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Abstract

We have considered the Z-Shen Square metric L given by L* = % . We have

obtained three types of hypersurfaces and hyperplanes of first, second and third
kind invariant under certain condition.
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1. Introduction

Let (M™ L) be an n — dimensional Finsler Space on a differentiable Manifold
M™, equipped with the fundamental function L(x ,y ) . In 1984 C . Shibta [4]
introduced the transformation of Finsler metric

(1.1) L'(x,y) = f(LB),

where  B(x,y) = b;(x)y" is a one forn on M™ and f is a positively
homogeneous function of degree one in L and . This change of Finsler metric is
called a B-change.

A particular B-change of Finsler metric is a Z-Shen square metric is defined as

[7]

2
12 ="

If L(x , y) reduces to the metric function of Riemannian space then L*(x, y)
reduces to the metric function of the space generated by Z-Shen square metric .
Due to this reason this transformation (1.2) has been called the Z-Shen square
metric .

On the other hand , in 1985 , M.Matsumoto investigated the theory of
Finslerian hypersurface [6] . He was defined three types of hypersurfaces that
were called a hyperplane of the first , second and third kind . In the year 2005 ,
Prasad and Tripathi [2] studied the Finslerian hypersurfaces and Kropina change
of Finsler metric and obtained different results in this paper . Again in the year
2005 , Prasad , Chaubey and Patel [3] studied the Finsler hypersurfaces and
Matsumoto change of a Finsler metric and obtained different results .

2. Induced Finsler connection of the hypersurface

The hypersurface F™ ! of the Finsler Space F™ may be represented
parametrically by the equations x* = x'(u*),i=12....,n; a=12,.....,n —
1; where u® are Gaussian coordinates on F™~1 . We suppose that the matrix

regarded as (n-1) linearly independent vectors tangent to F™ 1 at a point u®. The
supporting element y! at a point u® of F™*~1 is assumed to be tangential to F™~1
so that

consisting of projection factors B = % is of rank (n-1) . Then B. may be

(2.1) y' = BLv® .

Thus v* is the supporting element of F*~1 at a point u®. The metric tensor
Jap OF F™"1isgiven by
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Gap = gijBoicBé ,

where g;; are components of the fundamental metric tensor of F™ . The
components N:(x, y) of unit normal vector at a point u® of F*~1 are given by

(22) (a) g;BLN/ =0,

(b) gi;;N'N/ =1 .
If (BF,N;) be the inverse matrix of (B} ,N'), then we have
(23)  (a) BfBy=6§

(b) BiN; =0,

(c) BEN' =0 ,

(d) N'N; =1 ,

(e) BLB + N'N; = §; .

The induced Finsler connection IFT = (Fg,, N, Cg,) on F™* , the second
fundamental  h-tensor H,z and the normal curvature tensor H, are respectively
given by [1] :

(2.4) (@  Hep = Ni(Blp + FjBiBj) + My Hg
_ i i
(b) Hp= Ni( i+ Nj‘Bﬁ) ,
(¢) Mg = CyBgN/N*
where

i _ ain
aB = guaguB !

(l)B = Béﬁva .

Contracting H,z by v , we immediately get

HOﬁ' = Ha[; v = Hﬁ .
Furthermore the second fundamental v —tensor M, is given by [5]

(2.5) Map = CijiBiByN* .
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3. Fundamental quantities of (M™, L*)

To find the relation between the fundamental quantities of (M™, L) and
(M™, L*) , we use the following results :

(3.1) 0,8 =b; ,0;L =1; ,az = h] :

where 9; stands for 6iyi and h;; are components of angular metric tensor of
(M™, L) given by

The successive differentiation of (1.2) with respect to y* and y’ gives :

(32) I =L - Pl +2Lb;] .

(3.3) h}; (L“”) [(12 = BBy, + 2821 + 212b;b; — 2LB(Lib; + Lib;)] .

The quantities corresponding to (M™, L*) will be denoted by putting star on
the top of that quantity .

From (3.2) and (3.3) we get the following relation between the metric tensors
of (M™ L)and (M™L*):

(3.4) g = “*’” [(12 — B2 gi; + 2B(2B — L)Ll + 612b;b; — 2L(28 —

L)(ll-bj + ljbi)] :

Differentiating (3.4) with respect to y* and using (3.1) , we get :

. (L+p)?*(L*-B? (L+B)*(2p-L)
(3.5) Cijk = —L(4 )Cijk B — (hijmi + hyem; + hym) +
6(L+B)
7 mimjmk ,

£

where mi=bi—z i

It is to be noted that

(36) mli=0, mbi=b*—L  ni =0, hymi =h;b =m;,

L2 !
where

L — tj .= pt L1
m'=gYm;=b Ll.
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4. Hypersurface of (M™, L")

Suppose a Finslerian hypersurface F™ ! = (M™1,L(u,v)) of the F" =
(M™, L(x,y)) and another Finslerian hypersurface

F=t = (M™1, (1w, v)) of the F* = (M™, L' (x, 7))

given by Z-Shen square metric . Let N'(x,y) be the unit normal vector at each
pointof F*~1and (Bf,N;) be the inverse matrix of (B.,N') . The functions B
may be considered components of (n-1) linearly independent tangent vectors of
F™~1 and they are invariant under Z-Shen square metric .

