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Abstract

The purpose of the present paper is to find the necessary and sufficient conditions
under which a Z-Shen square change of Finsler metric becomes a projective change.
The condition under which a Z-Shen square change of Finsler metric of Douglas
space becomes a Douglas space have been also found.
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1 Introduction

Let F* = (M™, L) is a Finsler space, where L is Finsler function of x and y and M"
is n-dimensional smooth manifold. The Z-Shen square change of Finsler metric is
represented as

- (L+p)?
(1.1) L= —

Then Finsler Space F* = (M™, L) is said to be obtained from Finsler space
F™ = (M", L) by Z-Shen square change. The quantities corresponding to F™ is
denoted by putting bar on those quantities. The basic tensor of F™ are given as
follows-

1( 9212 oL
9ij = g(ayiayj) i =5 = Liand hij = gij — L,

where g;; is fundamental metric tensor, [; is normalized supporting element and h;;
is angular metric tensor.

The partial derivative with respect to x* and y* will be denoted by 9; and 9,
respectively and derivatives are written as

aL
(12) (@ L; = a0
0%L

93L
© i = 55057558

d?xt i dx\ _
2 +26 (x,E) =0,

where G' is positively homogeneous functions of degree two in y* and is given by

The equation of geodesic of a Finsler space [1] is

B 1 P .
26" =-g"(y 9,017 — 9;17) .

The Berwald connection BT' = (G}, G/, 0) of the Finsler space F™ is given by [2]

i i 27
Gi = 357 and Gj k-

The Cartan connection CT = (Fj, G/, Cj;.) is constructed from L with the help of
following axioms [3]-
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() Jijik =0,
(ii) gi'jlk = '0,
(i)  Fj = Fy; ,

(iv)  For = Gy,
V) Gk =Gy
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here |k and |, denote the h and v-covariant derivative with respect to Cartan

connection.
We may put
(1.3) G'=G'+ D'

Then G/ = G}'+ Dj arld il = Gy + Djy where D; = ajpi and Dj;, = d,D;j. The
tensors D' , D; and Dj;, are positively homogeneous in y* of degree two , one and

zero respectively.

2 The Difference Tensor
In view of (1.1) and (1.2), we get

— L2-p? 2(L+p)

(2.1) L= + 28,
7 (L*-B* 2p? 2B 2
_ LZ_ﬁZ 2[;2

2.3) L = S8+ 222 Wiy + Lyl + LiLy)

2 4
- L—f (Lijbx + Ljpb; + Ly;bj) + L—f (LiLjby + Ly L;jb; +

LiL;bj)

2 632
— 2 (Libjby + Libyb; + Libibi) — 25 (LiLsLy) -

(24) OJZl = (L2

L

B
+2(1+9)d;b; .

- B2 2 2
56,1, + 22 (BL, — Lb)ajL + 2 (Lby — BL);B
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_ Lz_ﬁz 2 2 6 2 4
2
2 bib;} 0L
1 2 2
~2{ (Liby + Lyby) + £ Ly — B Lyl } 0, + 28 (BL; — Lb)dy Ly
2 2 2
+ 28 (BL; — Lb)3cL; + = (Lb; — BL)3cb; + = (Lb; — BL;)0kb;
Also in F™ and F™ , we get
(2.6) Lijje = 0= 0y Ly — Lyjy G — Ly Ffy — Ly Fj = 0,
(2.7) Lijik = 0= 0y Lij — Lijr Gy — Ly Fjp — Lip Fje = 0.

Putting the values from (2.2), (2.3), (2.5) and (2.7) in (2.6) and contract the
resulting equation by y*, we get

1 2 2
2 — — —
-5 (Lb; — BL;)(ri0 + si0) + 2L D" + Ly D] + LD} = 0 .

where ‘0’ in suffices denotes contraction with y*.

Now deal with following equations in F™ and F™, we get

(29) Ll|] =0= (')]ZL - ZirG_jr — ZrFiT]'- =0,

Putting the values from (2.1), (2.2), (2.4) and (2.10) in (2.9), we get

- —_ * 2
(2.11) 2(1+Z) by = LD + LD + 2 (BL; = Lb) (150 + 5j0) -
Now

Putting the value from (2.11) in (2.12), we get

- - — * 2
(2.13) 4(1 + &)1y = LD + Ly D + 2L,D; + =2 (BL; — L) (150 + 5j0)
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2
+L_2(IBL] - Lbj)(rio + SiO) .

