Can (=9 (G w0) + pi i
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From Definition 2.2, (G, C, , p, d)-convexityis is (C, a, p, d)-convexity [20]
whenever G¢(7) = 7,7 € R; Therefore (F, o, p, d)-convexity [14, 15] and (F, p)-
convexity [19] are special cases of (Gy,C,a, p,d)-convexity since any linear
function is also a convex function. However, the converse result is, in general,
not true (see Example 2.1)

Example 2.4. Let f(x) =logx. Since f is a well-known concave function
defined on X = {x : x € R,z > 0}, then f is not a (C, a, p, d)-convez function.
However, Gy(f(z)) = x is convex function on X, where G(1) = €7,7 € R.
Therefore, by Definition 2.2, f is a (Gy,C, a, p,d)-convez function.

Let f be differentiable on X and G be differentiable on its domain I¢(X).
It is clear that every G-invex with respect to vector function n [2] is (G, C, «v, p, d)-
convex function with the same function G, where d(x, x¢) = ||z—x0l],a(x, 7o) =
1, p=10and

Clareo) (V(G 1, (f)) (@) = (G4(f(w0))V f (o))" n(x, o).

Therefore, r-invex functions [1] are (G, C, «, p, d)-convex with the same func-
tion G, where G¢(7) = €7, 7 € R, because r-invex function is a special case
of G-invex function. However, (Gy, C,a, p,d)-convex function is not always
G-invex, and we can see the next Example 2.2.

Example 2.5. Let f(x) = +/|z — 1| be a function defined on R. It is clear
that f is not G-invex at x* = 1, because f is not differentiable at x* = 1.
However, let Gy(1) = 7°,7 € R, then G¢(f) is differentiable at x* = 1, and
we can see that f is (G, C,a, p,d)-conver at x* = 1. In fact, note that

Gy(f(@)) =2 0= Gs(f(27))andV(Gr(f))(x") =0,

we obtain

Claan) (V(GH(N)(@")) = V(G(N)) (@) n(w,27) < Gy(f(2)) — G(f(a7)).

for any function n(zx,z*). Hence f is (Gf,C,a,p,d)-convex at x* = 1 with
alz,z*) =1, p=0 and any function d.

One of important feature of (G, C, a, p, d)-convex functions is that they
are convex transformable. In other words, they can be transformed into
(C, a, p, d)-convex functions, see the above Example 2.4. Another important
feature of (G, C, a, p, d)-convex functions is that they can transform nondif-
ferentiable functions into differentiable ones. Let us see the above Example
2.5.
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In this sequel, we consider the nonlinear multi-objective programming prob-
lem

(CVP)  min f(z): = (fi(x), fo(x), -, fu(2)),
)

s.t. g(x) : = (91(2), g2(x), -, gm(x)) £ 0
h(z) : = (hy(x), ha(z), -+, hp(z)) =0
rel

where X is a nonempty set of R”, and f; denotes a real-valued function on X.
We denote by K :={1,2,--- k}, M :={1,2,--- ,m}, P:={1,2,--- p} and
J(z) ={j € M : gj(x) = 0}. Further, X denote the set of all feasible points
of (CVP).

For the convenience, we need the following vector minimization problem:

(G —CVP) minGyf(z): = (Gp(fi(2), Gf2(f2( ) Gr(ful@))
st Geg(z) : = (Ggl(gl(ﬂf)) 5 Gy, (gm(2))) = G4(0)
Guh(e) : = (Ghy(a(a)), - ,thmp(x))) = G4(0)
rek

Before studying optimality in multiobjective programming, one has to de-
fine clearly the concepts of optimality and solutions in multiobjective program-
ming problem. Note that, in vector optimization problems there is a multitude
of competing definitions and approaches. The dominated ones are now various
scalarizations and (weak) Pareto optimality. The (weak) Pareto optimality in
multiobjective programming associates the concept of a solution with some
property that seems intuitively natural.

Definition 2.6. A feasible point T is said to be an efficient solution for a
multiobjective programming problem (CVP) if and only if there exists no x € X
such that

f(z) < f(Z).

Definition 2.7. A feasible point T is said to be a weakly efficient solution
for a multiobjective programming problem (CVP) if and only if there exists no
x € X such that

flz) < f(z).
It is very easy to check the follow theorem, and we omitted the proof here.