Thus we shall show that a unit normal vector N*!(u,v) of F*" ! is
uniquely determined by

(41) (8 g{jBiN7 =0,
(b) gi NN =1,
On contracting (3.4) by NN/ and using (2.1) (a) and [;N* =0, we get :
gyN'NI = L2112 - g2) 4 617 (N7’

Thus , we write

2L 2nJ
gi| £ L + il -1
(“ﬁ)\/ (2-p2)+617(biNY)’ (L+,8)J(L2—,32)+6L2(biNi)2
Now , we can put
L2N¢

(42) N =
(L+ﬁ)\/(L2—[>’2)+6L2 (biNi)z

where we have chosen the positive sign in order to fix an orientation .
From (3.4) , (4.1) (a) and (4.2) , we get
(L+B)bjN/

=0.
LZJ(LZ—B2)+6L2(biNi)2

[6L2b;BL — 2L(2B — L);BE]

If
6L?b;B. — 2L(28 — L);B, =0,

then contracting itby v* ,weget L=0,
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which is a contradiction that L>0 .
Hence b;N'=0.
Therefore (4.2) is rewritten as

L2N¢

L+ (I2-B?)

Thus we have from (4.3) :

(43) N =

Proposition(4.1) :
For a field of linear frame (Bf, B}, ......,B5_;,N') of F™ there exists a field of
linear frame

i pi i i _ 2Nt o caticfi n—1
(Bl,BZ, ...... ,BL_{,N" = (L+ﬁ)m> such that (4.1) is satisfied along F

and then b; is tangential to both the hypersurface F*~! and F**~1 .

The quantities B;* are uniquely defined along F™*~* by
Bi* = g*aﬁgijé ,
where ( g**#) is the inverse matrix of (Gap) -
Let (B;“ N;) be the inverse of (B}, N*), then we have

B.B =65

BLN; =0,
N* N/ =1,
and
We also get

N{ = gg‘jN*f , Which in view of (3.4) , (2.2) and (4.3) gives :

. L+B)JIZ-p?
(44) Ny =GBy

We denote the Cartan’s connection of F™and F*" by (F}-ik,Nji.Cjik) and
(Fi, N, Ciyb) respectively and put
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* 1

jik = Fj; — Fjj, , which will be called the difference tensor. We chose that the
vector field b; in F™ such that

(45) Djik = Ajkbi - Bjkli y

where Aj, and Bj, are components of a symmetric covariant tensor of second
order .

Now N;b* =0 and N;lI' = 0, from (4.5), we get
(4.6) NiDj, =0 , N;Fji = N;Fj, and N;D} =0 .
Thus from (2.4)(b) and (4.3) , we get

« _ W+ IA-B?)
47 Hy="ENE g,

If each path of a hypersurface F™~! with respect to the induced connection is
also a path of enveloping space F™, then F*~1 is called a hyperplane of the first
kind [1] . A hyperplane of the first kind is characterizedby H, =0.

Hence we have from (4.7)
Theorem (4.1) :

If b;(x) be avector field in F™ satisfying (4.5) , then a hypersurface F" !isa
hyperplane of the first kind iff the hypersurface F**~1 is a hyperplane of the first
kind .

Again contracting (3.5) by BLN**N*/ and paying attention to (4.4) ,
m;N' =0, hyu N/N* =1, and h;;BLN/ = 0, we get

28-1) ., BL .

(4.8) My = M, g™

From (2.4)(a) , (4.4) and (4.8) , we have
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N (RTONEE D) @B-L) _ pi
(49) Hg = L—Z(Ha,g ~ Bz)miB&Hﬁ) .

If each h-path of a hypersurface F™ ! with respect to the induced
connection is also h-path of the enveloping space F™, then F"~1 is called a
hyperplane of the second kind [1] . A hyperplane of the second kind is
characterized by H,p = 0.

Also H,p =0 impliesthat H, =0,
Thus we have from (4.7) and (4.9) :
Theorem (4.2) :

If b;(x) be avector field in F™ satisfying (4.5) , then a hypersurface F*~1isa
hyperplane of the second kind iff the hypersurface F*™~1 is a hyperplane of the
second kind .

Lastly contracting (3.5) by BC"{B[{N*" and using (4.3) , we have

* (L+B)V (L?-B?)
(410) Maﬂ = % Ma[s’ .

If the unit normal vector of F™ 1 is parallel along each curve of F*71,
then F™~1 is called a hyperplane of the third kind [1] . A hyperplane of third
kind is characterized by Hop =0, Mg =0 .

Thus we have from (4.7) , (4.9) and (4.10) :

Theorem (4.3) :

If b;(x) be avector field in F™ satisfying (4.5) , then a hypersurface F" !isa
hyperplane of the third kind iff the hypersurface F*™~! is a hyperplane of the
third kind .
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