Subtract (2.8) from (2.13) and contract the resulting equation by y*‘y/, we get

(2.14) (L — B)L,DT + 2Lb, D" = Lry, .
Also

Putting the value from (2.11) in (2.15), we get

(2.16) 4(1+%) sy = Lyl = LD} + 2 (BL; — Lb)(1j0 + 570)
— L% (BL; — Lb;) (1io + Sio) -

Subtract (2.8) from (2.16) and contract the resulting equation by y/b¢, we get

(2.17) Ltb,D" — BtL,D" = 2I3(L + B)so + L(L2b? — B?)ry0,

where t = L>(1+ 2b?) — 3B% and s, = s;ob".

The solution of algebraic equation (2.14) and (2.17) is given by

(2.18) b,DT = %[(Lzbz —2B% 4+ LB)1o + L2(L — B)so] ,

(2.19) LD =

~ |~

[L(L = B)1oo — 2L3s,] .

Subtract (2.8) from (2.16) and contract the resulting equation by y’, we get

(2.20) 2(1+5) 10 + = (Lb; — BL)T00 = Ly D" .

Putting the value from (2.2) in (2.20) and using LL;, = g; — L;L, and L; = [; and

contracting the resulting equation by g%/, we get

_ 2L N (L=B)rgo—2L3s,
w-p)°0° L-pt

(2.21) D! {L2b' + (L — 2B)y'} .

Proposition (2.1): The difference tensor of Z-Shen square change of Finsler
metric L is given by the equation (2.21).
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3 Projective Change of Finsler Metric

The Finsler space F™ is said to be projective to Finsler space F™ if every geodesic
of F™ is transformed to a geodesic of F™. It is well known that the change L — L is
projective if G' = G* + P(x,y)y" where P(x,y) is a homogeneous scalar function
of degree one in y*, called the projective factor [4].

Thus from (1.3) it follows that L — L is projective iff D' = P(x,y)y*. Now
L+p)?

we consider that the Z-Shen square change L — L = — is projective. Then from

(2.21) and contracting the resulting by y;, we get

(3 1) P = (L—B)1o0—2L7Sg
. —

Putting D! = Py in equation (2.21) and the value P from (3.1) in (2.21), we have

(3.2) (LBre—2E%0 Vg yi—12p1) = 2125} |

t
Contracting (3.2) by b;, we get

_ 2L%(L2+1%b?-2pB?)so
(3:3) 100 = Tzt )

Putting the value from (3.3) in (3.1), we get

2125,
(3.4) P= i -

Eliminating 7y, from (3.3) and (3.2), we get

LZSO

, , B
(35) S(l) = (bl - L_zyl) (L2b2-B2)

The equation (3.3) and (3.5) are necessary condition for Z-Shen square change of
Finsler metric to be projective.

Conversely, if the conditions (3.3) and (3.5) are satisfied, then putting these value
2125,

in (2.21), we get D! = (BZ_LZbZ)yi = Py".

Thus, The Finsler space F™ is projective to Finsler space F™.
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Theorem (3.1): The Z-Shen square change of Finsler metric is projective iff

equations (3.3) and (3.5) are satisfied, then the projective factor P is given by =
2125,

(B7-12b2)

4 Douglas Space

The Finsler space F™ is called a Douglas space iff G'y/ — G/y' is homogeneous
polynomial of degree three in y* [5]. We shall write hp(r) are the homogeneous
polynomial in y* of degree .

If we write
(4.1) BY = D'yJ — DIyt
Then from (2.21) , we get

L2{(L—B)roo—2L3s0y

ij —
(4.2) B TRT

(b'y/ — bIy"h).

212 i i i
5 oy’ — sy +

If a Douglas space is transformed to a Douglas space by Z-Shen square
change of Finsler metric, BY must be hp(3) and if BY is hp(3) then Douglas space
transformed by Z-Shen square change is Douglas space.

Theorem(4.1): The Z-Shen square change of Douglas space is Douglas space iff
BY is given by (4.2), is hp(3).
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