Theorem 2.8. Let Gy, (i € K) be strictly increasing function defined on
I1,(X), Gg,(j € M) be strictly increasing function defined on I, (X) and
Gn,(t € P) be strictly increasing function defined on I,,(X). Further, let
0€,(X),je M, and0 € I,(X), t € M. Then T is a (weak) efficient
solution for (CVP) if and only if T is a (weak) efficient solution for (G-CVP).
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Definition 2.9. Let X be a set of all feasible solutions in the multiobjective
programming problem (G-CVP) and & € X. The multiobjective programming
problem (G-CVP) is said to satisfy the Kuhn-Tucker constraint qualification
at T if,

O(X,7) = {d € R" V(G (9,))(2)d £ 0] € J(@),
V(G (he))(Z)d = 0,1 € P}

where C(X, x) is the Bouligand tangent cone to X at Z, for details see [3].

3 Optimality conditions

n [2], Antczak introduced the so-called G-Karush-Kuhn-Tucker necessary op-
timality conditions for differentiable mathematical programming problem. In a
natural way, he extended the so-called G-Karush-Kuhn-Tucker necessary opti-
mality conditions to the vectorial case [3] for differentiable multiobjective pro-
gramming problems. In this section, we present a different G-Kuhn-Tucker nec-
essary optimality conditions for multiobjective programming problems (CVP),
in which each component of the objective function is not necessarily differen-
tial, through an auxiliary programming problem (G-CVP. Furthermore, we
will prove the sufficiency of the introduced G-Karush-Kuhn-Tucker necessary
optimality conditions under (G, C, a, p, d)-convexity defined in above section.

Theorem 3.1 (G-KKT necessary optimality conditions). Let Gy, (i € K)
be strictly increasing function defined on I,(X), Gy, (j € M) be strictly increas-
ing function defined on 1, (X) and Gy, (t € P) be strictly increasing function
defined on I, (X). Let T be a (weak) efficient solution for (CVP), G¢(f), G4(g)
and Gy (h)) be differentiable at . Moreover, we assume that the multiobjective
programming problem (G-CVP) satzsﬁes the Kuhn-Tucker constraint qualifica-
tion at . Then, there exist A\ = (Ay,--- , A\p)T €RF, €= (&,--+,6,)T € R™
and i = (fir, -+ , jip)" € RP such that

V(Gp,(he))(Z) =0 (1)

M@

}:Avaﬁ i?+§:§ Gy, (97))(T)

éj(gj(gj()) (())) 0, je MVzeE (2
>\>0221 £>0 (3)

Proof. Since 7 is a (weak) efficient solution for (CVP), then, by Theorem 2.8,
T is a (weak) efficient solution for (G-CVP). Therefore, the following system:

V(G (f)(@)d =0,
V(Gy(9))(T)d =0,
V(G (h))(z)d = 0
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is inconsistent. Hence, from From Motzkin’s theorem [18], there exist A € R¥,
¢ € R™ and p € RP such that

S AVGA () +Z@ Gy (9) mzutv Gr(h))(@) =0 (4)

& ( gj(gj( v)) — Gy, (9;(2))) <0, jE MYz e B (5)

A>0,620 (6)
Multiplying (4) with \g = ﬁ, we have
Z sz f’L ) Z)\_JOV gj g] +Z Ght h/t ) O
Replacing /\—i, /\—J and ﬁt in the above equation by \;, 53 and fi;, respectively,
and from (5) and (6), we can get the desired result. O

Theorem 3.2 (G-KKT sufficient optimality conditions). Let T be a fea-
sible point for (CVP) such that G-Karush-Kuhn-Tucker necessary optimality
conditions (1)-(3) are satisfied at . Assume that f is (G, C,a, p,d)-convex
at T, gy 15 (Gy,y» C, B, 0/, d')-convez at z, h (t € P*) is (G, C, vy, pr, dy)-
convez at T, and h,(t € P7) is (Gh,, C, Y, pr, dy)-concave at T on X, where
Pt={teP:ju >0} and P~ = {t € P: ;< 0}. If the following inequality

k
> A 2@ R zm W ™)
=1

holds for any x € X. Then T is a weakly efficient solution for (CVP).

Proof. Suppose, contrary to the result, that x is not a weakly efficient solution
for (CVP). By Theorem 2.8, Z is not a weakly efficient solution for (G-CVP).
Hence, there exists xg € X such that

G, (filwo)) < G (fi(@)), i € K. (8)
Condition (2), (3), (8) and the fact that

gi(xo) <0=yg,(z),5 € J(2),
ho(zg) = 0 = hy(Z),t € P

can reduce the inequality

35, CU0)) = Crlhl@) | g~ ¢ Col6(00) = Gy 05@)
i=1 Oéz(x()ax) jeJ(@) 63'(1'0,1})
+ > th(ht(x;)j()x; ;ht(ht(aﬂ) <0 (9)
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where PT~ = Pt U P~. By the generalized invexity assumption of f, g and h,
we have

CullC) Z SO Clrp (TGN @) + T (10
G (g,(@0)) — Coy(0s(@®) _ (50,

DL > Clay (VG @)@) + A G ()
G, (he(0)) = G, (he(T)) . dy(wo, 7)

) ZEnI) > Oy (VG @) + AT (1
G, (hi(7)) = Gn, (M (0)) _ di(x0,7)

D Cn)) 5 Gy (=9 Gl ) + Atk (a3
fori € K, j € J(),t € P (z) and t € P~ (Z), respectively. Employing
(10),(11), 12) and (13) to (9), we have

ZA Clon2) (VGRUN@) + D &C00. (VG (9)(D)) +
J€J(T)
Z ,ut (z0,T) Ght ht + Z :170 z) (Ght(ht))( ))
ZM% (20,2 + Z Ejpj )+ > |m|mm<0 (14)
3 e 3

By (7) and the convexity of C', we can conclude that

-

ij Gy, (95)) Z,Ut (Gh,(h))(@)| | <O

jeJ(z) tepP+-—

k. _ _ _
where § = Y- N+ > &+ > || > 0. Note that §; =0, j € M\J(Z)

=1 JjEJ(T) teP+—
and p; = 0,t € P\P*~, we have a contradiction to (1). Hence, = is a weakly
efficient solution for (CVP), and the proof is complete. O

Similar to the proof of Theorem 3.2, we can establish Theorems 3.3 and
3.4. Therefore, we simply state them here.

Theorem 3.3 (G-KKT sufficient optimality condition). Let & be a feasible
point for (CVP) such that conditions (1)-(3) are satisfied at T. Assume that
[ s strictly (Gy,C, o, p,d)-convex at T, gjz) 15 (ng<i>,0,6,p’,d’)—convew at
T on X, h (t € PH(x)) is (Gn,, C, Vi, py, dy)-convex at T, and hy (t € P~(Z)) is
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(Gh,, C, 4, pr, dy)-concave at T on X, where PH(z) = {t € P : iy > 0} and
P~ (z)={te P: [ <0}. Then Z is an efficient solution for (CVP).

Theorem 3.4 (G-KKT sufficient optimality condition). Let T be a fea-
sible point for (CVP) such that conditions (1)-(3) are satisfied at T. As-
sume that f is (Gy,C,a, p,d)-conver at T, gy is (Gy,,,, C, B, p', d')-convez
at Z, hy (t € PT(z)) is (Gn,, C, s, i, dy)-convex at T, and hy (t € P~(z)) is
(Gh,, C, 74, pr, dy)-concave at & on X, where PH(z) = {t € P : i > 0} and
P~ (z)={t € P: [ <O0}. If the following inequality

: 3 di(2,7) = = p -
; iﬂim+;fj,0j Z t’t >0

=1 7

holds for any x # & € X. Then T is an efficient solution for (CVP).

4 (G-Mond-Weir vector duality

Making use of the optimality conditions of the preceding section, we consider
the following multiobjective dual problem in relation to (CVP), which is in
the format of Mond-Weir [9]. And, we call it the G-Mond-Weir vector dual
problem for the multiobjective programming problem (CVP).

(GMWD) maXf(y) = (f1(y), o(y), - fr(¥)),
StZAv Gf fz +Z§] gj g] )

+ ZMtV(Ght(ht))(y) =0 (15)

t=1

£1(Gy(g(y)) — Gy(0)) > 0
1" (Gr(h(y)) — Gr(0)) =0
ANeR"A>0,\e=1,
EER™ME20,ueRye X

where e = (1,---,1)T, Gy, i € K, are strictly increasing functions defined
on Iy (X), Gy,,j € M, are strictly increasing functions defined on [, (X), and
Gh,,t € P, are strictly increasing functions defined on I, (X)), such that G¢(f),
G,y(g) and Gp(h)) are differential on X.

Let W denote the set of all feasible points of (GMW D) and prxW be
the projection of the set W on X, that is, prxW = {y € X : (y,\,§, ) €
W}, Further, for a given (y,\,&, ) € W, we denote by P (y) and P~ (y)
(or simply PT and P~) the sets of equality constraints indices for which the
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corresponding Lagrange multiplier is positive and negative, respectively, that
is, Pf(y)={t€ P:u >0} and P~ (y) ={t € P: iy <0}.

Theorem 4.1 (G-Weak duality). Let x and (y,\, &, ) be (CVP)-feasible
and (GMW D)-feasible, respectively. Assume that f is (Gy,C,«, p,d)-convex
aty on XUprxW, g is (G,,C, 8, p',d")-convex at y on X UprxW, hy (t € PT)
is (Gh,, C, V1, pr, dy)-convez at y on X UprxW, and hy (t € P~) is (Gy,, C, v,
pr, dy)-concave at y on X UprxW. Moreover the inequality

Zm + ZSJ % Z| pudl ) (16)

holds, then f(z) £ f(y).
Proof. Suppose to the contrary that f(z) £ f(y). Therefore, we obtain

Z

f(z) < f(y).
sz(fz(x)) < Gfl((f'b(y))7/l/ =1,...,k
Note that
g(x) £0, €7(Gy(9(y)) — G4(0)) >0, €20
W) =0, 1" (Ga(h(y)) — Gn(0)) = 0, € R
Hence

Z)\ G fz sz fily —I— ZSJ Gy, (g (x e j)gj (9,(%))

+ Z | t|Ght ht ))( ght(ht( )) <0 (17)

where P*— = Pt U P~. By the generalized invexity assumption of f, g and h,
we have

LB =S > ¢, v G +pa )
Gy, (9i(x)) — Gy, (9;(y)) , , di(, y)

ﬁj(% y) > O(fc ) ( (ng (9]))(9)) + Pj—ﬁj (x, y)7 (19)
Ght (ht(x)) - Ght(ht(y)) — Jt(‘ra y)

(@) > Cla,y) (V(Gr, () (y)) + pr Yy (20)
Gy (he(y)) — G, (he(2)) _ dy(z, y)

@ 7) > Cla,y) (=V(Gr (b)) () + P (1) (21)
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forie K,je M,te€ Pt(y)andt € P~ (y), respectively. Employing (18),(19),
20) and (21) to (17), we have

Z/\Ox y) Gf, fz Z 5] (z,y) Qj(g]))(y))+

JEJ(y)
D 1Cuy) (VG () () + D (=) Cla ) (=7 (G, (h)) () +
Z/\zpz + Z&J ’ ] SC y + Z | t| z’yy)) (22)

By (23), the convexity of C' and u; = 0,¢t € P\P*~, we can conclude that

Cla,y) (% [Z NV (G, (fi)(y)+
ng Gy, (95))(y) +ZHtV(Ght(ht))(y)]> <0

where 6 = 1+ 37", § + > i, || > 0. Hence, we have a contradiction to
(15). O

Theorem 4.2 (G-Weak duality). Let x and (y, \,&, u) be (CVP)-feasible
and (GMW D)-feasible, respectively. Assume that f is strictly (G¢,C, o, p,d)-
convex at y on X UprxW, g is (G,,C, B, p,d)-convex at y on X U prxW,
hi (t € PT) is (Gh,, C, Y, pr, dy)-convex at y on X UprxW, and hy (t € P7) is
(Gh,, C, 71, pr, dy)-concave at y on X UprxW. Moreover the inequality

y) - _ Jt(x7y)
Y) + tzl ‘Mt‘pt—%(w,y) 20 (23)

k

2 A +Z€z

holds, then f(z) £ f(y

Theorem 4.3 (G—Strong duality). Let T be a (weak) efficient solution of
(CV P) and the hypothesis of Theorem 3.1 holds. Then there exist A € RF,
€ € R™ and i € R? such that (2, &, i) is a (GMW D)-feasible point. If
also the hypothesis of Theorem 4.1 holds for all (GMW D)-feasible points
(y, A\, &, ), then (Z,\, &, i) is a (weak) mazimum for (GMW D), and the ob-
jective functions values are equal in problems (CV P) and (GMW D).

Proof. By Theorem 3.1, there exist A € R¥, ¢ € R™ and i € R?, such that the
G-Karush-Kuhn-Tucker necessary optimality conditions (1)-(3) hold. From
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(2), (3), g(z) = 0 and h(z) = 0, we have

ij g5 gy (7)) gj (O>) > ZEJ (ng (QJ@)) - ng (93(5’;))) >0 (24)

Z jir (G, (he(2)) — G, (0)) = 0. (25)

Hence (Z, A, &, 1) is a (GMW D) feasible solution from (1), (24) and (25). Also,
by G-weak duality (Theorem 4.1 or 4.2), it follows that (z, A, &, i) is a (weak)
maximum in (GMW D). O

Theorem 4.4 (G-converse duality). Let (4, A, &, i) be a (weak) mazimum
for (GMWD) and y € X. Assume that f is (strictly) (Gy,C,«, p, d)-convez
aty on XUprxW, g is (G4, C, B, p', d')-convex at §j on XUprxW, hy (t € PT) is
(Gh,, C, v, pr, dy)-convex at ij on XUprx W, and hy (t € P7) is (Gh,, C, Ve, pr, dy) -
concave at y on X UprxW. Moreover, the inequality

k
S o+ G 3
i=1 ai( i(

holds for all x € X. Then g is a (weak) efficient solution in (C'V P)

Proof. Let (7, \, €, i) be a (weak) maximum for (GMW D) and § € X. There-
fore

(26)

k

D> V(G (f))( Zé Gy, (9:) @) + Y V(G (he))(5) =0 (27)

i=1 t=1

Suppose to the contrary that g is not a (weak) efficient solution in (CV P).
Then, there exists o € X such that

f(zo) < (<) f(¥)
Note that

>
—~
8
(e
SN—
|
(e}
=
S
D
S
~—~
>
S
S
S~—
S~—
|
)
>
S
o
S~—
S~—
I

we have the inequality

i j\Zsz(fz(l’O)) - sz(fl(ﬂ)) i ifj ng(gj(xo)) — ng (g](g))

(0, )
+ Z | t|Ght(ht(x0>> Ght(ht(g)> <0 (28)

teP+-
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where PT~ = P* U P~. Using similar arguments as in the proof of Theorem
4.1, we have

¥ va(Ght(m))(y))) <3 (Z xﬁfifz@;l?()x; ;fxfxy))
n 2@ Gy, (gj(xgj()xm;gj(gj(y)) i 2;_ |/~Lt|Ght(ht(::0/3()m; j)ht(ht(y))>
_1 - \ dz(ﬁo,y) - ) /dg'(x(]?y) o Czt(ﬂfo,y)

0 (; /\szai(xoy?j) +2 Jpjﬁj(x ,Y) tz:;| o +(x ,)) (29)

where § =14+ 37" &+ 307 |12],. Combining (26), (27)and (29), we deduce

1 Gfi<fi<x§;(>x— ;;)fxfi(y)) + 30 Galoi(an)) = Co,(6,(9)

Gy (he(0)) — Gy (he(
n Z || he (he(20)) 7h( ) >0.
el V(2o ¥)
This contradicts (28). O

5 Conclusions

In this paper, we consider a class of multiobjective programming problems
in which each component of the objective function is not necessarily differen-
tial. We have proved new G-necessary optimality conditions for multiobjective
programming problems with both inequality and equality constraints involving
the functions which are not necessarily differential. To relax convexity assump-
tions imposed on theorems on sufficient optimality conditions and duality, we
present a new generalized convexity, which is called (G, C, a, p, d)-convexity
and which is an extension including (C, «, p, d)-convexity[20, 7], (F, «, p, d)-
convexity[14, 15] and G-invexity [2, 3, 4]. Basing on this new generalized
convexity, we establish new G-sufficient optimality conditions for the multiob-
jective programming problem. Further, a general G-Mond-Weirdual problem
is introduced for the considered multiobjective programming problem. Our
results extend and improve the corresponding results in the literature.
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